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1  Introduction 

 

    The two parameter pochhammer symbol is recently introduce by [6](equation 2.1), in the form,  

 

1.1  Definition 

 Let {0},;  RpkCx  and ,0,>)( NnxRe   the p-k Pochhammer Symbol (i.e. Two Parameter Pochhammer Symbol), 

knp x ,)(  is given by  
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 And the Two Parameter Gamma Function is given by [6](equation 2.6, 2.7 and 2.14),  

 

1.2  Definition 

 For {0},;/   RpkkZCx  and ,0,>)( NnxRe   the p - k Gamma Function (i.e. Two Parameter Gamma Function), 

)(xkp  as,  
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 The integral representation of p - k Gamma Function is given by,  
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The Beta function,  
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 Let 0>)(0,>)(0,>)(;/,,{0};,  ReReRekZCRpk    and .(0,1) Nq    

The p - k Mittag-Leffler function denoted by )(,
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  and defined as,  
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 Where 
knqp ,)(  is two parameter Pochhammer symbol given by equation (1.1) and )(xkp  is the two parameter Gamma function given by 

equation (1.3). 

 

Particular cases : For some particular values of the parameters  ,,,,, kqp  we can obtain certain Mittag-Leffler functions, defined earlier: 

 

(a) For 1=q  equation (2.1), reduces in generalized form of k- Mittag-Leffler functions defined as,  
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 (b) For kp =  equation (2.1), reduces in Generalized k- Mittag-Leffler functions defined by [5],  
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 (c) For 1=,= qkp  equation (2.1), reduces in k - Mittag-Leffler functions defined by [3],  
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 (d) For kp =  and 1=k  equation (2.1), reduces in Mittag-Leffler functions defined by [1],  
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 (e) For 1=,= qkp  and 1=k  equation (2.1), reduces in Mittag-Leffler functions defined by [8],  
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 (f) For 1=1,=,= kqkp  and 1=  equation (2.1), reduces in Mittag-Leffler functions defined by [3],  
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 (g) For 1=1,=1,=,= kqkp  and 1=  equation (2.1), reduces in Mittag-Leffler functions defined by [4],  
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Relation between classical Pochhammer symbol and two parameter Pochhammer symbol are given below [6]. 

 

Proposition 1. Let ,\  kZCx {0},,,  Rsrpk  and 0,>)(xRe  ,Nn  then the following identity holds,  
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 and particular case,  
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Proposition 2. Let ,\  kZCx {0},  Rpk  and 0,>)(xRe  ,, Nqn   then the following identity holds,  
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 and particular case,  
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Wright generalized hypergeometric function [10],  
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 Where [.],

,

nm

qpH  denotes the Fox H-function. 

Euler Beta transform,[8],  
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Laplace transform, ([9],equation3.1.1),  
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Mellin transform, ([9],equation 4.1.1),  
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 then,  
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2  Main Results 

 

 1. Mellin-Barnes integral representation of p-k Mittag-Leffler function, ).(,

,, zE q

kp


   

Theorem 2.1 Let ,(0,1)0,>)(0,>)(0,>)({0};, NandqReReReRpk     then the function )(,

,, zE q

kp


  is represented 

by the Mellin-Barnes integral as,  
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 Where ;<|| argz  the contour integration beginning at  i  and ending at , i  and indented to separate the poles of the integrand as 

0= Nnforeveryns  (to the left) from those at 0= Nforeveryn
q

n
ks 




(to the right). 

Proof Consider the integral on right side of equation(2.1) and use the theorem of calculus of residues,  
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using equations (1.14) and (1.17), we have,  
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Hence. 

 

Particular cases: 
 

Lemma 2.1.1 Let ,(0,1)0,>)(0,>)(0,>)({0};, NandqReReReRpk     and put kp =  in equation(2.1), we have,  
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 Where ;<|| argz  the contour integration beginning at  i  and ending at , i  and indented to separate the poles of the integrand as 

ns =  for every 0Nn (to the left) from those at 
q

n
ks




=  for every 0Nn (to the right). 

Note: Result given by equation(2.2) is known result given by ([7], equation(25)). 

Lemma 2.1.2 Let ,(0,1)0,>)(0,>)(0,>)({0};, NandqReReReRpk     and put 1== kp  in equation(2.1), we 

have,  
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 Where ;<|| argz  the contour integration beginning at  i  and ending at , i  and indented to separate the poles of the integrand as 

ns =  for every 0Nn (to the left) from those at 
0= Nforeveryn

q

n
s 


(to the right). 

Note: Result given by equation(2.3) is known result given by ([1,7], equation(4.1.1) and (26)). 

Lemma 2.1.3 Let ,(0,1)0,>)(0,>)(0,>)({0};, NandqReReReRpk     and put kp =  and 1=q  in equation(2.1), 

we have,  
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 Where ;<|| argz  the contour integration beginning at  i  and ending at , i  and indented to separate the poles of the integrand as 

ns =  for every 0Nn (to the left) from those at 0= Nnforeveryn
k

s 


(to the right). 

Note: Result given by equation(2.4) is known result given by ([7], equation(27)). 

 

Relationship with Fox H-function 

Let ,(0,1)0,>)(0,>)(0,>)({0};, NandqReReReRpk     then the function )(,
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  From equation(2.1), 

we have,  
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 Relationship with Wright hypergeometric function 

Let .(0,1)0,>)(0,>)(0,>)({0};, NandqReReReRpk     The equation (1.6) can be written as (using 

equation(1.18)),  
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3  Integral Transform of ).(,
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In this section we evaluate Euler Beta Transform, Laplace Transform and Mellin Transform of p-k Mittag-Leffler function, ).(,

,, zE q
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Theorem 3.1 Let {0};,  Rpk  ;,, Cba   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   then Euler Beta 

Transform of p-k Mittag-Leffler function, )(,
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  is given by,  
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 Proof Consider the left side integral and using equation (3.1), we have,  
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using equation(1.5), we have,  
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using equation (1.15),(1.16) and (1.18), we have,  
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Hence. 

 

Particular cases: 
 

Lemma 3.1.1 Let {0};,  Rpk  ;,, Cba   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and put kp =

, in equation (3.1), we have Euler Beta Transform of p-k Mittag-Leffler function is,  

 



































);,(),,(

);,(),,(

)(

)(
=)()(1 22

1

,

,,

11
1

0
















ba
kk

xk

aq
k

k

bk
dzxzEzz k

qk
q

kk

ba
 (31) 

 Note: Equation (3.2) is known result given by ([7],equation (30)). 

Lemma 3.1.2 Let {0};,  Rpk  ;,, Cba   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and put 

1== kp , in equation (3.1), we have Euler Beta Transform of p-k Mittag-Leffler function is,  
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 Note: Equation (3.3) is known result given by ([7],equation (31)). 

Lemma 3.1.3 Let {0};,  Rpk  ;,, Cba   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and put kp =

, and 1=q  in equation (3.1), we have Euler Beta Transform of p-k Mittag-Leffler function is,  
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 Note: Equation (3.4) is known result given by ([7],equation (32)). 

 

Theorem 3.2 The Laplace transform of p-k Mittag-Leffler function, )(,
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 Where {0};,  Rpk  ;, Ca   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and 1.<||
s
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Proof Consider the right side integral and using equation(1.6), we have  
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using definition of gamma function, we have  
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using equation (1.15),(1.17), and (1.18), we have  
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Hence. 

 

Particular cases: 
 

Lemma 3.2.1 Let {0};,  Rpk  ;, Ca   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and put kp = , 

in equation (3.5), we have Laplace Transform of p-k Mittag-Leffler function is,  
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 Note: Equation (3.6) is known result given by ([7],equation (34)). 

Lemma 3.2.2 Let {0};,  Rpk  ;,, Cba   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and put 

1== kp , in equation (3.5), we have Laplace Transform of p-k Mittag-Leffler function is,  
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 Note: Equation (3.7) is known result given by ([7],equation (34)). 

Lemma 3.2.3 Let {0};,  Rpk  ;,, Cba   0>)(0,>)(0,>)(0,>)(  ReReReRe  and ,(0,1) Nq   and put kp =

, and 1=q  in equation (3.5), we have Laplace Transform of p-k Mittag-Leffler function is,  
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 Note: Equation (3.8) is known result given by ([7],equation (35)). 

 

Theorem 3.3 The Mellin transform of p-k Mittag-Leffler function, )(,
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 Where {0};,  Rpk  ;, Ca   0>)(0,>)(0,>)(0,>)( sReReReRe   and .(0,1) Nq   

Proof Put z = -wt in equation (2.1), we have,  
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 where,  
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using equation (1.22),(1.23) and (3.10), which immediately leads to (3.9). 

 

Particular cases: 
 

Lemma 3.3.1 Let {0};,  Rpk  ;,,, Cs  0>)(0,>)(0,>)(0,>)( sReReReRe   and .(0,1) Nq   put ,= kp  

Then Millin transform of generalized Mittag-Leffler function, )(,
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  is,  
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 Note: equation (3.11) is known result given by ([7],equation(36)). 

Lemma 3.3.2 Let {0};,  Rpk  ;,,, Cs  0>)(0,>)(0,>)(0,>)( sReReReRe   and .(0,1) Nq   put 

1,== kp  Then Millin transform of generalized Mittag-Leffler function )(,
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  is,  
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 Note: equation (3.12) is known result given by ([7],equation(38)). 

Lemma 3.3.3 Let {0};,  Rpk  ;,,, Cs  0>)(0,>)(0,>)(0,>)( sReReReRe   and .(0,1) Nq   put 1,=q  

Then Millin transform of generalized Mittag-Leffler function )(,
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 Note: equation (3.13) is known result given by ([7],equation(39)). 
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