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Abstract: The aim of the present paper is to introduce and study new generalized fractional integral
operators involving the product of X - function and generalized Wright’s hypergeometric function. On
account of the most general nature of the above functions, a large number of fractional integral operators
introduced by several authors lying scattered in the literature follow as special cases of our findings.
Thus our operators of study generalize the fractional integral operators given by Gupta et al. [2], Saxena
and Kumbhat [17], Saigo [16], Kober [11], Riemann-Liouville [11]. Next, we obtain the images of X -
function in our operators of study. Finally, we obtain the images of simpler fractional integral operators

involving several special functions notably the H-function, generalized hypergeometric function ( pEQ)

, generalized Wright Bessel’s function (33’”), generalized Mittag-Leffler function (Eg , extended
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1. Fractional Integral Operators

In this section, we introduce and study following two new generalized fractional integral operators

involving the product of X - function and generalized Wright’s hypergeometric function

H Al Ho o355
AT ()] =5 TtH (x-t)* p¥g| 2 (tj (1_t) 1P
X I: ()J r(2) . (x~t) Q% y < (bj,ﬁj;Bj)lQ

, (37171070 ] g

BN RE 1 it A f(t)dt (1)
PirGio Tt (X) [ Xj (4595 )y, [Ti(dji’éjiﬂnhﬂ,m
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and

ﬂ/,
« N1 N z'(f}ﬂ (1-%] f()dt (2)
pi yqi ,Ti ]

In equations (1) and (2), f (t) < A, where A stands for class of functions for which

o{|t|4 } max_{t[} >0
o{|t|mﬁ e_Wz\t\ } ,min {|t|} — ©

f(t)=
The fractional integral operator defined by (1) is valid under the following conditions:

d d
++1)+ m|n Re >0: Re(A+1)+2' m|n Re >0
(ﬂ . ) “ 1<j=m, [51'] ( ) I=m [51'J
7;>0,4'>0,4">0

The fractional integral operator defined by (2) is valid under the following conditions:

d.
Re(A+1)+ 4" min. Re| = |>0 : 7. >04'>04'>0
1<j<m, 5]

. d
Re(w,)>0 OF  Re(w,)=0; Re(u—w )+ n}gm Re 51_ >0

The Aleph-function occurring in equations (1) and (2) will be defined and represented in the following
manner [5, 4]:
(@iaihoefrilaiaillg |

_ —— ™" ()27 (3)
Pi. G 75 (bj’ﬂj)l,m ...... [Ti(bji'ﬂjiﬂmﬂ,qi 27i | PG Tt

forall z=0, where i =,/(-1) and

P[F(b-+ﬂjs)jli[1r(l—aj—ajs) @

m,n -
Qpi,qi'fi;r(s) £TI i F(l b ﬁjl) H r(ajl+ocJ S)

j=m+1 j=n+1

The integration path L = Liyoo,(;/ e R) extends from y —iw to y +ico, and is such that the poles of

(1 aj - a; s) j=Ln (the symbol 1,n is used for 1,2,...,n) do not coincide with the poles of

(b +,BJ) =1, The  parameters Py G are  non-negative  integers  satisfying

0<n<p;,0<m<gq,z; >0 for i=1r. The parameters aj. pjaji.Bji are positive numbers and
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aj.bj aj.bj;are complex. All poles of the integrand (4) are assumed to be simple, and the empty

product is interpreted as unity. The existence conditions for the defining integral (3) are given below:

¥ > 0,[arg z|<%‘1’|,l =1r (5)
T
¥, 20,|argz|<E‘PI and Re(§|)+1<0 (6)
where d J (7
Y= .
[ ngal 1[}1 i Jzn+1al' J%uﬂ
Y9 P 1 —
and . - A+ =(p —q ) 1 = 8
g = J;lbj JZ aj+e (j:%ﬂbjl j—%+1aJIJ+2(pI q|),| 1, (8)

Recently, a number of useful functions lying scattered in the literature have been found which are
special cases of the N -function. Now, we record such functions for the easy access of researchers in this

field.
(i) For z; =7, =--- =17, =1 in (3), we get the I-function due to V.P.Saxena [14], defined in  the

following manner:

m,n ' B | ,m,n _
N|0i.c|i,1;r Z =l .2 ==

( )z %ds (9)

where the kernel ™" . (s) can be defined from equation (4).
p.,q.,Lr
I 1

(i) If we set r =1 in (9), it reduces to the familiar H-function introduced by Fox [19]:

m, n Z| (ajlaj) =H™ n[ ]_— (s)z °ds (10)
pivqivl;l (bj ﬂ ) 27Z'I |7q| 7111
where the kernel ™" 1 (s) can be obtained from equation (4).

p..q.. %

[

(iii) fweset m=n=p=Lg=m+Lla =b =0,¢4 = § =1b, =1-uj. 5, :]/pj Z1=-1 in (10),
it reduces to the multiindex (m-tuple) Mittag-Leffler function [9]:
(0. (0.)
N1t |(01) [1—;,, plj] “H | (0,1),[1—;1,-,/)1]} - Eplj,,,j (2)
S 2" (11)

n=0 n
I1 F,uj+—
J= Pj m

Further, if we set m =1in (11), it reduces to the Mittag-Leffler function [18]:

where m>1p; >0; j ~1m.
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; wy
12,11 -

4 (01) Ll 4 (04) 1 ()= AN i 1| (@12
(0‘1)’[1_”';) 1,2 (0,1),[1—,1,% %,ﬂ nzOF(lnwj 171 [ﬂj
- p
Y2l

(iv) Ifweset m=n-= p=lg=2a =1-poy=p =1Lb =0b, =1-5,p, =a,z=-2

in (10), it reduces to the generalized Mittag-Leffler function [21]:

11 (=p2) |_ 12 (1-p2)
“L211 {_4 ON(-pa)| 12 [_4 (01),(1-f.2)

:Eg,,b’(z) (13)

1 v p v
(V) IfWeSet m= :z,n: :l’ :l—— —, = =—, :O, ::Lb = —
a ptay =l = A= =0h =1 =

z= [a(a —1)]/3/” z in (10), then it reduces to the generalized Kratzel function

[a(a —1)]ﬂ/,0 ‘{10[11; i] w23 [ _1)]ﬁ/p Z‘ [1_all+; i’]
N1 (0,1){:@ 1,2 (0,1)‘[:@
~p[a(a-1)]""T (a{JDZ";(Z) ”

where >0,a>0,8>0,a>1largz| < (—'84-1)5 and pv: ; stands for generalized Kratzel function [3, p.
P P

610, Eq. (42)].
The Wright’s generalized hypergeometric function P';Q occurring in equations (1) and (2) will be

defined and represented in the following manner [15, p. 19, Eq. (2.6.11)] :

P Aj
P;Q ZlEaj,aJ—;Aj)l’P . Lp B (1—aj,aj;Aj)1P jl;[l{l“(aj+ajn)} J,n 15)

b, B::B; PR (01),(1-b.5;: =0 Q B
iPi J)l,Q (0.2), ( j ) 10 jrzll{r(bj +ﬂjn)} nt

The H -function occurring in the above equation (15) was introduced by Inayat Hussain [13] and
studied by Buschman and Srivastava [12].

S
<II3[\48

Now, we present some special cases of the Wright’s generalized hypergeometric function P‘/_’Q

(i) If we take a; :ﬂj =1 in (15), it reduces to generalized hypergeometric function

[7,
p.271, Eq. (9)]
P A
P,,_,Q z|(aj,l;Aj)l'P e Z (1 aj LA ) 1P E{F(a )}B "o (aj;Aj)z (16)
(bj'l;Bj)l,Q P (01) (1-j ) R {r(b )} (v5:8;)
(ii) If we take P =0,Q =1b =1+ 2,4 =v,B =, 2=-2 in (15), it reduces to the generalized

Wright’s Bessel function [7, p.271, Eq. (8)]

— - —1,0 - —ou  ® (-2)'
0‘”1[‘2'(1”»:#)}Ho,z{z'<o,1),<—z,w>} T S orfr (e s on)) -
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(iii) If we put
P:3’Q:2’a1 =104 =w,a, =5,a2 =K, a5 :b’Al =A2 = oy :1,A3 = 82 =5,
b =¢. 6 =7.by =1+b,B; =, =1in (15), it reduces to the extended Hurwitz Lerch Zeta function

[10, p. 491, Eq. (1.20)]

- {4(,7,@;1),(5, K;l),(b,l;s)} _ ﬁl,S{_z|(l—n,a);l),(l—5, K;l),(l—b,l;s)}

217 (¢n).(1+bss) 33 (01),(1-¢.7:1),(-b.1:s)
—M OKY (L sp) 3 I'(n+on)T(5+xn) "
G .0 F (255) nzo C(E+rm)nt (panys (18)

The N - function of two variables occurring in the present paper will be defined and represented in

the following manner [1, p. 149, Egs. (9)- (12)]:
o,n:m,n;m,,n,

P.4; 0,075 pi’,qi',ri';r
y (aj ag; A )1, 0 :(CJ- Y )1, n, [Ti (Cji,;/ji )Jnl " ;(ej JE; )1' g [ri' (eji,Eji )}nz o pi,

y(bj,ﬁj;Bj )1,q 5(dj'5j )1 m ""’[Ti (diiv5ii )}m1+1,qi ;(fj":i )1 m, """ [Ti,(f“'Fji )}m +1,q’

N[x,y]zN

1 £
=—— [ [ $(£1)6,(£)6, (n)x° y T d&dy (19)
27l
(271)” LLe
n
[IT(1-a; —a;&-Ap
where ¢(§ 77): J=1 ( ) J J ) (20)
| 19[ F(a-+ L+ A )]gll"(l—b-— . —B-)
i I @ity 11 TAL=05 —fje =By
m n
m.,n jl;llr(dj +§j§) jl_:Ilr(l_Cj _7/]5)
gl(é:):QpllqullyTI,r(é:): r ql p| (21)
N j:lr?llﬂr(l‘dii ‘5Jif)j=1}1+1r(cji +75i€)
m n
G-t (== v S (22)
i K Cf. _F. 4 E.
25 j=lr;1[2+lr(1 f Fjln)jzlr]jz+1r(ejl+E“n)

2. Special Caese of Our Main Fractional Integral Operators Defined by (1) and (2)

(i) If we reduce N -function occurring in (1) and (2) to (m-tuple) multiindex Mittag-Leffler  function

[9], we get the following fractional integral operator
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ey, (fL) (4] e e

a-,a-;A.)
(J e

(b;. 18, )l,Q

(XY 24
inﬁ_ z’(?J (1—?) f(t)dt (24)
i’

J;M[f(t)]: < C}Ot_ﬂ_ﬂ_l(t—x)/1 PY¥Q ZO[XJM (ij/lo

t

[

(ii) If we reduce Wright’s generalized hypergeometric function to extended Hurwitz-Lerch Zeta function
and X -function reduces to generalized Kratzel function in equations (1) and (2), we get the fractional
integral operators recently obtained by Gupta et al. [2, p. 345, Eq. (24)]:

(@iii) If in (23) and (24), we reduce Wright’s generalized hypergeometric function to Gauss
hypergeometric function by taking z, =0, 4, =1 and multiindex (m-tuple) Mittag-Leffler function to

unity, we obtain in essence the known fractional integral operators obtained by Saxena and Kumbhat
[17]:

—H—A x
17 (1)]= ) (j)t'u(x—t) zFl{n,&C, , (1—;H f (t)dt (25)
M oo
1A X A-u A-1 - X
3] = e )j(t (t=x)""" R {n,a,g,zo (1—?ﬂ f(t)dt (26)
(iv) Further, if we take x =0 and make some suitable adjustments in (25) and (26), we arrive at

the fractional integral operators studied by Saigo [16]

|’750[f(t)]— 5)}( IO R P s O | ¥ 27
! pFy |7+ 0 moim| 1= [T Ot (27)

J;?,é,a[f(t)] ())j(tﬂ5(t—x) 21{7”5 0'77( tﬂf(t)dt (28)

Further, if we put 6 =0 in (27) and (28), we get known fractional integral operators obtained by
Kober [11, p. 322, Egs. (18.5) & (18.6)].
Again, If we put 5 =—7 in (27) and (28), we get fractional integral operators obtained by Riemann
and Liouville [11, p. 94, Egs. (5.1) & (5.3)].
3. Images
In this section, we find the images of the N -function in our fractional integral operators defined by
(1) and (2), we have

(eJ’EJ)]_ n," [Ti,(eji,Eji)}n2+1,pi,

O RS T Prov A
¢ e (x-t) ,
P Ty s (F5.F5 )y, 7 (fji'Fji)}mﬁl,qi’
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* k *

PAA
B*_B*} (29)

*-
e U e’

r

N0,2: m,n ; m,,n, l: z

A
’ ’ Hi+ A
215 by, 057y By 0 7y sr [ 2(x)70 B

where A” :(—y—a—yon;,u’,,ul) ,(—A—lon;ﬂ,',/'(i) :B" :(—l—,u—O'—/'t—(lO + )N (A" + 1), (4 +y,l))

A =6y [ 6 )] B (8080 e[ (0,0))] @0

27

A" =(6E )y o ik (ej,,E,)}nzﬂlpi,, = (6 F e [,(fﬂ,Fj,)}mﬂq_, (31)

27 i
provided that

Re(u+a)+y']§rrj]i£nmlRe(dj/5j )+,uljsnj1ignm2Re(fj/Fj )+1>0 ;
Re(/i)+/1'jsrr}iSnmlRe(dj/§j)+11]Srrj]g1m2 Re(f;/Fj)+1>0; 5505 >0,1'>0,4'>0

() gmA| @ M z(t)_ﬂ{l—xrl LS L v
X ’ ! r

Pi .G 7jr

o fifrleg ) )"

X © j=1

2 Q B,
r(4)n=0 J-El{r(bj +ﬁjn)} b

0,2: m,n ; my,n, Z’
N { - ' ’ “Hq
2!1- pi !qi 1Ti 3 pi ,qi !TI r Z(X)

A ‘\;Aa} @)
B* :B*:B
where A*,B, A" and B, are given in (30) and (31).

- (1+G—,u —,uon;,u',,ul) ,(—/l—lon;l',/ll) : Bl = (0 —p == Ay + pp)n (A + 1), (4 +,ul))

provided that

Re(4)+4', i Re(d;/5;)+2 LN, Re(fj/F;j)+1>0; >0,/ >0,4'>0,4'>0

Proof: To prove (29), first of all we express the I-operator involved in its left hand side in the integral
form with the help of (1). Then, we express generalized Wright’s hypergeometric function in terms of
series by using (15) and both Aleph- functions in contour forms by using (3). Next, we interchange the
order of summation, contour integral with t- integral. Thus the left hand side of (31) assumes the

following form (say A)

JETIR1810A29 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 861


http://www.jetir.org/

© 2018 JETIR October 2018, Volume 5, Issue 10 www.jetir.org (ISSN-2349-5162)

F(aj +ajn)}Aj (zo)n 1 T];[lll"(dj +5J—§) jnl'[:llr(l—cj —;/jé)

r g b
4 ,-:n“]ﬁlr(”ji ~55¢) jzgﬂr(%i +7ji¢)

~(to+ A )+ (4" + A')e
X

x , , (Z’)_‘f (z)_77
r W qi pi
Ay +1r(l_ i - Fji) j=££+1r(eii «Ejin)
X , ’
xRt I (A g L g ay
0

Now, we evaluate the t-integral occurring in above equation, we get

P R YR S ™ |
A= > _ - T(l+u+o+pN—p'é—wn
r(4)nZo jl(_z[j_{r(bj +ﬁjn)}Bj Ry il 0 3
F(1+ 24N =& = A,n) :lilllF(dj +5;¢) j]njll"(l—cj 7€)
* r Y B
r(2+l+,u+0'+(ﬂ,0 +yo)n—(/1'+,u')§—(/11 +,ulf7)) lz,l‘l] jzlr;[-lj-+lr(l_dji —§J|§)J=1;[1+1F(CJI +}/JI§)
m, n,
MR T 0
ro, G P;
izlri j:rlr_:[2+1r(l_ fii - Fjin)j:l:iﬂ_r(eji + Ejin)

Finally, on interpreting the right hand side (33) in terms of X -function of two variables defined by (19),

we get the required result after a little simplification.

The proof of (32) can be obtained by proceeding on similar lines given to those given above.

4. Applications of Image (i)
(i) Ifin (29), we reduce pyq to PFQ defined by (16) and both N -functions to H-

functions defined by (10), we get the following integral

R HON S W
0 X X (bj;Bj)l,Q
S EAREH by
p.q X X (dj,gj)lq
(eJ Ej)l o’
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P
_H{F(aj+n)} (ZO) 0,2:m1,n1;m2,nzl: z'
£8P " 7

(,ua,uon,u,ul)(/i lnlﬂi)(c }/J) (e E)p

(=== A= (g + 2 (2 + 1), (A + 1) )3(dj'5j) (fJ’FJ) 1’

provided that

Re(y+a)+y'lsr?i£nr.ane(dj/5j )+,ullSrJniSnm2Re( f;/Fj)+1>0;

Sn Re(f;/F;)+1>0 ;4/>0,4'>0

Re(/i)+/1'1£r?ignm1Re(dj/5j) 1, T

(if) If in (29), we reduce py/Q to J # defined by (17), % - function ( M. J to generalized
Pi ’qi .Ti T

Mittag-Leffler function defined by (13) and N -function {Nmz'nz } to H-function defined by (10),

PG T i
we get
X _ Hy A H A'
e w0 ) ()
'(l). (=797 | 2 X X aB|*\x X
m n e.,Ej)lp
PERLP) (t)/ul(x )1 ) dt
fJ'Fj)llq,
n ’
_ yMrotA+l (2) 0,2:1Lm,,n, %
Z H v M+ Ay
Ofr(L+ 2+on)lnt 21:32 5 p',q | 2()
(i s ). (4 22 p Dy (o 5 ),
(—l—ﬂ—a—l—(ﬂo+20)n;(/1'+u'),(21+yl)):(0,1)l’q;(fj,Fj)l’q,
provided that

Re(y+a)+yllsr}1isnm2Re(fj/Fj)+1>0; Re(/i)+/111£|]nisnm2Re(fj/Fj)+1>0 4/ >0,2'>0 (iii) If in

(29), we reduce PI//Q to ¢w’<7 defined by (18), N -function (le,nl jto generalized Kratzel

pi,qi,Ti;l’

function defined by (14) and N -function {Nmz,'”z, ' J to Mittag-Leffler function defined by (12), we
PG5l

get

ootz (2] ool (1) (2) |
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Ellg[z(t)yl(x—t)ﬂl} dt

- n
_ yHro+A+l [a(a _1)] " (7)eon ()i (20) H02:2111 [a(a _1)],3//0 z’
p T(Ya-1) n=0 (£) (b+n)’nr 21:1212 —Z(X)’ulﬁﬁti

(~t1= 0 = g ' 11 (—a—zon;wo:(1—i+ﬂ.ﬁj;<o,1)
a-1 p p

(-l-p—o— 2=ty + )M A + 1), (4 + 1)) : (0,1),[;,@;(0,1),(1—,9,I)
provided that

a>1; Re(u+o+1)>0; Re(1+1)>0 ;
min.[w,x,7,a,p, 3, 1',A'] 20 (not all simultaneously zero) .
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