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Abstract : The ternary quadratic homogeneous equation representing homogeneous cone given by 
222 347 zyx   is analyzed 

for its non-zero distinct integer points on it. Different patterns of integer points satisfying the cone under consideration are 

obtained. The  relations between the solutions and special number patterns are derived. 

 

IndexTerms - Diophantine equation, integral solutions. 

I. INTRODUCTION 

  Diophantine[2] equation is a polynomial equation  in two or more unknowns  There  are different types of Diophantine 

equations and homogeneous Diophantine equation  is one among them.The  ternary cubic Diophantine equations  are used in 

the research field to find their solutions. An infinite number of  Diophantine equations are analysed  for their integer solutions. 

This paper discusses different methods to find the integer  solutions of the equation 7x2-4y2=3z2. Two different methods 

involving sub sections are discussed and the solutions are derived. 

     Notations: 

 Triangular number of rank a is represented as[3] 
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 Pentagonal pyramidal number of rank a is denoted by[1] 
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 Star number of rank a is represented as [4] 
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 Tetrahedral number of rank a is denoted by [5] 
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 Nasty number [6] 

II. Method of Analysis: 

      The ternary quadratic equation under consideration is   

          
222 347 zyx         (1) 

Different methods are employed to obtain non-zero distinct integer solutions to (1). 

 

 2.1 Method: 1 

         Using the linear transformations  

         

                     
TRyTRx 7,4 

         (2) 

 (1) becomes 

              )3(28 222 TZR 
      

The solutions are given by 

 
2222 28,28,2 baRbazabT 

 
In view of (2), the corresponding set of integer solutions to (1) is given below 
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where a,b are integers. 
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2.1.1 Properties: 

 .12)1,()1,( ,3 ataayaax   

 .12))1(,())1(,( 5

aPaaayaaax   

 .12))1(,())1(,( 5

aPaaayaaax   

        bazbaxbay ,6,14,82 Nasty number. 

 .36))2)(1(,())2()1(,( 3

aPaaayaaax   

 2.1.2 Note: 1  
        Using  the  transformations , 

  TRyTRx 7,4 
   (4) 

    Another set of solutions are the given below 
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2.2 Method: 2 

       Equation (3) is equivalent to the system of double equations presented as below in Table 1 

 

Table1 System of double equations 

 

System 1 2 3 4 5 6 

zR   2T  T28  T14  T7  214T  
27T  

zR   28  

 

T 

 
T2  T4  

 

2 

 
4  

 

Solving each of the above systems, the values of zR, and T  are obtained. Substituting each of these values in (2), the 

corresponding x  and y values are determined. For simplicity, the solutions obtained from the above systems are exhibited below 

in Table 2 

Table 2 Solutions 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2.1 Note: 2  

     By substituting the values of zTR ,, from Table: II in (4), another set of  the corresponding solutions are given in  

Table 3. 

 

 

 

 

System 

 

Solutions  zyx ,,  

1  142,14142,1482 222  kkkkk  

2  kkk 27,15,21  

3  TTT 6,,4  

4  kkk 3,3,3   

5  17,177,147 222  TTTTT  

6  214,21414,2814 222  kkkkk  
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Table 3  Solutions 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.3 Method 3 

 

 (3) is written as  

     )5(128 222  RTz   
Write 1 as 
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Assume 
22 28baR           (7) 

 

Using (7) and (6) in (5) and using the method of factorization, define  
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Equating the real and imaginary parts, we have 
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For integer solutions, take BbAa 2,4   in (8) and (7), we have 

ABBAz 568412 22          (9) 
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(10) 

Substituting the above values of R and T in (2), the corresponding values of x  and y  are given by 











ABBAy

ABBAx

842102

481688

22

22

   (11) 

Thus, (9) and (11) represent the integer solutions to (1). 

 

 

2.3.1Note: 3  
 

Substituting the above values of ZTR ,,  in (4), the corresponding values of x  and y  are 











ABBAy

ABBAx

841430

485624

22

22

  (12)

 

 

Thus, (9) and (12) represent the integer solutions to (1). 

 

 

 

              

System 

      

        Solutions  zyx ,,  

     1  142,14142,1482 222  kkkkk  

     2  kkk 27,43,37  

     3  TTT 6,15,12  

     4  kkk 3,25,19  

     5  17,177,147 222  TTTTT  

     6  214,21414,2814 222  kkkkk  
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III. Remarks 

 

 Since the considered equation (1) is symmetric in zyx ,, , the following triples also satisfy (1): 

     zyxzyxzyx  ,,,,,,,, , 

   zyxzyx ,,,,,  .   

 Equation (1) may be represented in the form of ratio as 

0,
)(4

)(

)(7










b

b

a

zx

zy

zy

zx
. 

  

            The corresponding solution are 

                   22 288 babax                                                                                                    

                   22 2814 babay                                                                                               

                   22 28baz     
  On performing calculations, it is observed that the values of zyx ,, are now new 

 

IV. Conclusion 

 

        Three different methods are adopted to find the integral solutions of the equation 7x2-4y2=3z2 and the relations between the 

solutions are also obtained. 
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