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Abstract— In this paper, we introduce the concept of strong split line block domination of a graph. We establish some properties of this
domination parameter in terms of elements of a graph G and its relationships with other domination parameters of the graph G.
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. INTRODUCTION

By a graph here we mean a finite, undirected graph without loops or multiple edges. For any undefined terms or notation, we
refer [1].

The line block graph L,(G) of a graph G is the graph whose vertex set is the union of the set of edges and the set of blocks of
G in which two vertices are adjacent if the corresponding blocks are adjacent or one corresponds to a block of G and other to an
edge incident with it. This concept was introduced by Kulli [3].

The block cutpoint graph bc (G) of a graph is the graph whose vertex set is the union of set of blocks and the set of cut
vertices of G in which two vertices are adjacent if the corresponding blocks are adjacent or the corresponding cutvertices are
incident with the blocks. This concept was first studied by Harary in [1] and was studied in [7].

The middle graph M(G) of a graph G is the graph whose vertex set is the union of set of vertices and edges of G with two
vertices are adjacent if they are adjacent edges of G on one corresponds to a vertex and the other to an edge incident with it. This
concept was introduced in [2] and was studied by Kulli, Patil and Biradar in [4, 5, 6]

A set S < V(G) is said to be a dominating set of G, if every vertex in V — S is adjacent to some vertex in S. The minimum
cardinality of vertices in such a set is called the domination number of G and is denoted by V (G). A dominating setSc V (G) isa
strong split dominating set, if the induced subgraph (V — S) is totally disconnected with at least two vertices. The strong split
domination number y(G) of G is the minimum cardinality of a strong split dominating set of G. This concept was well studied in
[7,8,9, 10]. Aset D < V [Lp(G)] is said to be strong split line block dominating set if the induced subgraph. (V[L,(G)] — D) is
totally disconnected with at least two vertices. The strong split line block domination number ys, (G) of Ly, (G) is the minimum
cardinality of a strong split line block dominating set of G. In this paper, we study the theoretic properties of yp(G) and many
bounds are obtained in terms of elements of G and its relationship with other domination parameters are found.

We need the following results for our further results.
Theorem A [11] : For any connected (p, q) tree T, ysspe (T) = .
Theorem B [10] : For any connected (p, q) tree T, yssw (T) = q + 1.
Theorem C [9] : For any graph G, yssm (G) = Q.
Theorem D [7] : For any (p, q) connected graph G, ys (G) = o (G).

1. RESULTS AND CONCLUSION
In the following theorem, we express in equality form in terms of the number of blocks n of G.

Theorem 1.

For any connected (p, q) graph G, yssin (G) = n, where n is the number of blocks in G.

Proof.

LetB={By,B,, ...... , Bn} be the set of blocks of G and E = {ey, e, ...., e} be the set of edges of G. Now B’ = {b;, b,,.....b} be
the set of vertices corresponding to the blocks Bi € B, 1 <i<nof Gand E' = {ug, Uy, ............ Ug} be the set of vertices

corresponding to the edges of E. Now V[L,(G)] = {B'}u {E'} and each b; € B’ is a cut vertex of L,(G). Since each bi € B’ 1 <i <
n is adjacent to at least one element u; € E’, 1 <i <q, then (V [Lb(G)] — B’) is totally disconnected with at least two vertices.
Hence B’ is a ysqp- Set of G. Clearly |B’| = n gives ysgp(G) = n.

We have the following corollary from theorem 1.

Corollary 1. For any nontrivial (p, q) tree T, yssin (T) = 0.

Proof.

For any nontrivial tree T with g edges, the number of blocks n = g, From, Theorem 1 y4(T) = .

Now we establish the relation between strong split domination number of a tree and strong split line domination number of a tree.
Theorem 2.

For any nontrivial tree T, ys(T) < vssin(T) - 8(T).

Proof.

Let E = {ey, €;... ey} and S = {vy, v,... Vp} be the set of edges and vertices of T respectively. Further S; — S be the set of cut
vertices of T. Suppose S, < S; such that V v; € (S - S,) is an isolate with at least two vertices and N [S,] =V (T ) . Then S, is

strong split dominating set of T. In L, (T), E’' = {v'l,vlz, ...... V'pfl} is the set of vertices corresponding to the elements of E. Since
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eachei e E1<i<p-1isablock of T,then E" = {v;,v;, ...... V',;_l} forms the set of vertices corresponding to the blocks of E.

Since each Vi' e E’ is a cutvertex of L, (T) and V[Ly(T)] = E' U E”, then vvi" e (V[L, (T)] - E") is an isolate and |V[L, (T) - E"]| >

2. Hence E” is a strong split dominating set of Ly(T). Further |S| < |[E" U E"| which gives |S,| < |E’| and for any tree T there exists at
least one vertex v € V (T) with deg (v) = &T). Then |S,| < |E’| - AT). Thus yes(T) < yesin(T) - &T).

Theorem 3.

For any nontrivial tree T, ysshe (T) = Yssib (T).

Proof.

Since each edge of a tree is a block, then from Theorem 1 and Theorem A, the result follows.

In the following theorem we establish the equality of strong split semitotal block domination in terms of strong split semitotal
block domination.

Theorem 4.

For any tree T, ysun(T) = yss(T) — L.

Proof.

From corollary 1 and Theorem B, the result follows.

Strong split middle domination can be expressed in terms of y.,(G) in the following theorem.

Theorem 5.

For any connected (p, q) graph G, ysin(G) < yssm(G). Equality holds for a tree.

Proof.

For any connected graph G with E (G) = {ey, €, ....., €} be the set of edges and B(G) = {By, B,, ...... , Bn} be the set of blocks of
G. Let B’ = {by, b,... b} be the set of vertices corresponding to the blocks of G and E’' = {e'1 A elz, ....... . e; } be the set of vertices

corresponding to the edges of G in L,(G) . Then V[Ly(G)] = E" U B'. Since V ei' e E', 1<i<q,deg (e;) =land V bje B 1<j
<n, N(by) = ei', then (V[Lb (G)] - B’) is totally disconnected with |V[L,(G)] — B’| = 2. Also N[B'] = V[Ly(G)]. Hence B’ is a

strong split dominating set of Ly(G). So |B’| = yss1b(G). Further the middle graph M(G) of a graph G has V[M(G)] = V(G) U E(G).
From, Theorem C, yssm (G) = |[E(G)]. Also for any graph G, |[E(G)| = |B|. Thus yssm (G) > yssin(G). For equality, suppose G is a tree.
Then by corollary 1 and Theorem C, equality holds.

Theorem 6.

For any connected (p, q) graph G, 1 [Lu(G)] = vssn(G) = a0 [Le(G)]-

Proof.

LetB={By, B, ....... , Bn} be the set of blocks of G where each block b;, 1< i < n contains m; edges. Then in L,(G), |V[Ly(G)]| =

n
|B| w Z m, . Further for each block vertex b; corresponding to the block B; of G, there are m; endedges in Ly(G) adjacent to b;.
i=1
Thus there are n sets of endedges such that each set contains m; , 1 < i < n endedges. Choosing one endedge from each of n sets
gives maximal set say E, of endedges which are independent such that N[E.] = E[Ly(G)]. Clearly | E¢ | = £;. From Theorem 1, we
have Si[Lu(G)] = vssib (G). Also from Theorem D, yssih (G) = o [Lo(G)]. Hence Bi[Ls(G)] = vssin(G) = ao[Ln(G)]-
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