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INTRODUCTION

Before introducing lattice application to ordinals. We trace out a brief historical development of such numbers.

The foundations of modern mathematics were conceived through a number of discussions between two mathematicians:
Cantor and Dedekind during 1872 when they shared their honeymoon in the Harz Mountains. These meetings marked the
beginning of a fascinating correspondence in which we can see the birth of set theory.

Cantor indexes the steps of his construction of ordinals by new objects, the transfinite numbers which can be visualized as
follows [5, 6, 7, 9].

0,12 .., 0,0, .., oto, ..., ototo, .., 02 ... ®% .... But this possesses a problem: how far do we have to go. In fact,
Cantor found it very hard to define transfinite number, even using the brand-new-and controversial — vocabulary of set theory.
But let us follow his reasoning:

Cantor proceeded by Induction, but an induction made transfinite by diagonalization, i.e., it can be continued beyond integers.
So it is natural to study the sets satisfying the property underlying the principle of induction. Cantor called them well—ordered
sets. To be precise, a well ordered set is a set equipped with an ordering (i.e., its elements can be compared) such that every non-
empty subset has a least element. For instance, the set of natural numbers is well ordered. In Contrast, the set of positive reals
equipped with natural ordering, is not because, as an example, the set of all reals greater than 1 has no smallest element.

Cantor was then able to define a transfinite number, which is now often called an ordinal. In Naive set theory [10] it is a well
order-type. More explicitely: every well ordered set defines an ordinal, and two of them define the same ordinal if there is an
increasing bijection between them-in other words, if they are identical as well ordered sets. In our terminology, an ordinal can be
regarded as an equivalence class of well-ordered sets, for the relation defined on the set of well-ordered sets by "there exists an
increasing bijection". For instance, the first infinite ordinal numbers, ®, is the class — or order-type — of the set N of natural
numbers. Its successor is the order type of the set N U {co}where ‘o' is a new point that is declared to be greater than any integer;
we can also choose the set Ej, to represent w+1, the set E, to w?+ | and the set E,, to @® + |. This definition hardly looks Naive. In
fact the ordinals would raise some disturbing existential questions [6, 24, 25].

Cantor regarded his transfinite numbers as generalized integers, whose existence was no less certain than that of the usual
integers. He called them unendliche reale ganze Zahlen, and, reale here means 'real’ in the sense of reality and not 'real’ in contrast
to 'complex’ (which would be reelle). In a very natural way, he would then define and study a whole arithmetic of his transfinite
numbers which extends ordinary arithmetic but does not keep all its properties: The arithmetic of transfinite numbers 'is
sometimes useful, the major role is played not by their arithmetic but by their order structure.

Cantor, who has no formal set theory available, relied on his intuition of the integers to produce his transfinite number step by
step. As we know that integers never come to an end—you can always ‘add 1°. Cantor proceeded to construct the ordinals in the
same way but incorporated his idea of diagonalization. He asserted that when there exists an increasing sequence of ordinals but
have already been constructed, there exists a smallest ordinal greater than all the ordinals of the sequence - or, if we prefer, an
ordinal that is the limit of the sequence. That is how ®, for instance is generated from the sequence of integers. Cantor called his
two methods (adding | and taking a limit) the first and second generalizing principle. The second principle is less intutive than the
first, and doubters are entitled to ask whether it is legitimate. Cantor felt such doubts himself but could respond only by invoking
some kind of psychological obviousness before resorting to the metaphysical arguments of a depressive mind. However, it is
inarguable that two sets A and B will have the same number of elements, that is what we call constructing a bijection. To count
the elements of an infinite set, it is very tempting to take transfinite numbers as a reference set. But this natural choice leads to at
least two problems: that the result of counting a finite set is obviously independent of the order in which its elements were
counted. This is not only obvious but perfectly true. But everything changes when we wanted to enumerate an infinite set by
means of the ordinals. Imagine, for instance, that we wanted to enumerate the set N of natural numbers. If we do it in the obvious
way, by

{0,1,2,...,n,...}
then we assign it the ordinal @. But we could also start with 1 (as do many of our Anglo-Saxon Contemporaries for whom 0 is not
a natural number), then count all the integers greater than 1 and finally remember 0 and count it at the end. Doing so gives the
enumeration [7, 9, 24]:

N={1,2,3,...,n,...,0}
and we have to assign N the ordinal o + I. It is not hard to complicate things. If we enumerate all the even numbers first, then all
the odd numbers, we assign the ordinal o+ to N. In fact, we can obtain any ordinal with a representative that is well-ordering on
integers. But then how many elements does N have?

Cantor was well aware of the first problem and answered it clearly. He drew a distinction between the number of elements of a
set (Machtigkeit or 'power’) and the enumeration (Anzahlen) that one could make, a crucial distinction when dealing with infinite
sets [6, 19, 20]. Two sets A and B have the same power.

Whenever there exists a one-to-one correspondence between them, although their enumerations may represent different
transfinite numbers, as we just saw in the example of N. Moreover, one of the sets may have no obvious well ordering, so that it
can't be assigned a transfinite number at first glance. For example, Cantor established a bijection between the set N of natural
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numbers and the set Q of rational numbers, but this enumeration is not increasing with respect to the obvious ordering: Q is not
well — ordered with respect to the usual ordering, because the set of positive rationals has no least element. Similar argument
holds for the bijection between the set of algebraic numbers and N. In other words, the set Q can be well-ordered by an ordering
that is obtained through a bijection with N and is not the usual ordering. So is there a simple way to define the number of elements
in a well orderable set? Cantor gave an affirmative answer to this question by observing that among all the transfinite numbers
that can be associated with such a set, there exists a smallest one with respect to the natural well ordering. All that remains is to
call this smallest transfinite number the cardinal number or cardinality of the set. To denote these infinite cardinal number, Cantor
used the first letter of the Hebrew alphabet, aleph.

This choice is undoubetedly not unrelated to the metaphysical emotions by which he was then tormented nor to his certainty of
having opened a new and radical path.

Now we can talk about the cardinality of N. Among all the ways of enumerating N, the smallest (or the simplest, which
amounts to the same thing) is of course the first:

N={0,1,2,...,n, ...}

Which assigns it the ordinal (.So this ordinal is an aleph, the smallest of them all: we denote it by ® = No.

But do there exist infinite sets that are not countable? Cantor had asked this question as early as 1873, in a letter to Dedekind
before quickly reaching the surprise conclusion that there does not exists any bijection between the integers and the set of points
on the real line. In other words, there are more points on the line than there are integers. In contrast, Cantor would show four years
later that there are not more points in the plane or in space, than on the line; i.e., the plane and the space can be put into one-to-
one correspondence with the line. These were such novel results that they took their inventor himself by surprise: he would write
to Dedekind (in French) on June 29, 1877: “I see it but I don't believe it”............ [9].

To show that there is no bijection between the integers and the real line. Cantor used an argument by contradiction. We now
present an abstruct version, which has now become classical, of Cantor's argument. Once the real numbers (or the points of the
line) are put into bijection with the set P(N) of subsets of N, it suffices for the proof of the Cantor's theorem to show that there is
no bijection between N and P(N). The last statement is just a special case of a very general result : if E is an arbitary set ,there
does not exists any bijection between E and P(E).To see this, let f denote an arbitary map from E to P(E). We define a diagonal
subset X of E as follows : an element x of E is in X if x is not in the set f(x). Thus subset X of E thus defined is not of the form f(t)
for, suppose X = f(t); if tis in X, then t is in f(t), so t is not in X, because X contains only those elements x that are not in f(x). But
this is a contradiction. On the other hand if t is not in X, then t is not in f(t), so t is in X because X contains all the elements x that
are not in f(x) again,we have a contradiction .Since X can't be written as f(t), we have found a subset of E that is not in the image
of map f, so f is not a bijection. This completes the proof.

The proof above is very simple relative to the complexity of contemporary mathematics, but it is interesting for more than one
reason. First it shows that P(E) has more elements than E ,with no restrictions on the set E. So we can repeat the argument to
obtain larger and larger sets: E, P(E), P(P(E)), and it keeps going, but where does it stop? Well it keeps going as long as there are
ordinals, and we are led back to the trickly question we ran into earlier. This is the simplified approach.

We have just shown that the set of points on the line has more elements than the set of integers, but we have not yet mentioned
its cardinality. This leads us to the second question raised by the counting of infinite sets. We know how to associate a cardinal
with any well —orderable set; conversely a set must be well orderable for us to be able to discuss its cardinality because its
cardinality is the simplest of its well ordering. In other words, we can speak of cardinality of sets whose elements can in some
sense be considered - counted — one after another. But are all sets orderable? Is the set for reals for instance? It would have to be if
we wanted to talk about its cardinality. For that matter, does there exists at least one well — orderable uncountable set?

Cantor gave an affirmative answer to the last question by showing that the set of all countable transfinite humber is not
countable, even though it is well ordered. It is uncountable simply, because, by definition, it contains all the countable well
ordered sets. If it were itself countable, then because it is well ordered there would be an increasing bijection between it and one
of its subsets, the one consisting of all the ordinals less than some countable ordinal a. But to set up an increasing bijection
between two well ordered sets, we have to pair the elements successively, starting with the smallest and not skipping any. If we
proceed in this way, we will match all the ordinals smaller than o with themselves, but it will be impossible to continue the
construction up to o and beyond. So if we enumerate all the countable ordinals:

0,1,2,...,0,0+1, ...,20, ..., @ ..., ®° ..., ®® ..., wE0, ...
we eventually obtain an uncountable well ordered set. Cantor presented this uncountable cardinal in his Grundlagen in 1883. 1t is
clearly the smallest uncountable cardinal he called it alephl, and denoted it by . Of course, for him this uncountable cardinal was
the cardinality, of the real line, which is called the power of countinuum and denoted by 2, because it is power set of the set of
subsets of the integer. But we need to exhibit a bijection between set of countable ordinals and the set of reals. This is the
countinuum problem, which can be summarized as follows: Is the equation 2X° = X true?

Cantor was to expend enormous effort-to the point of nervous breakdowns-trying to obtain the affirmative answer that would
have been crowning, achievement of his theory. He believed in it until the end. We know today that, despite all his talent, it was
impossible for him to succeed. Godefroy [9] proved in 1940 that the equation could not be proved to be false in standard set
theory (which had meanwhile been axiomatised); [10] proved in 1963 that, in the same theory it could not be proved to be true.

This equation now called the continuum hypothesis [11], is therefore undecidable. The problem of ‘constructively' well-
ordering an uncountable well-ordered set is the most fundamental problem of the set theory [11, 12, 13]. It should be noted that
the class of all ordinals though well-ordered is not itself an ordinal because it is not a set [1, p 203]

Von Neumann [12, 14] defined an ordinal number as a well-ordered set o such that

S(&) = &, for all £ in a, where

SE)={nea:n<&ie.0=0,1={0},2=1{0,1},3=1{0,1,2}....

n+1=4{0,1,2,...,n}...,©=1{0,1,2,...},o=0 U {&}

He considered o as an ordinal of second kind and is the greatest ordinal all whose members are ordinals of the first kind. The
symbol &, is the least upper bound of the sequence: 1, ®, ®®, ®, ... and the symbol Q to represent a well ordered set consisting of
all the ordinals of the first and the second kinds. In von Neumann set theory the class of all ordinals does exists, but it is a proper
class and thus can't be a member of itself or any other class.
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R.M. Robinson, P. Bernays and K. Godel and others [9, 13, 14, 15. 16] introduced an independent theory of ordinals without
referring the definition to the concept of order.

R.N. Lal [17] gave a complete extention of ordinals with their non-commutative operations. The difficulty what he felt in
density problem due to non-commutativity was resolved through the introduction of ordinal continued fraction. His concept of
fraction is quite different from that of E. Zakon [18]. He introduced ordinal rationals with their incompleteness and ordinals reals
with their completeness in detail.

1. OUOTIENT FORMATION

Only a few mathematician have worked on lattices infused with ordinals.some of them [17, 18, 19] discovered some
conditions under which chains can be embedded into ordinals. O. Bernard [20] invested regular contexts of ordinal sums and
ordinal products of two lattices.

Our endeavour is to build up a theory of ordinal lattices which emerges from consideration of extention of the
relation of divisibility to ordinals. The left cancellation law on ordinals leads to the concept of left divisibility ,the highest
common left factor (hclf (A)) and dually the least common right multiple (Icrm (v)) which induces primeness of ordinals and
enriches the ordinal number theory.

Definition 2.1: Let o # 0’ and f be two ordinals .Then we say that o. divides B (in symbol, o/B) iff there exists an ordinal y such
that p=o*y. Here y is called the left quotient of § by a and is designated as [p: o]. A non-zero ordinal y is called:

(I) The helf of o and B (ie, y = aAP) iff v is the largest left divisor of both a and B, i.e iffy | a, y | B and further 6 | @ and & | B
implies that 3 | y for every 6#0.

(I1) The Icrm of two non-zero ordinals a and B (i.e, y = aV) iff y is the smallest ordinal such that o and B are left divisors of
v, i.e, iffa |y, y| By and further a | d and B | 6 implies that y | & for every 9.

In the ensuring study we shall assume o as a nonzero ordinal number involved in [B: o] for every ordinal .

Theorem 2.1: The quotient formation [:] has the following properties:

() focyl+[B:y]=[atP:y]

(an Byl [o: B] = [a: 7]

(nny  [2=0:2 *B]=[o: B]

(IV) [2%*a:B] =[a: ] provided a is a limit ordinal.

V) Jo:a]=1

(V1) [o: B] =[1:[B:al]

(V1) [B: al*y = [y: [B: a]]=[B*y: o]

(VI {[a: B]: y] = [a: B*y]

(IX)  [laxy] [B:v]] = [(a:p]

Proof: (1) Put p =[0:y] and q=[B:y]

Thena=y+*pand =1y *(q

= a+B=y*(p+q)

=>ptq=a+py

(D) Put p =[a: B], g =[B: ¥]
Thena=p*pand =y *(Q
=oa=y*qQ*p
=[o:yl=q*p

(1) Put p = [2*a.: 2: B]

Then2 *a=2* B *p = o= P*b
(IV) The proof is an immediate consequence of the fact that 2 o= o when a is a limit ordinal.
(V) Obvious.

(V1) Putp =[a: B], q=[p:a] and r =[1:q]
Thenl=q=*r,a=B*p,p=a*(
Soa=a*xg*p
=1=q=*p
=>Qg*r=q* b
=p=r

(V1) Put [B:a] . Then B=a *p
= Py = axpry

=a* (p*y)

= pxy = Pry*a
Also, [y:[a:B]]=&and [a: B]=n

=>y=n*g

=pBry=(Pn)*§

=pry=(Pn)*§

=PBry=ax*g

E=[P*y*a)

(VD) Put[a:B]:y]=¢§
Thena:p=y*§
=oa=Bry*g
=[a:pry]=¢

(IX) Put[a:y]=p,[B:y]=qand[p:q]=r
Thena=y=*q,and[p:q]=r
= y*p=y* (@)= (yrqprr=px*r
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=oa=pB*r
Remark 2.1: In view of the result (vi) of the above theorem we may write [o.: ] = [B : o]t = 1/[B : a] and that of (1X),

la:y]/[B:y]l=[o:B]=a/P
Theorem 2.2: (1)  is adivisor of every ordinal of the second kind

(I1) If o and B are ordinals of the second kind and a | B. Then there exists a pair of & ordinals and 1 such that one
of them divides the other n
(I1) For any two ordinals a and p,
(@AB) * (@V B)<P) (B * o) V (a* P)

Proof: (I) For, if a is an ordinal number of the second kind, we can obtain an additively indecomposible ordinal o * & for some

ordinal & such that o= @ * &

() For, o] a and o | B = 3 ordinals & and n such that

a=o0*Eand f=w*n

Further, o/p = 3 an ordinal y such that = o * y

= O * n=o * Y

=mn=gky

(II) for, {(o A By* o} V { (@A B) * B}
<((B* @)V (o*PB)
The following theorem induces the notion of minimal sequence of ordinals
Theorem 2.3: If o is not minimal in o, then there exists an ordinal § such that p * 2 < a
Proof: If o is not minimal, 3 1 & o such that B1 < o and hence their exists a unique ordinal B2 < o with a=B1+p2 > p + = B*2,
where B is defined as the smaller of B, and B2
Definition 2.2: A minimal sequence (e) of elements in w is one containing but one element ¢ which is minimal, or containing a
denumerable infinitude of elements such that
ain1 *2 <o (i=1, 2, ...)

Remark 2.2: There exists a minimal sequence.
Lemma 2.1: If a.g . Then !Lrg[ai :a] = inthe case when the minimal sequence is infinite

Proof: We have by the theorem (2.1)(11)
[0i:Y] = [ei+1: Y] * [atiiativa]
= [0 Y] = [otisr 2 Y]* 2
By the induction.
[ci+: Y] = [otis @ Y] 2
Putting i=1 and j=k-1, we have
[ak, : Y] > [azY] * 2K2
Therefore 3 ig such that
[oi: Y]=2" Vixie
!Lm[ai ra]=w

Theorem 2.4: Let o # 0, = 0 be given.
Then fimZ-%1

insdl (274
Proof: (I) Let o =au1, be minimal. Then oy # 0 and B = oy *[B:0]. Now [B:au] # 0 since B0, and o = al* [ai =ou] whence [a,
(11] #0

exists and is > 0 ,< oo (If (o) consists of one element A1 min ,we mean by lim the valueati=1
I—>0

Hence limM
sl (27
(11 Let (ou) be infinite and minimal. By the Theorem 2.1(11)
[B:ou+a] < ([o 2 aiva] +1) * [B @ o] +1)
and [o: aia] = [ai : aisa] * [ouon]
2Bl [ovoisa]<([o o]+ D)o s aisa] * [B : ai]+1)/ ool
< (1+(1/2Y) * ([Broi]+1)/[o:ai]
e ral=2

exists and has the desired property.

for each i

imlBiaal _[Bial
el e ] [aia]
belaa] [o:e]
“_m[ﬂ:ak]gli_m[ﬂ:ai]
i—>w [a . Olk] = [0! : 0',i:I
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Since 1/[a:ai] tends to zero by the lemma 2.1 .But this implies the existence of the desired limit .1t is finite also, since it is less
than or equal to ([B:ai]+1)/[o:ci], and since this is finite if i is sufficiently great . Since the same reasoning applies to the
reciprocal [a:ou]/[B:au], this fraction also has a finite limit ,whence the limit of [B:oi]/ [oi: ] exists.

This completes the proof.

Definition 2.3: If ¢ =0, =0, we define
(B:)=tim 224
> [or ;]

Theorem 2.5: Let a, B, Y are different from 0.Then the following results hold:

@ (oa)=1

(b)  (:p) = (Bo)*

©  (a:X)=(B:Y) * (a:B)

(d)  (a+p:Y) = (a:X) = (B:Y)

() a>p=(aY)>(p:Y)

Proof: (a) This is obvious, since [a:ai]/ [a:ai] = 1, for sufficiently large i,
[a:e]

(b) (a:pB) = !mem

-1
e o]
=(Bra)”
) . Jaia]
©) (a:Y)=lim———=
= Y]
— lim [a:a] *lim [B:ai]
De[fra] e[V i)
=(a:p)*(p:Y)
(d) () Let & be minimal, and put p = [ai:ai], g = [B:au] and s = [Y:au]. Then o = cu*p, Biou*q, ¥ = cr*s
Soat B =ax (pta) = [otfia] = ptg
and (o+B:Y) =[a+Bias] =pta/s=pls+g/s=(a:Y)+ (B :Y)
(1) Let o be infinite (i = 1, 2, 3, ...) Then by the theorem 4.1(1)
[oou] + [Bro] = [o+Prau]
If we divide by [Y:ai]and let i tend to infinity, each term has a limit and from which (d) follows:
(e) There exists B1 with o = B+Brand B1 =0
Then(a: ) =R :N+E1:V)>(P:Y)
2. LATTICE ORDERED BINOID (LOBINOID)
In this section we shall study the lattice ordered structure of the set of nonzero ordinal numbers: o, B, Y, ...
Lemma 3.1: The relation of divisibility (< ) partially orders the set @ of non-zero ordinal numbers with respect to which the
monoid (w, X) is left ordered. The poset with hclf (A) and Icrm (v) is a lattice.
Proof: (I) ‘That < is a porelation and helf and Icrm are lattice operations are obvious.
(M) a<P(i.e. o | B) = Janordinal Y suchthatp = o * Y
=3*B=8*(a*Y)
S CEXIER
=8 *ald* P
Theorem 3.1: The set (w,+,*) is a lobinoid [21,22]
Proof: (o, +, *) equipped with associative binary operation is a bisemigroup with the property : n+® = no=w for every ordinal n
of the first kind. Thus the existence of a common natural element  for both the associative binary operations together with the
lemma 3.1 yield the proof of the theorem.
Definition 3.1: An ordinal number « is said to be even iff 2\ ¢; Odd, otherwise prime iff for every ordinal number Yeither | ¥
or helf (e ¥)=1.Two ordinals « and g are said to be co-prime iff hclf (e, ) = 1
Example 3.1 An initial transfinite ordinal number o is even where o+1 is odd and they are prime .Further Q is prime.
Solution: Since ©=2* © and o+1 = 2* o+1
Remark 3.1: Since every ordinal can be represented either as 2*a or as 2*a+1, each ordinal number is either even or odd ,for
example

(0+1) %2 = 2% (0+2)+1 is odd .
The Fermat's factorization method (i.e., an odd number can be factorized iff it is a difference of two squares [21, 22, 23, 24] )
fails for ordinals, since
o™= " * ® = 2*w"+w is an even ordinal and
(Dn+1 = ((Dn+(1))2 _ ((Dn)z
Again o? has infinitely many such representations:
o?=[(0* (n+1)]?*—[w*n]?, forn=1, 2, ...
Moreover, Goldback hypothesis (i.e., every even natural number > 2 is the sum of two prime number [25]) is also false for
ordinals, for w+10 is not such a sum.
We have the following extension of the familiar factorization theorem for finite ordinals :
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Theorem 3.2: Every ordinal oo >1which is not itself a prime, is a product of a finite number of primes, sometimes in more than
one -way.
Proof: There is a least ordinal B>1 such that o = a1*p, where 1<au<a. If oy is not a prime, the argument may be repeated on ou.
Since a decreasing sequence of ordinals must be finite, we have the desired result.
As an example of non-uniqueness we may write:
o = (0+l) * o

= (0t+l) *2*w

= (o+]1) *3%2*w

= 5% (o+l) *7* etc.

One of the most important concepts in  is that of residual. Historically speaking it draws primary inspiration for the work M.
Ward and R.P. Dilworth appearing in a series of important papers [3, 23, 24, 25]. Our study is naturally base on non-commutative
case. The right residual o : B of a by B is the largest Y such that B*Y < a. A right residuated lattice is an I-groupoid (Lattice-
groupoid) in which right residual for every pair of elements exists.

Theorem 3.3: o is right residuated.

Proof: For ordinals o and B in o there exists a unique ordinal Y and a unique ordinal 6< a in such that
a=pB*Y+3
=>pB*xY<a

Remark 3.2: From the lemma 3.1 and the theorem 3.1, 3.2 and 3.3 it follow that  is a right residuated lobinoid.
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