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Abstract:

A marked graph is a graph with a + or —sign on each vertex and is called consistent if each cycle has an
even number of —signs. This concept is applied with the halide compounds like sodium chloride, potassium
chloride, silver chloride etc., and we compared these compounds with the bipartite graphs and also obtained their
energy and balanced Laplacian energy.
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1.INTRODUCTION:

Consistent marked graphs were introduced by Beineke and Harary. A signed graph is called balanced if
every cycle has an even number of — signs[1,2,3]. For example, Sodium chloride is one of the Halide compounds
formed when sodium atoms iteract with chlorine atoms. When this occurs, sodium will donate an electron to
chlorine. This makes sodium slightly positive and chlorine slightly negative. Harary and Kabell described signed
graph as a balanced graph by setting up a correspondence between marked graphs and balanced signed graphs.
[13]

Let G be a graph with order n and size mand A be the adjacency matrix of the graph A = (ai)nn and
it is defined as

- {O'ij if v; is adjacent to v;
0 otherwise

The eigenvalues A4, As,.....A, of A are assumed in the non increasing order of the graph G. The energy E(G) of G
is defined as the sum of the absolute values of the eigenvalues of G. i.e., E(G) =X, |4. [4,5,6,17]
I.Gutman and B.zhou defined the Laplacian energy of a graph G in the year 2006. Let G be a finite , simple
and connected graph with order n and size m. The Laplacian matrix of the graph G denoted by L(G) = D(G)
- A(G) is a square matrix of order n, where D(G) is the diagonal matrix of vertex degrees of the graph G and
A(G) is the adjacency matrix. Let i, MUz, ..., ln form the Laplacian spectrum of its Laplacian matrix of G then the
Laplacian energy LE(G) of G is defined as LE(G) :Z?=O|ui —27m| where sz is th average degree of the graph
G. [7,8,9,12,15,16,20]
2. Definitions:
Definition: 2.1

A marked graph is a simple graph where every vertex has a sign + or —.
Definition: 2.2

A marked graph is called consistent if every cycle has an even number of — signs.
Definition: 2.3

Let G be a graph with order n and size m. The Laplacian matrix of the graph G is denoted by L =(L;) is a
square matrix and it is defined by
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—1ifv;is adjacent tov;
Lj = 10 if v; is not adjacent to v;
d; if vi = v;
Where d; is the degree of the vertex v;.

Definition: 2.4
Let Y1, K2, ... Un be the eigenvalues of LE (G), which are called Laplacian eigenvalues of G. The Laplacian

energy LE(G) of G is defined LE(G)=Z?:1|ui —27m|,Where sz is the average degree of the graph G.

Definition: 2.5
If (V,W) isa signed graph where W is a (mxm) symmetric matrix with zero diagonal entries and with the

other entries wjj € R be arbitrary. The degree of any vertex v; is definedas d; = d (v;) = XiL,W;; and D is the
signed degree matrix where D = diag ( (v), (V2), .... (Vm)).
Definition: 2.6

The Signed Laplacian matrix L is defined by L =D - W, where D is the signed degree matrix. The signed
Laplacian matrix isa symmetric positive semi-definite.

Definition: 2.7

Let G =(V,W) be a signed graph whose underlying graph is connected. Then G is balanced if there is a
partition of its vertex set Vintotwo clusters V1 and V» such that all the positive edges connect vertices with V1 or
V> and all the negative edges connect vertices between Vi and V.. If the signed graph has an even number of
negative edges then it is called a balanced signed graph.

Definition: 2.8

Adding just one edge to a spanning tree will create a cycle, such a cycle is called a fundamental cycle. There is
a distinct fundamental cycle for each edge. There is a one-to-one correspondence between fundamental cycles and edges
not in the spanning tree. For a connected graph G with the vertex set V, any spanning tree will have |V|— 1 edges,
and thus, a graph of edge set E and one of its spanning trees will have |E —V + 1| fundamental cycles. For any given
spanning tree the set of all |[E —V + 1| fundamental cycles forms a cycle basis, which forms a basis for the cycle
space.
3.Crystal Structure of Halide compounds:

A halide is a binary phase, in which one partis a halogen atom and other part isan element or radical that is
less electronegative (or more electropositive) than the halogen, to make a fluoride, chloride, bromide, iodide, astatide
or theoretically tenneside compound. A halide ion is a halogen atom bearing a negative charge. The halide
anions are fluoride(F"), chloride(CI"), bromide(Br), iodide(I") and astatide (At). Such ionsare present in all ionic
halide salts. Halide minerals contain halides. Examples of halide compounds are Sodium chloride(Nacl), Potassium
chloride(KCI), Potassium lodide(P1), Lithium chloride(Licl), Copper (I1) chloride (Cucly), Silver chloride (Agcl),
Calcium chloride (Caclz) and Chlorine Fluoride(CIF).  The crystal structure of sodium chloride shows that each
atom has six nearest neighbours, with octahedral geometry. Sodium chloride forms crystals with cubic symmetry.
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In this larger chloride ions, (shown to the right) as spheres are arranged as a cubic ionin a close —packing, while
the smaller sodium ions (shown to the right) as spheres, filled in the octahedral gaps between them. Each ion is
surrounded by six ions of other kinds. The above isthe basic structure found in many other minerals, and is
known as the halite structure. This arrangement is known as cubic closed packed(ccp). It can be represented as two
interpenetrating face-centered(fcc) lattices.

4. Relation between Consistent Marked graph, Balanced signed graph, Bipartite graph

with the Halide compounds:

Given a marked graph M, it is naturally associated with a signed graph, by taking the sign of each edge to be the
product of the signs of its two vertices. We explored the relationship between the marked graph, signed graph and the
bipartite graph in the following results. The above halide compounds contain naturally +ve ions and -ve ions. We
assumed that the marked graph M and the signed graph S both having the same unmarked unsigned underlying graph G
have correspondence with each other if the sign of each edge in S is the product of the signs of its two vertices in M.
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4.1 Correspondence Theorem: (13)

Each connected marked graph corresponds to precisely one balanced signed graph. Each connected balanced
signed graph corresponds to two (possibly isomorphic) marked graphs. If a marked graph G is consistent and u,v €
V(G), then u and v receive the same sign.

Proof:

Let G be a marked graph and x,y € V(G) with the same sign.
Case (i) :

Let the vertices be positive. Then a path joining x and y is said to be coherent if it contains an even number
of negative vertices. Otherwise, the pathis said to be incoherent.

Case (ii):
Let the vertices be negative. Thena path joining x and y is said to be coherent, if it contains an odd number of
negative vertices. Otherwise, the path is said to be incoherent.

A marked graph G is consistent if and only if for any two vertices u and v with the same sign, any two
vertex disjoint paths between u and v are either coherent or incoherent. A bipartite graphisa graph where the
vertices are decomposed into two vertex subsets such that no two graph vertices within the same set are adjacent.
The consistent marked graph and balanced signed graph are applied into the halide compounds and we found that
the laplacian energy of the bipartite graph exists.

5. OBSERVATIONS:

In this section, we listed some previously known results that are needed for the subsequent sections.

Lemma 1: A Bipartite graph G =(V,E) is a graph whose vertex set V can be partitioned into two subsets V3

and V2 such that every edge of G has one end inVi and another end in V.. If |V;|=|V,|, then we say that G

is balanced. (18,19,21)

Lemma2: A Signed graph is balanced if every cycle has an even number of negative edges. (22)

Lemma 3: An all negative signed graph G is balanced if and only if G is bipartite. (14)

Lemma 4: If marked graph G is consistent, then

()G[V —] is bipartite.

(ii) Between each connected component of G[V +] and each set in the bipartition of each component of G[V —],
there is atmost one edge. (14)

Lemma 6: A Signing of a graph isan assignment of weight +1or -1 to each of itsedges. A cycle C of a

signed bipartite graph G is balanced if the sum of the weights of the edges in C is congruent to O (mod 4).

(22)

Lemma 6: Let G be a bipartite graph and T be a spanning tree of G. All cycles in G have length 0 (mod 4) if

and only if G satisfies the following two conditions:

(i) Each fundamental cycle corresponds to T has length 0 (mod 4).

(ii) Each cycle which is a symmetric difference of two fundamental cycles also has length O( mod 4).

(23)

6. Main results:

In halide compounds, divide each compound into two clusters in the form of positive ions and negative ions. We
consider these ions as two vertex sets Vi and V,. If each edge connecting between these two clusters by negative sign
then the resulting graph is a bipartite graph containing even number of negative edges. Thus, it is a balanced signed
graph. From the crystal structure of halide compounds the corner vertices have three degrees and the remaining
vertices have four degrees. First we consider the bipartite graph which has eight vertices (four +ve and four -ve
vertices). Then the resulting bipartite graph G is shown in the following figure(i).

Result 6.1:

The bigraph of order 8 possesses signed Laplacian energy.

+
+ . +

Figure (i) Bipartite graph G
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The adjacency matrix of the above graph isas follows

ﬁooo-1-1-1h
000 0 -1-1-1-1
000 0 -1-1-1-1
00 0 0 0- -1-1
A(G) = 1 -1-1 0 0 000
1 1-1 -1 0000
1 1-1 -1 0000
000

Q 1 -1 -1 y(sxz»

The characteristic equation of A(G) is u® — 14 ué+ 17 u* —4 u?>= 0.
The eigen values are -3.5616, -1, -0.5616, 0, 0, 0.5616, 1, 3.5616.
Hence the energy of the graph is E(G) = 10.2464 approximately.
The Signed Laplacian matrix of the graph in Figure (i) is

L T = e Wi = N e
N = ==
B R P O w O o o

OO0 O WwWokr FkEk
OO MO R P R P
O~ OO R, R PR K-
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The characteristic equation is u® — 28 u® + 328 u®> —2088u* +7808u° -1.7152u% +20480u — 10240 = 0.
The eigen values are 0, 2, 2.7639, 4, 4, 4, 4, 7.2361.

Here order is n and size is 2n-2.

Average degree 4(n-1)/n.

Average degree is 3.5.

Hence the balanced laplacian energy of L E(G) the graph G is 11.4722 approximately

Result 6.2:

The bipartite graph of order 10 possesses signed Laplacian energy.

Figure (ii) Bipartite graph G
The adjacency matrix of the graph G is

ﬁ0000-1-1-10\
000 00 -1-1-1-10
000 0 0 -1-10- -1
000 00 0-1-1-1-1
000 00 O0GO0--1-1
A(G) = 1 -1-1 00 000 0 O
1 -1-1-1 0 00 000
1 -10-1-1 00 000
0 -1-1-1-1 00 000
00 0

0 y (10X10)
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The characteristic equation is p' — 18u8 + 67 u® —82u* +33 u?>-4= 0.

The eigen values are —3.6691, — 1.6180, —1.1451, —0.6180, —0.4760, 0.4760, 0.6180, 1.1451, 1.6180, 3.6691.
Hence, the energy of the graph E(G) is 15.0524 approximately.

.The balanced Laplacian energy of bipartite graph is

ﬁ00001110}

0 4000 1 1 1 1 0

0 0400 1 10 1 1

0 00400 1 1 1 1
LEG) = 0000300 11 1

1 1 100 3 0200 0

1 1 1100400 0

1 1 01100 40 0

0 1 11100 0 4 0

&o 1 11000 0 j (10X10)

The charteristic equation is pu'%+4u°+56 u® —505u7+2844 u® — 10457 p® +2506u* —37737u® +32321u%> —11970u =0.
The eigen values are 0,1.5858, 2.5505, 3, 3, 4, 4.4142, 5, 5,7.4495

Average degree = 3.6

Hence the balanced Laplacian energy L E(G) of the graph G is 15.7274 approximately.

Proceeding like this, for the bipartite graph of order n and size m, we found that the Balanced Laplacian energy of
graphs of order nfollow the formula 2n - 5 approximately.
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