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Abstract: The aim of the present paper is to introduce and study new generalized fractional integral 

operators involving the product of  - function and generalized Wright’s hypergeometric function. On 

account of the most general nature of the above functions, a large number of fractional integral operators 

introduced by several authors lying scattered in the literature follow as special cases of our findings. 

Thus our operators of study generalize the fractional integral operators given by Gupta et al. [2], Saxena 

and Kumbhat [17], Saigo [16], Kober [11], Riemann-Liouville [11]. Next, we obtain the images of  - 

function in our operators of study. Finally, we obtain the images of simpler fractional integral operators 

involving several special functions notably the H-function, generalized hypergeometric function  FP Q

, generalized Wright Bessel’s function ,
J
 


 
 
 

, generalized Mittag-Leffler function  ,
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1. Fractional Integral Operators 

In this section, we introduce and study following two new generalized fractional integral operators 

involving the product of  - function and generalized Wright’s hypergeometric function 
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In equations (1) and (2),   Af t  , where A  stands for class of functions for which 
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The fractional integral operator defined by (1) is valid under the following conditions: 
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The fractional integral operator defined by (2) is valid under the following conditions: 
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The Aleph-function occurring in equations (1) and (2) will be defined and represented in the following 

manner [5, 4]: 
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The integration path  ,
i

L L R





   extends from i    to i   , and is such that the poles of 

 1 , 1,a s jj j n     (the symbol 1,n  is used for 1,2,…,n) do not coincide with the poles of 

  , 1,b s jj j m   . The parameters ,p qi i  are non-negative integers satisfying 

0 0 0, ,n p m qi i i      for 1,i r . The parameters , ,,j j ji ji     are positive numbers and 
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, ,,a b a bj j ji ji are complex. All poles of the integrand (4) are assumed to be simple, and the empty 

product is interpreted as unity. The existence conditions for the defining integral (3) are given below: 
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Recently, a number of useful functions lying scattered in the literature have been found which are 

special cases of the  -function. Now, we record such functions for the easy access of researchers in this 

field. 

(i) For 1 2 1r       in (3), we get the I-function due to V.P.Saxena [14], defined  in the 

following manner: 
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where the kernel  ,

, ,1;

m n
s

p q r
i i

 can be defined from equation (4).  

(ii) If we set 1r   in (9), it reduces to the familiar H-function introduced by Fox [19]: 
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in (10), 

it reduces to the multiindex (m-tuple) Mittag-Leffler function [9]: 
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where 1, 0; 1,m j mj   . 

Further, if we set 1m  in (11), it reduces to the Mittag-Leffler function [18]: 
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(iv) If we set  1, 2, 1 , 1, 0, 1 , ,
1 1 1 1 2 2

m n p q a b b z z                    

 in  (10), it reduces to the generalized Mittag-Leffler function [21]: 
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0, 0, 0, 1, arg 1
2
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 stands for generalized Krätzel function [3, p. 

610, Eq. (42)]. 

The Wright’s generalized hypergeometric function P Q  occurring in equations (1) and (2) will be 

defined and represented in the following manner [15, p. 19, Eq. (2.6.11)] : 
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The H -function occurring in the above equation (15) was introduced by Inayat Hussain [13] and 

studied by Buschman and Srivastava [12]. 

Now, we present some special cases of the Wright’s generalized hypergeometric function 
P Q . 

(i) If we take 1j j    in (15), it reduces to generalized hypergeometric function            [7, 

p.271, Eq. (9)] 
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P Q b B z z            in (15), it reduces to the  generalized 

Wright’s Bessel function [7, p.271, Eq. (8)] 
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(iii) If we put 
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The  - function of two variables occurring in the present paper will be defined and represented in 

the following manner [1, p. 149, Eqs. (9)- (12)]: 
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2. Special Caese of Our Main Fractional Integral Operators Defined by (1) and (2) 

(i)  If we reduce  -function occurring in (1) and (2) to (m-tuple) multiindex Mittag-Leffler  function 

[9], we get the following fractional integral operator 
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(ii) If we reduce Wright’s generalized hypergeometric function to extended Hurwitz-Lerch Zeta function 

and  -function reduces to generalized Krätzel function in equations (1) and (2), we get the fractional 

integral operators recently obtained by Gupta et al. [2, p. 345, Eq. (24)]: 

 (iii) If in (23) and (24), we reduce Wright’s generalized hypergeometric function to Gauss 
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(iv) Further, if we take 0   and make some suitable adjustments in (25) and (26), we  arrive at 

the fractional integral operators studied by Saigo [16] 

             
 

  1, ,
, ; ; 1 ( )

2 1
0

xx t
I f t x t F f t dt
x x

 
  

   


 


    


  
      

  
             (27) 

           
 

 
1 1, ,

, ; ; 1 ( )
2 1

x
J f t t t x F f t dt

x t
x

    
   




 

    


  
      

  
       (28) 
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where 
1 1 2, ,A B A    and

2B  are given in (30) and (31). 
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Proof: To prove (29), first of all we express the I-operator involved in its left hand side in the integral 

form with the help of (1). Then, we express generalized Wright’s hypergeometric function in terms of 

series by using (15) and both Aleph- functions in contour forms by using (3). Next, we interchange the 

order of summation, contour integral with t- integral. Thus the left hand side of (31) assumes the 

following form (say Δ) 
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Finally, on interpreting the right hand side (33) in terms of  -function of two variables defined by (19), 

we get the required result after a little simplification. 

 The proof of (32) can be obtained by proceeding on similar lines given to those given above. 
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