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Abstract: In this paper, we evaluate Mellin-Barnes integral representation of p-k Mittag-Leffler Function with their several special cases. The
relationship of p-k Mittag-Leffler Function with Fox H-Function and Wright hypergeometric function is also establish.
In last we obtained its Euler transform, Laplace Transform, Mellin transform and several special cases.
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1 Introduction
The two parameter pochhammer symbol is recently introduce by [6](equation 2.1), in the form,

1.1 Definition
Let XeC;k, peR"—{0} and Re(x)>0,ne N, the p-k Pochhammer Symbol (i.e. Two Parameter Pochhammer Symbol),

o (X), is given by

Xp,, X X X
(i = CRCE+ PICE +2p).cn G4 (1-1)). @
And the Two Parameter Gamma Function is given by [6](equation 2.6, 2.7 and 2.14),

1.2 Definition
For xeC/kZ ;k,pe R"—{0} and Re(x)>0,ne N, the p - k Gamma Function (i.e. Two Parameter Gamma Function),
oL (X) as,

1 nip"™(np)*
r.(X)==lim————". @)
Pk K n—o p(X)n+l,k

or

X4

1. nlp™(np)¥
L (X) == lim ——"2 3
o1k (X)  Jim 0, ®)

The integral representation of p - k Gamma Function is given by,
k

L
L0 = [Te Pridt. @)

The Beta function,

B(m_n) = M

m) 1 n-1 m-1
=|t"(1-t)"dt;(Re(n) >0,Re(m) >0 5
P ~ Q0T (Re(n) > 0,Re(m) > 0) ®)

Let kK, pe R"—{0};x, 8,7 € CIKZ™; Re(ex) > 0,Re(f) > 0,Re(y) >0 and q<(0,1) UN.
The p - k Mittag-Leffler function denoted by E{;gﬁ(z) and defined as,
- (Mg~ 2"

Erd (7)= PV nak £ 5
L HCEDY I (na+pB) nl ©

n=0 p

JETIR1809750 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org ‘ 722


http://www.jetir.org/

© 2018 JETIR September 2018, Volume 5, Issue 9 www.jetir.org (ISSN-2349-5162)

Where b (y)nqk is two parameter Pochhammer symbol given by equation (1.1) and ka (X) is the two parameter Gamma function given by

equation (1.3).
Particular cases : For some particular values of the parameters P, Q,K,a, 3, we can obtain certain Mittag-Leffler functions, defined earlier:

(@) For g =1 equation (2.1), reduces in generalized form of k- Mittag-Leffler functions defined as,
= ()i 2"
El.,(2)= P . )
Pes Zo oL (na+B)(n!)
(b) For p =Kk equation (2.1), reduces in Generalized k- Mittag-Leffler functions defined by [5],
0 Zn
) E{’Yaq’ﬁ, (Z) = Z k (y)nq,k —
=0 [ (N + ﬁ)(n')
(c) For p=Kk,q =1 equation (2.1), reduces in k - Mittag-Leffler functions defined by [3],

7,1 e, S (7/)n,k Zn — 7
k Ek,a,ﬂ(z) 77 ;Fk (na+ﬂ)(n!) - Ek,a,ﬂ (Z) (9)

(d) For p=k and k =1 equation (2.1), reduces in Mittag-Leffler functions defined by [1],

k a ﬂ(z) (8)

s
= — __=E(2). 10
Ton(2) = Zr(n 2 B e (10)
(e) For p=Kk,q=1 and k =1 equation (2.1), reduces in Mittag-Leffler functions defined by [8],
o0 Zn
E, @)=Y IhI__Er () (11)

= L(na + B)(n!)
(f)For p=k,g=1,k=1 and y =1 equation (2.1), reduces in Mittag-Leffler functions defined by [3],

n

B ()= 4 12
i (2) = nZ(;F(n ry E,»(2). (12)
(@ For p=k,q=1,k=1,7=1 and £ =1 equation (2.1), reduces in Mittag-Leffler functions defined by [4],
Eft zzszE 7). 13
1Eia(2) HZ:;F(MH) () (13)

Relation between classical Pochhammer symbol and two parameter Pochhammer symbol are given below [6].

Proposition 1. Let Xxe C\kZ™, k, p,r,s € R" —{0} and Re(X) >0, neN, then the following identity holds,
K, r.
(X)——( )S 1ﬁ( ) (14)

and particular case,

00 = (%)E 0. 1)

Proposition 2. Let X C\kZ™, k, pe R" —{0} and Re(x) >0, n,qe N, then the following identity holds,

o (ngie = () (g (16)
and particular case,

p(X)nq,k = (p)nq(E)nq' (17)

Wright generalized hypergeometric function [10],
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(@, A, (A, B ﬁr(ai +An)z"

Wy z|=), = . (18)
(ﬂl’Bl)""l(ﬂq’B ); " ! lr(ﬂi+Bin)n!
=
(a, A,y A, (1-a, A),....(I-a,, A);
N8 z|=H}b| -] : (19)
(BiB),--. (B, By); (0.1),(1-4.,By).....(1- 5,, By);
Where H 7"'[] denotes the Fox H-function.
Euler Beta transform,[8],
B[ (2):a,b] = j:za*1(1— 2P £ (2)dz. (20)
Laplace transform, ([9],equation3.1.1),
L[f(z):s]= j:e f(2)dz. @1)
Mellin transform, ([9],equation 4.1.1),
M[f(2):s]= jo "2 (2)dz = £7(s),Re(s) > 0, 22)
then,
f(2)=M[f(s):x]= j f*(s)x"°ds. (23)

2 Main Results

1. Mellin-Barnes integral representation of p-k Mittag-Leffler function, | E/ /(2).
Theorem 2.1 Let K, p e R" —{0};Re(a) >0,Re() >0,Re(y) >0,andq € (0,1) UN, then the function  E/ ;(z) is represented

by the Mellin-Barnes integral as,

wk TETE)-a)

7.4 - K 7 k)-s
p Ek,a,ﬁ (Z) Zmr(y) L r((ﬂ) (as) ( Zp ) ds (24)
k k k
Where |argz|< z; the contour integration beginning at —ico and ending at +ico, and indented to separate the poles of the integrand as
Zin
k

s = —nforeveryn € N, (to the left) from those at S = foreveryn e N (to the right).

Proof Consider the integral on right side of equation(2.1) and use the theorem of calculus of residues,

B 7y_
kp F(S)F((E) as) e

A (—zp *)ds

24 ()" T~ (%)

= 271 [sum of the residues at the poles s =0,-1,-2,...]
4
rOrd-e) .

A= 12"
r()-(

B
kp * > Re o

7/ = s=-n as
1“ 7\ n=0
()

)
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,E Y

E 0 7T(S+n) r((i)_qs) ](_qu_%)—s
7/ o »n sinzs B, o8
E 0 r- S)1“(( )— ( )

using equations (1.14) and (1.17), we have,

Hence.
Particular cases:
Lemma2.1.1 Let k, pe R"—{0};Re(x) > 0,Re(B) > 0,Re(y) > 0,andq € (0,1) UN, andput p =K inequation(2.1), we have,

I Ol (OE DN

(~zk" ¥)ds. (25)

Ekyg ﬁ(z) . L
24r() ™ T()-(5)

Where |argz|< z; the contour integration beginning at —1ioo and ending at +ico, and indented to separate the poles of the integrand as

Zin

S =-n forevery ne N (to the left) from those at S = k for every n e N, (to the right).
q
Note: Result given by equation(2.2) is known result given by ([7], equation(25)).

Lemma 2.1.2 Let k, peR"—{0};Re(«) >0,Re() >0,Re(y) >0,andq e (0,1) UN, and put p=k =1 in equation(2.1), we
have,

1 r(s)r S
1E1yfﬁ(z): ; _[ I =4 )( z)°ds. (26)
- 2al(y) - T(S—os)
Where |argz|< z; the contour integration beginning at —ico and ending at +ico, and indented to separate the poles of the integrand as
y+n

S=-n forevery ne N(to the left) from those at S = foreveryn € N, (to the right).

Note: Result given by equation(2.3) is known result given by ([1,7], equation(4.1.1) and (26)).
Lemma 2.1.3 Let k, pe R" —{0};Re(«) >0,Re() >0,Re(y) >0,andq e (0,1) UN, and put p=K and g =1 in equation(2.1),
we have,

G TETE)-9) .

—zk *)7ds. 27
AR v
k k k
Where |argz|< 7; the contour integration beginning at —ico and ending at +ioo, and indented to separate the poles of the integrand as

S =-n forevery N e N(to the left) from those at S = %4— nforeveryn € N, (to the right).

Elup(D)=

Note: Result given by equation(2.4) is known result given by ([7], equation(27)).

Relationship with Fox H-function
Let k, pe R" —{0};Re(a) >0,Re(p) >0,Re(y) >0,andqg € (0,1) UN, then the function  E;} ;(z) From equation(2.1),

we have,
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wt O .

B, ()= L 2"y s
240 ()" T()-()
) v . (1—Z,Q);
BN ()= —— P! Hid —zp ¥ | (28)
rG) 0.0 %)

Relationship with Wright hypergeometric function
Let k, peR"—{0};Re(«) >0,Re(f)>0,Re(y) >0,andq e (0,1) UN. The equation (1.6) can be written as (using
equation(1.18)),

S
. (k ,a);
kp K L«
pE{:;’,ﬂ(z)=p—y v, zp” ¥ | (29)
F(E) (ﬁ 9.
1 K

3 Integral Transformof | E/7 /(2).

In this section we evaluate Euler Beta Transform, Laplace Transform and Mellin Transform of p-k Mittag-Leffler function, Ekyﬁﬁ (2).

Theorem 3.1 Let k, pe R"—{0}; a,b,o0€C; Re(a)>0,Re(f)>0,Re(y) >0,Re(c)>0 and qe(0,1)UN, then Euler Beta
Transform of p-k Mittag-Leffler function, |E["} /(z) is given by,

| (0. (a,0);
[ @-2)" B, 0a”)dz = 2 T0),, o' (30)
a
Q)| 2.2 @0
Proof Consider the left side integral and using equation (3.1), we have, i :
A=[2(1-2)" B0, (e7)dz

= (7)nqu oﬂ+a—1 __ \b-1
A nzpl“ (na+ﬂ)n'-f (=2 dz,

using equation(1.5), we have,
z (7)nqk (On-’-a'b)
= oLy (na+p)n!

using equation (1.15),(1.16) and (1.18), we have,
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(f,q),(a,a);
W
G (f,%)xam,a);

Hence.

Particular cases:

Lemma3.1.1Let k, pe R"—{0}; a,b,0€C; Re(x)>0,Re(f)>0,Re(y) >0,Re(c)>0 and qe(0,1)UN, andput p=Kk
, in equation (3.1), we have Euler Beta Transform of p-k Mittag-Leffler function is,

C.0.@o) |
L0 .
[ (-2 Ef8 , (a”)dz = k—ﬂ“’)zwz XK' (D)
1) &5 @ebon
J

Note: Equation (3.2) is known result given by ([7],equation (30)).
Lemma 3.12 Let k,peR"—{0}; a,b,0€C; Re(a)>0,Re(f)>0,Re(y)>0,Re(c)>0 and qe(0,1) UN, and put
p =k =1, in equation (3.1), we have Euler Beta Transform of p-k Mittag-Leffler function is,
(.9).(a,0);
X (32)
(B,),(a+b,0);

I'(b)

1 a-1rq _ 5\b-1 7,9 o —
LZ (1-2) lEl,a,ﬁ(XZ )dz__F(}/) ¥

Note: Equation (3.3) is known result given by ([7],equation (31)).
Lemma3.13Let kK, pe R"—{0}; a,b,0€C; Re(x)>0,Re(f)>0,Re(y)>0,Re(c)>0 and qe(0,1)UN, andput p=Kk
,and g =1 inequation (3.1), we have Euler Beta Transform of p-k Mittag-Leffler function is,

£ .1).(a,0);
P k
k _a
Joa-2 g ez = 0, X 3
M 1E D@rb.o

Note: Equation (3.4) is known result given by ([7],equation (32)).

Theorem 3.2 The Laplace transform of p-k Mittag-Leffler function, b E{"Sﬁ (2),

(f,q),(a,o);
k % q%
" at s - s X
joz e B (x2%)dz = P L ps" (34)
FG) N
(?1E)’

Where k, pe R"—{0}; a,0€C; Re(a)>0,Re(s)>0,Re(y)>0,Re(c)>0 and qe(0,1) UN, and |SL‘T |<1.

Proof Consider the right side integral and using equation(1.6), we have
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_ [“,a1,-1s , o
A=Lz e ™ Bl 5(xz7)dz

ez

_z (7)nqk X J'Zno-+a—1 e dz
= oLy (na+p) nt o

using definition of gamma function, we have

—o-a . p(y)nq,k in
A=s gmr(m+3)(sg)

using equation (1.15),(1.17), and (1.18), we have

_ (7. a). (a,0); |
s "
AEkp }/s " xpSU
F(E) (ﬁ,ﬁ);
k k

Hence.

Particular cases:

Lemma 3.2.1 Let k,pe R"—{0}; a,0€C; Re(a)>0,Re(f)>0,Re(y)>0,Re(c)>0 and qe(0,1)UN, and put p=Kk,
in equation (3.5), we have Laplace Transform of p-k Mittag-Leffler function is,

Z,q).(a,0);
L2 K
*_a-1,-15 o S_ak ; X q_ﬂ
[[27%e™ B3 ,0a7)dz = T ok (35)
r() 5o
I (?!E)) |

Note: Equation (3.6) is known result given by ([7],equation (34)).
Lemma 322 Let k,peR"—{0}; a,b,0eC; Re(a)>0,Re()>0,Re(y)>0,Re(c)>0 and qe(0,1)UN, and put
p =k =1, in equation (3.5), we have Laplace Transform of p-k Mittag-Leffler function is,
(r.a).(a,0);

X
W S_g (36)

(B,a);

©_a-1,-15 7,9 o — S*a
J.O 2°7e "R, (x2”)dz __F(y)

Note: Equation (3.7) is known result given by ([7],equation (34)).
Lemma3.23Let k,pe R"—{0}; a,b,o0eC; Re(a)>0,Re(S)>0,Re(y)>0,Re(c)>0 and ge(0,1) UN, andput p=k

,and g =1 inequation (3.5), we have Laplace Transform of p-k Mittag-Leffler function is,

£.1),(a,0);
B k
5ok & X -2
joz e E/L(xe7)dz = W Kk (37)
() 5 a
- (?’E)’ -

Note: Equation (3.8) is known result given by ([7],equation (35)).

Theorem 3.3 The Mellin transform of p-k Mittag-Leffler function, Ekyg ﬂ(z) ,
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r(s)r(l—qs>
p %
(ﬁ “S)F() w

[t Bl (-wtydz =

(38)

Where k, pe R"—{0}; a,0eC; Re(a)>0,Re(f)>0,Re(y)>0,Re(s)>0 and qe(0,1)UN.
Proof Put z = -wt in equation (2.1), we have,

K TErG )

_ kp K - -3
JEZS(-wt) = L (~wip” ) *ds
24r (1) T -

:
L cut) =P )0 @)
240(7)
k
where,
b | r(s)r(ﬁ—qs)( )
s) = —wtp  k)7°
) -%)

using equation (1.22),(1.23) and (3.10), which immediately leads to (3.9).
Particular cases:

Lemma 3.3.1 Let kK,pe R"—{0}; «,f,7.s€C; Re(a)>0,Re(f)>0,Re(y)>0,Re(s) >0 and qe(0,1) UN. put p=KkK,
Then Millin transform of generalized Mittag-Leffler function, | E[7 ;(2) s,

FEC( ~09) (i

). (40)

(—wt)dz =

4
J.o t Ekyg‘ B

Note: equation (3.11) is known result given by ([7],equation(36)).
Lemma 3.32 Let k,peR"—{0}; «,8,7,5€C; Re(a)>0,Re(f)>0,Re(y)>0,Re(s)>0 and qe(0,1)UN. put

p =k =1, Then Millin transform of generalized Mittag-Leffler function Ekya‘j /,(Z) is,
[ B cwtyog = TOTT @) (L, )
0 - L(B-os)(y) w

Note: equation (3.12) is known result given by ([7],equation(38)).
Lemma 3.3.3 Let kK,peR"—{0}; «,f,7,5€C; Re(a)>0,Re(f)>0,Re(y)>0,Re(s)>0 and qe(0,1) UN. put q=1,
Then Millin transform of generalized Mittag-Leffler function [ E/"7 /() s,

FEOCC -9) it

(
rc - “S>r() w

ka,B( Wt)dz_

)’ (42)
Note: equation (3.13) is known result given by ([7],equat|on(39)).
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