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Abstract:

Interval graphs, their importance over the years can be seen in the increasing number of researchers trying to explore the
field. Their sincere efforts are observed in establishing the relevance of the subject in practicality in coherence with reality. The
domination theory, in particular various domination parameters in interval graphs are the main object of study in this paper. In
particular we prove necessary quotient(4) properties under which the domination number of dominating sets as well as the
complimentary dominating sets. In this paper “Some quotient properties on degree of vertices and domination number of the

dominating sets and the complimentary dominating sets of an interval graph G”.
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l. Introduction

Interval graphs are rich in combinatorial structures and have found applications in several disciplines such as traffic
control, ecology, biology, computer sciences and particularly useful in cyclic scheduling and computers storage allocation
problems etc. Having a representation of graph with intervals or arcs can be helpful in combinatorial problems of the graph, such
as isomorphism testing and finding maximum independent set and cliques of graphs.

A graph is said to be a simple graph if it has no loops and no parallel edges. A graph is said to be connected if there is a
path between every pair of vertices, otherwise it is said to be disconnected graph. The number of edges incident with a vertex V is
called degree of V and it is denoted by d(v). Graphs considered in this paper are all undirected, connected and simple graphs. If A
is a set, then the absolute compliment (6) of A (or simply the compliment of A) is the set of elements not in A. In other words, if
U is the universe that contains all the elements under study, and there is no need to mention it because it is obvious and unique,

then the absolute compliment of A is the relative compliment of A in U. That is A= U\ A = {X eul/xeg A}.The absolute
compliment of A is usually denoted by AC, other notations A, A etc. According Euclid’s division lemma if we have two positive
integers a and b, then there exists unique integers q and r which satisfies the condition a= bq + r where0 < r < b. If a prime p
divides the product ab of two integers a and b, then p must divide at least one of those integers a and b. For example: If p=11, a=

88, b= 72, then ab = 88 x 72= 6336, and since this is divisible by 11, the lemma implies that one or both of 88 or 72 must be as
well. In fact, 88 = 11 x 8.

I1. Preliminaries

Let I= { (IR O DR : In} be an interval family, where each I; is an interval on the real line and I;= [a, b ]

for1=1,2,3,........ ,n. Here a; is called the left end point and bi is called the right end point. Without loss of generality, one

can assume that, all end points of the intervals are distinct numbers between 1 and 2n. An interval of degree one is called a
pendent interval. The intervals are named in the increasing order of their right end points. The graph G is an interval graph if there
is one-to-one correspondence between the vertex set V and the interval family 1. Two vertices of G are joined by an edge if and

JETIR1810707 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 42


http://www.jetir.org/

© 2018 JETIR October 2018, Volume 5, Issue 10 www.jetir.org (ISSN-2349-5162)

only if their corresponding intervals in | intersect. That is if li= [ -,bi] and Ij = [aj ,bj], then I; and Ij will intersect if

a < bjora; <h.

A set D of vertices of G is dominating set of G if every vertices of G is dominated by at least one vertex of D.
Equivalently: A set D of vertices of G is a dominating set(5) if every vertex in V(G) — D is adjacent to at least one vertex in D.

The minimum cardinality among the dominating set of G is called the domination number (3,7) of G and denoted by 7/(G).

Let G (V, E) be any interval graph and D be any minimum dominating set then V — D is said to be compliment of a
dominating set and is simply denoted as D€. Let 7/(G) be the domination number(1,2) of the graph G. And yc (G) be the
compliment domination number of G and is the cardinality of DC.

I11. Pre-requisite results

Result 1:Let I:{ R PO OR , In} be any finite interval family and let G(V,E) be an interval graph corresponding to
an interval family | such that every interval |; i # n is intersect the next interval only. Suppose n = 3q+r, wherer =0, 1, 2 and q is
any integer and if r = 0, then the domination number ;/(G): g and the Minimum dominating set D :{V2 Vo, Vgyerneenn, WV l}.

Result 2:Let I:{ Y PO R \ In} be any finite interval family and let G(V,E) be an interval graph corresponding to
an interval family | such that every interval I; i # n is intersect the next interval only. Suppose n = 3q+r, where r =0, 1, 2 and q is
any integer and if r = 1, then the domination number y(G): g+ 1 and the Minimum dominating set D= {VZ,VS,VB, .......... ,Vn}

where V, is the last interval of I.

Result 3:Let I:{ IR O DR , In} be any finite interval family and let G(V,E) be an interval graph corresponding to
an interval family | such that every interval l; i # n is intersect the next interval only. Suppose n=3q+r, wherer =0, 1, 2 and q is
any integer and if r = 2, then the domination number 7(G): g+l and Minimum dominating set D is either D=

S (VTR VA VA XA EE (VAR VARVARN V. }

V. Main theorems

THEOREM 1: Let I:{ L g : In} be any finite interval family and let G be an interval graph corresponding
to an interval family 1. D be a minimum dominating set and D¢ is a compliment dominating set of an interval graph G. And ;/(G)

and 7/C (G) be the domination numbers of an interval graph G with respect to D and D€ respectively then y(G)+ y/c (G) =n.

Proof: Let I={ RN O DR A , In} be an interval family and let G be an interval graph corresponding to an interval

family 1. Our aim to show that (G )+ 7¢(G)=n
By Euclidean division algorithm, n =3q + r, where r = 0, 1, 2 and q is any integer and n is a number of intervals in I.

Ifr=0then D :{VZ,VS,VS, .......... WV l} and ]/(G): q since the result 1.

Then D€ = {V, Vg, V,,Vg,eveey V| and

= V|- D]
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7°(G) =n—q
Therefore 7(G)+7%(G)=g+n-gq
=n
Therefore 7(G)+7°(G)=n
Ifr =1, then D=4V, Vi, Vg, evrernee .V, }and #(G)=q + 1 since the result 2.
And hence D¢ = {V,,V,,V,, Vg yennny V, 4 | and
7°(G)=|p°|
=V - D
=VI- o]
=n-(q+1)
7°(G)=n-q-1
Therefore 7(G)+y°(G)=q+1+n—q-1=n
Therefore 7(G)+7°(G)=n
If r=2, then D={V,,V5, Vg, rverernes Vo b or D=4V, Vs, Vg, V
Suppose D= {V,, Vi, Vg, cevnveenee V., . }and #(G)= q + 1 since the result 3.
And hence D€ = {V,,Vy,V,,Vg,eems V| and
7°(G)=|D°|
=V- D|
= V|- D]
=n-(q+1)
7°(G)=n-q-1
Therefore 7(G)+7°(G)=q+1+n—-q-1
=n
Therefore 7(G)+7¢(G)=n
OR

Suppose D= {VZ,V5,V8, .......... ,Vn}and 7/(G)= q + 1 since the result 3.

And hence D¢ = {Vl|V3$V4IV61 ----- ) Vn—l} and
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7°(G)=|D°|
=V - D
= V|- |D|
=n-(q+1)
7°(G)=n-q-1
Therefore (G)+7°(G)=q+1+n-q-1
=n
Therefore 7(G)+7°(G)=n
Hence theorem is proved at r = 0, 1, 2.

V. Experimental problems

Hiustration 1: Let 1={ 1,,1,,15,1,,15,15,1,, 15, 14} be an interval family and let G(V,E) be an interval graph corresponding

to an interval family I is as follows.

Interval family |

9 1

4\ / 7

Interval graph G
Heren=9
Andthenn=3x3+0
This is of the formn=3q +r
Where q=3,r=0

If r=0then D = {2, 5, 8}, since resultl
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Then  #(G)=3

And  DC={1,3,4,6,7,9}

Then 7(G)=6

Therefore (G)+7°(G)=3+6=9=n
Thatis  #(G)+y°(G)=n

Hence theoreml is verified at r = 0.

llustration 2: Let I:{ IR PR R R P OR S PO I |1o} be an interval family and let G(V, E) be an interval graph

corresponding to an interval family | is as follows:

~— —o © ® o —o o—

[ e o—o0 o—

Interval tamily |

Interval graph G

Heren=10

Andn=3x3+1=10

This is of the formn=3q +r

Whereq=3, r=1

Ifr=1then D={2,5, 8, 10}, since result 2
Then 7(G): 4

And  D¢={1,3,4,6,7 9}

Then 7(G)=6

Therefore ]/(G)+ 7© (G): 4+6=10=n

10
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Thatis  7(G)+7°(G)=n
Hence theorem1 is verified at r = 1.

Illustration 3: Let I:{ L 0 dg b 1 1 g, L, |11} be an interval family and let G(V, E) be an interval graph
corresponding to an interval family | is as follows:

1 3 5 7 9 11
[ o © — o— ® © ® 00— e 06—
[ ® 00— —0 ¢ —e @ —o [ 4 —e
2 4 6 8 10

Interval family |

9 1
4 \A/'
6 7
) 11
5
8 10
3

Interval graph G

Here n=11

And n=3x3+2

This is of the formn=3q +r

Whereq=3,r=2

Ifr=2thenD ={2,5,8,10}or D={2, 5, 8, 11}, since result 3.
Suppose D ={2,5, 8, 10}

Then y(G): 4

And D¢={1,3,4,6,709,11}
Theny©(G)=7

Therefore ]/(G)+ 7© (G): 4+7=11
Hence 7(G)+7°(G)=n.

And suppose D = {2, 5, 8, 11}

Then 7/(G)= 4
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And D¢={1,3,4,6,7,9,10}

Then 7¢(G)=7

Therefore 7(G)+y¢(G)=4+7=11=n
7(G)+7°(G)=n

Hence theorem1 is verified at r = 2.

THEOREM 2: Let I:{ PR R R , In} be any finite interval family and let G(V,E) be an interval graph
corresponding to an interval family | such that every interval I i # n is intersect the next interval only and suppose n= 3q +r,
where r=0, 1, 2 and ¢ is any integer then Zd(v)+ Zd(v) =2n-2.

veD veD®
Proof: Let I:{ R PO R , In} be any finite interval family and let G(V,E) be an interval graph corresponding to an
interval family 1 such that every interval I; i # n is intersect the next interval only, where V = {Vl,v2 Vg Vi }.If there is

one-to-one correspondence between the vertex set V and interval family I.
Suppose n= 3q+r where r =0, 1, 2.

Case (i): Supposer=0thenn=3g+0=23q

Ifr =0, then D= {V2 Y/ . V. 1} and ;/(G): g, since the result1
And D€ = {V;, Vg, Vv VAR ¢

Then  7°(G)=n-y(G)

=30 — ¢

7°(G) =29
> d(v)=d(v,)+d(vs)+d(Ve) -+ +d(v, )
veD

=2+242+ +2

= 2q
D A(V)=20 (1)
veD
> d(v)=d(v,)+d(v;)+d(v, )+ +d(v,_,)+d(v,)
veD®

=1+242+ .. +2+1

=(2+42+42+ ... 42)= 2

=2(2q) —2
D A(V) =40 = 2 e @)
veD®

From (1) and (2)

Zd(v)+ Zd(v) =2q+4q—2

veD veD®
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=6q—-2=2(3q) —2=2n -2

Therefore Zd(v)+ Zd(v) =2n-2.

veD veD®
Case (ii): Supposer=1thenn=3q+1

If r=1 then D= {VZ,V5,V8, ......... ,Vn} and y(G): g+ 1, since result 2.
And D= {V,Vy, Yy, e, Vo 1}
Then ¢ (G) =n- }/(G)

y(G)=3q+1 - (q+1)=2q

> d(v)=d(v,)+d(vs)+d(Vg )+ +d(v,)
veD

=242+ 24 +2+1

Z242+24 +2+42 -1=2(q+1) -1

=2q+2-1=2q+1

DTAV) 220+ Lot 3)

veD
Zd +d(V3)+d( ) .......... .+d(Vn71)
veD®

=1+242+ . +2

=(2+42+2+424 ... +2) -1

=2(29) —1=4q -1

DTA(V) 24— 1ot 4)

veD®

From (3) and (4)

> d(v)+ > d(v) =2q+1+4q—1=6q=2(30)=2(3q+ 1 —1) = 2(n ~1) = 2n— 2

veD veD®
Therefore Z d(v)+ Zd (v)=2n-2.
veD veD®

Case (iii): Supposer=2thenn=3q+2

If r= 2 then the domination number 7/(G)= q+1and

The minimum dominating set is either D = {VZ,V5,V8, ......... WV 1} or D= {VZ,V5,V8, ......... ,Vn}
Sub case(i): Suppose D= {V2 Ve, Vgyeeeannn WV 1} and ;/(G): q+1
And D€ ={V;, V3, Vy e, AR ¢

Then 7¢(G)=n-#(G)

=(Bg+2)—(q+1)
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7°(G)=2q+1
> d(v)=d(v,)+d(vs)+d(Ve)+...oeennn +d(v, )
veD
242424 42
=2(q+1)
D V)2 204 2 ottt (5)
veD
> d(v)=d(v,)+d(v;)+d(v, )+ +d(v,_,)+d(v,)
veD®
=1 42424 42412 (242424 o 42) =2
=2(2q+1)-2
D AV) = 40 it o (6)
veD®

From (5) and (6)

Zd(v)+ Zd(v) =2q+2+4q =6q+2

veD veD®

=6q+4—2=2(3q+2) —2=2n —2

Therefore Z d(v)+ Zd (v)=2n-2.

veD veD®
Sub case(ii): Suppose D=4V,,, Vi, Vg, ......... V, } and 7(6): T
Then D¢= {V]_; V3,V4, """""" ' Vn— 1} and

7¢(G)=n-7(G)

=@Bq+2) - (q+1)

7°(G) =2q+1
> d(v)=d(v,)+d(vs)+d(Vg)+ o +d(v,)
veD
=242+2+......... +1
=2+4+2+2+ ... +1+1 -1
=2+4+2+2+ ... +2 -1

142424 . 42=(242424 . 42)— 1
=2(2q+1)—1=4q+2 -1
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DA(V) 240+ Lot .(8)

veD®

From (7) and (8)

> d(v)+ > d(v)=2q+1+4q+1=60+2=6q+4— 2=2(3q+2) — 2=2n- 2

veD veD®
Therefore Z d(v)+ Zd (v)=2n-2.
veD veD®

Hence theorem 2 is proved.
V1. Experimental problems

Ilustration 4:

Let I:{ SN PR PR R R R FEURN PORN DORD PO P |12} be an interval family and let G(V, E) be an interval graph corresponding to

an interval family | is as follows:

- —o © —0 o- —0 O —0 0— -0 00— —0

———+o o —o o —eo o —eo o —eo o—o

Interval family |

10 12

11

Interval graph G

Heren=12
Andthenn=3x4+0
This is of the formn=3q +r

Whereq=4andr=0
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Ifr=0then D ={2, 5, 8, 11}, since result 1.
And then D€ = {1, 3, 4,6, 7,9, 10, 12}
>1d(v)+ D d(v) ={d(@) +d(5) + d(8) + d(11)} + {d(1) + d(3) + d(4) + d(6) + d(7) +

veD veD®
+d(9) +d(10) + d(12)}
=2+2+2+2+1+2+2+2+2+2+2+1
=22
=2(12)-2
=2n-2

> dv)+ Dld(v)=2n-2.

veD veD®

Hence theorem 2 is verified at r = 0.

llustration 5:
Let |:{ |1,|2,|3,|4,|5,|6,|7,|8,|9,|10,|11,|12,I13} be an interval family and let G(V, E) be an interval graph

corresponding to an interval family 1 is as follows:

1 3 5 7 9 11 13
® o © ® o ® o ® o ® o ® o —e
[ ® © ® © ® © L [ ® © ®
5 4 6 8 10 12
Interval family |
6
3
4
5
9
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Here n=13

Andthenn=3x4+1

This is of the formn=3q +r
Whereqg=4andr=1

Ifr=21then D ={2,5, 8, 11, 13}, since result 2.

And then D€ = {1, 3,4,6,7,9, 10, 12}

> d(v)+ > d(v)={d@) +d(s) +d(8) + d(11)+ d(13)} + { d(1) + d(3) +d(4) + +d(B)+ d(7) + d(9) + d(10) +
veD veD®

d(12) }
242424241+ 14242424242+242
=24=2(13)-2=2n-2

> dv)+ Dld(v)=2n-2.

veD veD®
Hence theorem 2 is verified at r = 1.
Ilustration 6:

Let 1={ 1,1, 15, 1,05, 06, 5 0g Do, L, 1y Ly gy 1y} be an interval family and let G(V, E) be an interval graph
corresponding to an interval family | is as follows:

1 3 5 7 9 11 13
o o ® o ® o o o e o— o o—o
[ o o e o o o e o o o ® o o
2 4 6 8 10 12 14

6
14 3

4
5

Interval graph G
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Heren=14
Andthen n=3x4+2
Thisis of the formn=3q +r
Whereq=4andr=2
Ifr=2thenD=4{2,5, 8, 11, 13}
orD={2,5,8, 11, 14}, since result 3.
Sub case (i) :
Suppose D={2, 5, 8, 11, 13}
And then D¢={1,3,4,6,7,9,10, 12, 14}

D d(v)+ > d(v)={d@) +d(5) +d(8) + d(11) + d(13) } + {d(1) +d(3) + d(4) +

veD veD®

+d(6)+ d(7)+ d(9) + d(10)+ d(12)+ d(14) }
242424242+ 14242424242+2+2+1

=26
=2(14) -2
> dv)+ Dld(v)=2n-2.
veD veD®
Sub case (ii) :

Suppose D = {2, 5, 8, 11, 14}
And then D¢ ={1, 3,4,6,7,9, 10, 12, 13}

>d(v)+ D d(v) = {d@) +d(E) +d) + d(11) + d(14)} + { d(1) +d(3) + d(4) + d(6)+
Vf[(;a) + d(gjid(10)+d(12)+d(13) }

S2+42+42+42+41+1+42+2+42+42+42+2+2+2

= 26

= 2(14) -2

=2n-2

Therefore Z d(v)+ Zd (v)=2n-2.

veD veD®
Hence theorem 2 is verified at r = 2.
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