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Abstract : The velocities of elastic waves through the cubic crystal along different orientations are
theoretically, calculated using stress-strain relationship in tensor form and secular determinant. These
velocities are determined in terms of three elastic constants C;4, C;, &C,4 Of cubic crystal. Three values of
wave velocities are obtained:one value corresponds to longitudinal velocity and other two identical values
corresponds to transverse velocities.The wave velocities along different orientations can be measured
experimentally. Using these velocity values, elastic constants for cubic crystal can be obtained.
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I.Introduction
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We consider a state of strain which is caused to exist in the crystal in x-direction only and this disturbance is
allowed to be moved along the crystal. In the first figure, the equilibrium position is shown where an isolated
portion of undisturbed crystal is defined by the co-ordinates x and x+Ax. When a plane wave passes through
the crystal, each point x is associated with a displacement u. This u is a function of both position and time.
The disturbed position is shown in second figure where the isolated portion is now bounded by planes at x+u
and x+ Ax+u+Au. The corresponding tensions are F and F+AF as represented in the figure. By Hooke’s law,

the tension AF on the area of cross-section A can be expressed asAF = CAA ( ) If p is the density of crystal,

then dividing by AAx and taking limit as Ax — 0, we get p Pl =C ( ) The displacement u can be written

in terms of strain tensory as u,, = VmnXn Where x,, = x,y,z for n=1,2,3 respectively. The stress tensor can
6um

be written as t;x = Cixmn — Pz .On differentiating this equatlon and using earlier equation, the equation of
2
2‘ = Cikxmn ai o, .A plane wave solution for above
i(@7-wt) .
propagation is represented as u; = ;e where 7 = xa + yb + z¢ . Also, T = q({,@* + {b" +

{3¢). Here &; represents the amplitude and ; the direction cosines. Differentiating the plane wave equation
and substituting in equation of propagation, one gets

'szfi = —&mCikmn(q8i) (9n)

Putting CixmnCiln = fim and ‘UZ/q2 = v?2 where v is the velocity of the elastic wave in the crystal, we
have pv2& = fimém . Putting i and mas 1,2 and 3, the equations are
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§1(fir — Pvz) +&2f12+63f13=0
§1fo1 + &(faz — pV?) +&3f23 =0
$1f31 + &2f32 + E3(f33 — PUZ) =0

The above equations have a real solution only if the determinant obtained from the coefficients of the &;
&, , &5is equal to zero. This secular determinant is termed as Christofell determinant.

fi1 _Pvz f12 fi3
f21 f22 —,0172 f23 =0
f31 f32 f33 _,0772

The above determinant is a general condition for crystals. Solving this determinant for different crystal
structures and different orientations, we can find velocity of elastic waves through crystal for those cases.

I1. For Cubic crystal

1. Along symmetry direction [100]
Direction cosines along this directionare {; = 1,{, = 0,{; = 0.Also, we make replacements : 11—1,
22—2, 3353, 23—4, 1355, 12—6.

f11 = C1111 = C1q
f22 = C2121 = Co6 = Cyyq
f33 = C3131 = Cs5 = Cyq

And all other f ‘s are zero. The Secular determinant becomes
Cy, — pv? 0 0
0 Chq — pV? 0 =0
0 0 Chq — pV?

This provides three wave velocities along the direction along [100] are ‘/C“/p , ‘/C‘”/p , ‘/C‘“‘/p .

. .. +/C A . . .
The first velocity 11/ p corresponds to a longitudinal wave and the other two identical ones
correspond to transverse wave in terms of elastic constants C,; andC,,.

2. Along symmetry direction [010]
Direction cosines along this directionare {; =0,{, =1,{3 = 0.

f11 = C1212 = Ce6= Cya
fzz = Cy222 = (33 = (44
f33 = C3232 = Cyq

And all other f ‘s are zero. This gives the Secular determinant as

C44 - pvz O 0
0 C11 - pvz 0 = O
0 O C44 - pvz

This provides the same values of three velocities as along direction [100].

3. Along symmetry direction [001]
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Direction cosines along this directionare {; =0,{, =0,{3 = 1.
fi1 = C1313 = C55= Cyy
f22 = Ca323 = Cyy
f3z = (3333 = C33=Cy4

And all other f ‘s are zero. The Secular determinant is now given by

C4,4_ - pvz 0 O
0 Cyq — pv2 0 =0
0 0 Cyy — pv?

This provides the same values of three velocities as along direction [100] and [010].

4. Along symmetry direction [110]
Direction cosines along this directionare {; =1/v2, {, =1/V2,0,=0.

1
f11 = C1111{12 + C1212€22 = E(Cn + C44)

1
fzz = 62121512 + 62222{22 = 5(611 + C44)
faz = C31310F + C323205 = C441
fiz = C112261G2 + C122102¢; = 5(C12 + Cha) = f21

fiz=/f31=0
. f23_: f32 =0
Secular determinant is
1 1
> (Ciq + Cyy) — pv? 2 (Ci2 + Cyq) 0
1 1 _
> (Ci2 + Cas) 3 (C11 + Cya) — pv® 0 =0
O O C44 - pvz

The solution of this determinant provides
pv? = Cyy
1 1
pv? = > (Ci1 +Caa) + > (Ciz + Cas)

1 1
pv? = > (Ci1 + Cas) — = (Ciz + Caa)
First of the three equations provide velocity corresponding to longitudinal wave whereas the rest
two equations yield velocities for transverse waves in terms of elastic constants C;,, C;, and Cyy

5. Along symmetry direction [011]
Direction cosines along this directionare {; =0, {, = 1/vV2,0 = 1/V2.

fi1 = Ci21203 + C131305 = g44

faz = Cp22205 + Cp33303 = E(Cn + Cyq)

faz = C323205 + (333305 = %(Cn + Cyq)

f12 = f21 =0

f13 = f31 =0 )

f23 = (22330203 + (2332030 = 5(612 + Cu4) = f32
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Secular determinant becomes

1 1
> (Ci1+ Cas) — PUZ > (Ciz + Cas) 0
1 1 _
5 (Ciz + Caa) > (C11 + Caq) — pv? 0 =0
0 0 Cyq — pv2

The solution of this determinant provides the same equations containing wave velocities as in case
of symmetry direction [110]

6. Along symmetry direction [101]
Direction cosines along this directionare {; = 1/v/2 , ¢, =0, {3 = 1//2.

1
f11 = 61111(12 + C1313(3? = E(Cn + C44)
foz = Ca1210F + C332305 = €44

faz = C313105 + (333305 = 5(611 + Cyq)

f12 = f21 =0 .
f13 = C11336105 + C133103(; = 5(612 + C44) = f31
f23 = f32 =0
Secular determinant is given as
i1 1
E(Cn + Cyq) — pv? 0 2 (Ci2 + Cuq)
0 Cyq — pv2 0 =0
1 1
P (Ci2 + Cya) 0 5(611 + Cyq) — pv?

The solution of this determinant provides the same equations containing wave velocities as along
directions [110] and [011].

7. Along symmetry direction [111]
Direction cosines along this directionare ; = {, = {3 = 1/v/3

1

f11 = C1111{12 + 61212522 + Cl313(3? = ;(Cll + 2C4-4)
1

f22 = C2121{12 + CZZZZZZZ + C2323€32 = 3(611 + 2C44-)

1
faz = C31310F + C393205 + C333303 = 5((:11 + 2C44)

f12 = C11226102 + C122162G1 + C11236103
+ (13210361 + C12230205 + C13220350;

1
= E(Cu + Ch4)=f21
1
fiz = 5(612 + C44)=f31
1
fa3 = 3 (C12 + Caa)=f3;

Secular determinant becomes

1 1 1
3 (C11 +2C44) — Pvz g(C12 + Cys) §(C12 + C4q)
1 1 1
5(612 + Cyq) E(Cn + 2Cy4) — PVZ §(C12 + C4q) =0
1 1 1
3 (Ci2 + Cyq) §(C12 + Ch4) 3 (C11 +2C4q) — Pvz
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The solution of this determinant gives

1)

2)
3)

4)

1

pv2:§ (Cll + 2612 + 4‘64,4)
1

Pv2:§ (C11 — Ciz + Cyq)

1
Pv2:§ (C11 — Ciz2 + Cyq)

First of the three equations provide velocity corresponding to longitudinal wave whereas the rest two
equations yield velocities for transverse waves in terms of elastic constants C;;, C;, and Cy,.

I11. Conclusion

Velocity of elastic waves through cubic crystal is same along symmetry directions [100],[010] and
[001]. Also, wave velocity is same along orientations [110],[011] and [101].

Velocities of longitudinal and transverse waves are different along a particular direction.

Values of elastic constants C;;, C;, and C,, can be obtained by experimental measurement of velocity
of elastic waves along different directions.
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