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ABSTRACT : This paper is devoted to the development of a covering theory for the bitopological space (X, u, v) based on the
notion of a dual cover, which is defined to be a binary relation on the non-empty subsets of X satisfying certain natural conditions.
It is shown that under a suitable separation axiom a biparacompact space is fully binormal, but that the converse is false in general.
Weakening the local finiteness condition also leads to the consideration of quasi-biparacompactness, etc. Following the present
paper on countably quasi-biparacompact spaces the notion of sequential normality is introduced as a weakening of full binormality.

Keywords : countably quasi-biparacompact, quasi-strongly point finite, countably medial.

Introduction

The theory of covers of topological spaces has undergone a rapid development over the past few years, following the pioneering
work of Stone [1] and others. The establishment of a similar theory for bitopological spaces faces at the outset the question of
deciding on a suitable counterpart to the notion of cover. Indeed it would appear that no one analogue of this notion is entirely
satisfactory for all purposes. Pairwise open and weakly pairwise open covers have been the analogue most extensively considered
in the literature to date, as witness for instance the papers of Fletcher et.al. [2], Richardson [3], Civic [4] and Datta [5]. Countably
paracompact topological spaces were introduced by Dowker in [6]. In this paper we consider some properties of the corresponding
class of countably quasi-biparacompact bitopological spaces.
Definition 1. (X, u, v) is countably quasi-biparacompact if every countable open dual cover has a quasi-locally finite refinement.

Our principal result is based on the following:
Lemma 1. Let (X, u, V) be a pairwise normal bitopological space, and d = {(Un, Vi) | n € N} an open dual cover satisfying Un < Un+ and Vn
< Vi for all n e N. Suppose there is a closed dual cover ¢ = {(An, Bn) | n € N} with An < U, and Bn < V, for each n. Then d has a
quasi-locally finite countable open refinement.
Proof. Since (X, u, v) is pairwise normal we have forn e N, s =1, 2, ..., sets Ry € uand Sps € v with

An < Rns € V-CI[Rns] < Rngs+y < Un, and

Bn < Sns € U-CI[Rns] < Sns+y < Vi
Moreover we may suppose without loss of generality that Rns © Ra+)s@nd Sns © Snes+ys Tor if this is not so we may replace Rns and
Swsforn>0by {R,|k =0,1,..., n} and LS|k =0,1,..., n} respectively. Let us set:

Wo, =Ry, s=12,..;

W, =R, —Uu-cI[S, ;. ]),n=12,..,5=12,..,
and T =T —(v—cl[R, 1), n=12,..,5=12,..,

Let us also set

R, =U{R,[|s=12,.},
S, =UfS,|s=12..}
W, =UW,|s=n,n+1..}and

T, =UT,[s=nn+1.}
Then e={(W,,S,)|ne N}U{(R,,T,)|ne N}

is a countable open quasi-locally finite refinement of d. That e is countable and open is clear; and € —€l since W, c R, U, and
T, S, <V, for each n. To see that it is a dual cover take x € X and define

m(x) =min{n|3s,x e R .},

n(x) = min{n|3t,x S }.
Then it is clear that if m(x) < n(x) we have x eW, NS, for n =n(x), while if n(x) < m(x) then x € R, NT, for n = m(x). Finally to show e
is quasi-locally finite take x e X and suppose that, say, m(x) < n(x). Then X € Rmp)s < Rns for some s; while x € Sy for some t so
we may define:

s(x) =min{s|x e R, ..},

t(x) =minft|xe S, }.
and associate with x the u-nhd. Ras and the v-nhd. Snpie- It is easy to verify that if R ., (T, #¢ and S ., R, #¢; orif
Rigsoo 1S, #¢ and S . W, #¢#; then n < max(n(x), s(x)) or n < max(n(x), t(x)) respectively. A similar appropriate
assignment of nhds. to x may be made when n(x) < m(x). Hence e is quasi-locally finite, and the proof is complete.

In order to state our next theorem we shall need some more terminology. We shall say the dual family d is quasi-strongly point finite if
givenx € X either {U|n e U e dom d} is finite or {V|n € V e ran d} is finite.

The dual cover d is called countably medial if it can be indexed over IN in such a way that for each x € X we have k(x) =
max(m(x), n(x)), where m(x) = min {n | x € Un}, n(x) = min {n | x € Vo}, and k(x) = min {n | x € Un N Vp}.

We may now state:
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Theorem 1. Let (X, u, v) be a point finitely binormal space satisfying:
(a) Every countable open dual cover has a quasi-strongly point finite open refinement, and
(b) Every countable open dual cover has a countably medial open refinement.
Then (X, u, v) is countably quasi-biparacompact.
Proof. Let d' be a countable open cover of X. By (b) there will be no loss of generality if we assume that d' is countably medial, that

is d’ ={(U;Vn’)|n € N} where k'(x) = max(m'(x), n'(x)) for all x € X, using an obvious notation. Let us set
U, ={U,)|k=01..,n} and V, = {(V,)|k =0,1,...,n}

so that d ={(Un,Vn)|n e N} is an open dual cover satisfying U, < Una and Vo < Ve 1. Let € ={(Ra,Sa)|a e A} be a faithfully

indexed quasi-strongly point finite open refinement of d.
Fors e N, let
AGS) ={a| a e A,Rac Usand S, c Vs}.
Clearly A(s) c A(s +I) for all s.
Let r=min{s|A(s) = ¢}, R’ =W{R,|aeAK)}and S, =KS,|a € AK)}. Generally fors=1, 2, ..., let

. {R;, if A(r+s—1) = A(r +5)

r+s

R, |a € A(r+s) = A(r +s-1)} otherwise,
o Se IFA(r+s-1) = A(r +3)
" UgS, | e A(r+8) = A(r +s-1)} otherwise.

For x e X, let s(x) =min{s|3a e A(r +s) withxe R, NS, }.

*

Then clearly x e R',,, NS/, andso f ={R, ,S

s € N} is an open dual cover refinement of d.

S+r

Let us show it is point finite. For x € X, let {e, ..., an} denote the set {a| X € R} whenever this set is finite, and otherwise let
it denote the set {a|x € S,}. Define

_[0if{e,,...,a,} = A(r) and otherwise,
PO) =\ max{p|3i,1<1 < mwith &, € A(r+ p) = A(r + p—1)}.

If, from some point onwards, the sets A(s) are equal then f is finite and hence point finite. In the contrary case, for each x € X,
q(x) = max{q| A(r + p(x)) - A(r +a)}
is a well defined natural number, and it is clear from the definitions that xe R" .S,

r+S r+s

implies s < q(x). Thus f is point finite as
stated. Since (X, u, v) is point finitely binormal. Hence there is an open dual cover g ={(MS,NS)|S€ N} where N' < N,
v—cl[MJcR,, cU, and u—cl[N,]c S, V., foralls e N

Let r'= min{s| N}, and t=r+r". Put A =v—cl[M,], B, =u—cl[N,], and generally fors=1, 2, ...,

A = v—cl[M, Jifr'+seN’
T A otherwise,
B - u—cl[N, Jifr'+seN’
ts T \B,, otherwise,

Then c={(A,. Bn)|n =t,t+1..} is a closed dual cover, A, = U, and B, V.. It follows that the conditions of Lemma 1 are
satisfied for the open dual cover d, ={(U,,V,)|n=t,t+1,...},, and so we have an open quasi-locally finite refinement

e, ={W,,S)|n=t,t+L. JU{R, T)|n=tt+1..}
Forn e N, set W) = (W, |k =nvt,nat+1. 30U,

S, =(US |k =nvt,nat+1. 3NV,

R =R |k=nvtnat+1..}3NU/ and

T, =T, [k=nvt,nat+L. 3NV,

If xeW, NS, or xe R NT, then n>k'(x) = max(m'(x), n'(x)), and so x e W, ,, NSy, OF xR, T/
This shows that

e’ e{W,,S,|W/ NS, = gFULR,, T,|R.NT, = ¢}
is an open dual cover refiniment of d'. Finally the argument used in the proof of Lemma 1 to show e is quasi-locally finite will also
show that e' is quasi-locally finite, and the proof is complete.

The next result is also a consequence of Lemma 1.

Proposition 1. Let (X, u, v) be a pairwise perfectly normal space [7], and suppose that each countable open dual cover has a countably
medial open refinement. Then (X, u, v) is countably quasi-biparacompact.

Proof. Let d' = {(U'y, V'n) | n € N} be a countably medial open dual cover, and form d = {(Un, Vi) | n € N} with Uy < Uns, Vo
Viu as in the proof of Theorem 1. Now we have v-closed sets Pn, s € N, and u-closed sets Qns, S € N, so that

Pns = Pn(s+1)’ Qns < n(s+1)? Un ZLJ{Pns|S € N}' and Vn U{Qns|s € N}
Forn e N define A =U{R,[t=1,..,n}cU, and B, =UfQ,|t=1,..,n}<V,. Then
C ={(An, Bn) | ne N}

o respectively.
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is a closed dual cover, and the conditions of Lemma 1 are satisfied. The remainder of the proof is similar to the last part of the proof
of Theorem 1, and is ommited.

The final lemma of this paper deals with a situation at the opposite extreme from that of Lemma 1. This result can also be useful
in establishing (countable) quasi-biparacompactness in some cases.
Lemma 2. Let (X, u, v) be a pairwise normal bitopological space ¢ = {(An, Bn) | n € N}. If d = {(Un, Vi) | k € Z} is a countable open
dual cover satisfying ({U,}=KV,}=¢.U, cU,,, and V, cV,,, forall k € Z, and if there exists a closed dual cover ¢ = {(Ax, Bx)
|k € Z} with A, < A..;,B.., B, A <U, and B, cV, forall k € Z, then d has a quasi-locally finite countable open refinement.
Proof. Since (X, u, v) is pairwise normal we have u-open sets Ry with A < R, cv—-cKR,}cU,. Without loss of generality we
may also suppose that R, < R,,, for each k e Z, for if this is not so we may replace R by U{Ri|i =1,...,k} for k >0, and by
{R|i=Kk,...,0} for k < 0. In just the same way we have v-open sets Sy with B, =S, cu—cKS,}<V,, and we may suppose
S, S, forallk e Z.

Clearly e = {(Ry, Sx) | k € Z} is an open refinement of d. We show it is quasi-locally finite. For x € X the numbers

m(x) = min{k|x e v—cl[R 1},

n(x) = max{k|x e u—cl[S, 1},
both exist in Z. Also, for some k', x € R, S,, and so m(x) < k' < n(x) for each x € X. Now

M (%) =R, (U=Cl[S, .11}
is a u-nhd of x, and

N(X)= Sm(x) (V_CI[Rm(x)+1]})
is a v-nhd of x. Also if M(x)NS, #¢ and N(X)(R, = ¢ then m(x) < k < n(x). Hence e is quasi-locally finite, and the proof is
complete.

References

[1]  Stone, A.H. (1948) : Paracompactness and Product Spaces, Bull. Amer. Math. Soc., 53:977-982.

[2]  Fletcher, P.; Hoyle 111, H.B. and Patty, C.W. (1969) : The Comparison of Topologies, Duke Math. J., 36:325-331.
[3] Richardson, G.D. (1972) : Ry, Pairwise Compact, and Pairwise Complete Spaces, Canad. Math. Bull. 15:109-113.
[4] Civic, M. Dosan (1974) : Dimension of Bitopoloe;ical Spaces, Math. Balkanica., 4:99-105.

[6] Datta, M.C. (1977) : Paracompactness in Bitopological Spaces, Indian J. Pure, Appl. Math. 8:685-690.

[6] Dowker, C.H. (1951) : On Countably Paracompact Spaces, Canad. J. Math., 3:219-244.

[7]1 Lane, E.P. (1967) : Bitopological Spaces and Quasi-Uniform Spaces, Proc. London Math. Soc., 17(3):241-256.

JETIR1811A07 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 701


http://www.jetir.org/

