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ABSTRACT : In this paper a particular type of associative (non-associative) non-distributive ring has been introduced with the
help of a newly defined distributive property called the para-distributive property. Different types of pararing have been illustrated
with examples. Lastly some important properties of the pararing have been studied.
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1. Introduction
Non-associative and non-distributive rings of different varieties have introduced quasi-ring R(+, 0) with the help of quasi-
distributive properties [3] :
Xo+t(ytz)=xoy+xoz-X;
(x+y)oz=xo0z+yoz-1z

X, Y, Z € R(+, 0).

Quasi-distributive ring is not a ring and vice versa. Further, & = @and x@= 6, 0 being the nullelement of R(+, 0).
Xo(yt+z)=Xxoy=Xxo0z-Xo0 6, (1.1
(y+z)ox=yox+zoXx-6H0ox (1.2)

to deal with weak-ring and weak lie algebras respectively. Weak-ring and weak lie algebras are not ring and lie algebras
respectively [1].
For quasi-vector space v over F we have used a generalised form of scalar distribution property
(a+ B+ pPx=ax+ X+ a fye F,xev.
In this paper para-distributive and right (left) para-distributive properties have been introduced in an analogous way leading to
the definition of pararing, right (left) ring and mixed ring of a pararing such that any ring is a right (left) ring and mixed ring
which are again pararing but the converse is not true.

2. Definitions.

(i) A system of double composition R(+, 0) is said to satisfy para-distributive law and right (left) para-distrubitive law if
Xo(yt+z+w)=Xxoy+Xo0zZ+Xo0 o (2.1)
Xty+2)ow=Xow+tyow+70 o (2.2)
Xo(y+z)=xoy+xoz (2.3)
X+ty+2)ow=Xow+tyow+70 o (2.4)
Xo(y+t+z+w)=Xoy+Xo0Z+Xo0 & (2.5)
x+y)ow=xow+yo w (2.6)

Non-distributive property (1.1) and (1.2) follow as a particular case of (2.1) and (2.2).
A system R(+, 0), which is additively a group, is called a pararing or a left (right) ring of a pararing according as it
satisfies (2.1) to (2.6).
The system R(+, 0) is called a mixed ring if it is the union of a right and a let ring.
For a left and a right ring 6x = @and x8= 6 respectively. For an associative mixed ring 6x6 = 6. For a pararing éx = 6, X0
# @and also k0= @if the pararing is associative.

(i) Asystem R(+, 0) is said to satisfy quasi-anticommutative property if
Xoy+yox+yoz+zoy+zox+xoz=460

(iii) A pararing is called a Jordan pararing if it satisfies
xoy)o(xox)=[xo{yo(xox)} =6

(iv) A non-distributive system is said to satisfy binary non-lie properties of type
x*=6 (xoy)oy)ox) +(((yox)ox)oy) = 6.
x*=6 (xoy)ox)oy)+(((yox)ox)oy) = 6.

(v) AssubsetY of a pararing X is called a subpararing of X if Y is a pararing with respect to the operation of x restricted to y.

(vi) Arring, left (right) ring and mixed ring of pararing X are all subpararing of X.

(vii) Y is called semi-basal if it is a mixed ring of X. Y is called basal if it is a ring of X. It is called X non-basal if it is not
semi-basal.

(viii) A left (right) subpararing of a right (left) ring X is considered as pararing basal if it is a ring of X. It is called non-basal if
it is not basal.

Examples: Let R(+, -) be a ring which is additively periodic of order 2 and let

(L) xoy=x+y+xy;

Q) xoy=x+y+xy-yx

(3) X0y =x+y +X(Xy) - X(yx).

Thus R(+, 0) is a pararing in each case.
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3. Observation
(i) The above Example (1) is a Jordan pararing. It is, in general, non-associative. It does not satisfy above alternative
Example and flexible laws. It is associative if R(+, -) is so. It does not satisfy x? = 0, but it is quasi-anticommutative,
where R(+, -) is commutative [2].
(if) Example (2) is a pararing which satisfies binary non-lie property.
(iii) Example (3) is a pararing quasi-anticommutative but not anticommutative.
1. Let G(+) be a group periodic of order 2. Then G(+, 0) isa rightring if x oy = x and leftring ifxoy =x; x, y € G.
2. LetR(+, -) be a ring which is additively periodic of order 2. Then R(+, 0) is a right ring if
XOYy=Yy=X+Xy,
XO0Y=X+Xy+yx
R(+, 0) is a left ring if
Xoy=Yy+Xxy,
XOY=Yy+Xy+yx
Let X be an arbitrary pararing. Let X“and X" be a right (left) ring of X. Then
Xo ={x:xe X', x8 =0} is a basal subring of X";
X ={x:xe X", 6x=06}is abasal subring of X",
Xoo ={X:X € X,0x=0,x0 = 6} is a basal subring of X.
If, further, X is associative, then
Xo0 ={X: X e X,0x0 =0} is a semi-basal subring of X.
Let X, X”and X" are as defined in Section 4. Then
X"% ={x:x e x}is aleft subring of X;
X" ={x:x e x"}is aright subring of X";
X ={0x0, x e x} is a subring of X.
where X6y 0= (xy)6, &x - &y = &xy); (6x6-(&y &) = Axy)6.
4. Properties
Property 4.1. Let (X, X”) be a right (left) ring of an associative pararing X containing identity for multiplication. Then
(i) (x,x"°,x)) is additively commutative iff
(X+X"2)=x""+x,Vxex,x"* e X",
(i) (x",x"°x{) is additively commutative iff
(X+Xx"%) = (x"° +X), vx e X", x"* € X"°.
(i) (x,x>°,%,,) is additively commutative iff

(x+x2%) =(x"° +x), ¥x e x,x*% € X°°.
Proof. (i) To prove the condition sufficient, let e be the identity for multiplication and &the null element for x, y € x".

(e+tet+x+y+)=e(x+ty+ ) +ex+y+ o)+ (x+y+6)
[by right para-distributive property]

=X+ty+0+y+y+ 0+ K+ [by left para-distributive property]
=X+y+X+y+ K+ 0y (4.2)

Again,(e+te+ O (x+y+ O =(e+tet+Ox+(e+te+ Qy+(et+e+ 60O [by leftpara-distributive property]
=X+X+X+y+ty+Gy+et+e+ O [by right para-distributive property]
=SX+X+XK+y+y+ Oy (4.2)

From (4.1) and (4.2) it follows that

YyHX+y+ K=Xx+K+y+y [by cancellation property]
or, XK+y+x+y=&x+x+y+y

LY EX=EXtY
Hence, X’is additively commutative.
Necessity of the condition is obvious.
(i) Proof is similar.
(iiiy(ete+ H(X+OK+Yy) =e(x+ K+y)+e(x+ K+y)+ 0(x+ 6 +y) [by right para-distributive property]
SX+OK+Yy+X+K+Yy+ X+ KO+ Gy [by left para- distributive property (4.3)
Again,(e+e+ h (x+k+y)=(e+e+ Ox+(e+e+ OxO+ (e + e+ Oy [by left para-distributive property]
SX+X+ K+ XO+XO+ KO+y+y+ by [by right para-distributive property]

SX+X+H K+ XO+y+y+ &y [[x0+x0=0] (4.4)
From (4.3) and (4.4) is follows that
XO+y+X+X+y+ K+ KO=Xx+ K+ XO+y+y [by cancellation property]

or, y+x+x0+&+y+Ook+ XKO=x+ 6K+ XO+y+y
or, y+x+y+ &+ &O=x+6&K+&K0+y+y
or, y+x+y+ok+ &O=x+6kK+y+y+ ko
or, y+x+y+&x=x+y+y+ &
LXtTYSYy+X [by cancellation property]
Hence, X is commutative.
Property 4.2. Let (X, X%, Xo,0) be an associative pararing which is additively commutative.
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Let (X', X", X,) and (X", X" X,) be the right and left rings respectively of X. Then the subset
(i) (x’+x76, x"e X) is a basal subpararing of X",
(i) (x”7+ & x” e X) is a basal subpararing of X"
(iii) (x + &6, x e X) is a semi-basal subpararing of X,
where (x "+ X 'Oy +y0) =x§’+ (x§)6, (x"+ &)y "+ &)= (xy") + AxY");
X+ XO Y+ ) =xy+ Oxy)0,x§y e XX, y”’e X" xy € X.

Proof. (iii) (x + &x@) (y + &0 =(x+y)+ &0 + &0 [-.- is additively commutative]
=(x+y)+ &6 + o+ 660
=(X+y+ &0 +y6+ 66) [by left para-distributive property]
=(x+ty)+6 +(x+y+ 66 [by right para-distributive property]
=(x+y)+ 0 +(x+y)d (4.5)

By definition (x + &x60) (y + &y6) € X.
Obviously, (x + &x&) (y + 46) (7+ 6 + ) = {(x + &) (y + yO)} (r+ & + 6). Now
(x+ xO){(y+ yO} + (v+ 070) + (w+ G wb) = (x+ KO {(y + 7+ @) + Ay + 7+ wO)} [by (4.5)]
=X(y+ 7+ @)+ Xy + 7+ )0
= (xy + X7+ Xw) + Oxy + X+ Xw) O [by left para-distributive property]
={xy + Axy) 6} + {xz+ Ax7) 6} + {xo + Axw)&  [by (4.5)]
=(x+ xO) {(y + O} + (x + 076) (v + 076) + (x + Ox6) + (0 + Owb)
Hence, left para-distributive property holds. Similarly, right para-distribstive property can also be verified.
So, (x + &6, x € X) is a subpararing of X. Again,
Ax + xO) 0 ={Ax + xO)}6

={dx+ o) + 10

=(6k+ kO+ 60 [by left para-distibutive and associative properties]

= X0+ kO+ 6 [by right para-distributive and associative properties]
=0 [+ X% is periodic of order 2]

Hence, (x + &0, x € X) is a semi-basal stubpararing of X
(i) Property (ii) can be similarly verified.
(i) Property (i) can be verified similarly.
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