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ABSTRACT

In this paper we contribute some new results on Contra Harmonic Mean Labeling of graphs.
We investigate on some standard graphs that accept Contra Harmonic Mean Labeling and we
proved that the Degree Splitting of these Contra Harmonic Mean Labeling graphs are also Contra
Harmonic Mean graphs.
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1. Introduction

By a graph we mean a finite undirected graph without self-loops or parallel edges. The
vertex set is denoted by V (G) and the edge set is denoted by E (G). A path of length ‘n’ is denoted
by Pn and the cycle of length ‘n’ is denoted by Cn. For all other standard terminology and notations
we follow Harary [2]. For a detailed survey of graph labeling we refer to J.A.Gallian [1]. The
concept of Harmonic Mean Labeling has been introduced by S.Somosundaram and S.S Sandhya in
2012 [3]. The concept of Super Geometric Mean Labeling has been introduced by S.S.Sandhya,
E.Ebin Raja Merly and B.Shiny in 2015 [4]. The Concept of Contra Harmonic Mean Labeling has
been introduced by S.S Sandhya, S.Somosundaram and J.Rajeshni Golda in 2017. [5] Silviya
Francies, V. Balaji, 2017, ‘Mean Labeling on Degree Splitting graph of Star graph’, International
journal of Advances in applied Mathematics and Mechanics [6].

In this paper we investigate Degree Splitting of some standard Contra Harmonic Mean
graphs. We will provide a brief summary of definitions and other information which are necessary
for our present investigation.
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Definition 1.1

A Graph G = (V, E) with p vertices and q edges is called a Harmonic Mean graph if it is possible
to label the vertices x € V with distinct labels f (x) from 1,2.....q+1 in such a way that when each
2fd f(v) l lﬂf(u f{ )

flul+f(v) flul+f(v)
this case f is called Harmonic Mean Labeling of G.

edge e=uv is labeled with f(uv) = I then the edge labels are distinct,. In

Definition 1.2

A Graph G (V, E) is called a Contra Harmonic Mean graph with p vertices and q edges, if it is
possible to label the vertices x € V with distinct element f(x) from 0,1,.....q in such a way that
f(u]2+f{vilzl f{u]2+f{uj|zl I
Fa+ f) o fwy | It distinct
edge labels. Here f is called a Contra Harmonic Mean Labeling of G.

when each edge e=uv is labeled with f (e = uv) =

Definition 1.3

LetG=(V,E)beagraphwithV=S1US;U...U St UT, Where each Si is a set of
vertices having atleast two vertices and T =V — U S;. The degree splitting graph of G is denoted
by DS (G) and is obtained from G by adding vertices wi, Wo, ...... Wt and joining wi; to each vertex
of Si (1 <i<t). The graph G and its degree splitting graph DS (G) are given in Figure 1.
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e
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Figure: 1
Definition 1.4

A Path Pn is a walk in which all the vertices are distinct.

JETIR2002435 ournal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org [182


http://www.jetir.org/

© 2020 JETIR February 2020, Volume 7, Issue 2 www.jetir.org (ISSN-2349-5162)

Definition 1.5

The graph obtained by joining a single pendent edge to each vertex of a path Py is called
Pn®OKi1 graph.

Definition 1.6
The graph obtained by joining K to each vertex of a path Py is called Pn(®Kz graph.

Definition 1.7

A Complete Bipartite graph Km, n is a bipartite graph with bipartition (V1, V2 ) such that
every vertex of V1 is joined to all the vertices of V2, where [V1| = m and [V2| = n. A star graph is
the complete bipartite graph Kg,n.

Definition 1.8

A Cycle Ch is a closed path.
Theorem 1.9: Any path P, is a Contra Harmonic Mean graph.
Theorem 1.10: Any cycle Ch n > 3 is a Contra Harmonic Mean graph.

Theorem 1.11: Star Ky is a Contra Harmonic Mean graph.

Theorem 1.12: Py, O Ky is a Contra Harmonic Mean graph.
2. Main Results
Theorem: 2.1

The graph nDS (P3) is a Contra Harmonic Mean graph.

Proof:-
Let G =nDS(Ps). Let the vertex set of G be V=V1 U V> U....U V..

Let V ={vi', V4, vs,wi/1< i <n} be the vertex set of i copy of DS (Ps)
The graph DS (P3) is given below,

Wi
*
® ® @
Vi V3 V3
Figure: 2
Define a function f: V(G) — {0,1, ....... q} by

foi) = 0
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f(vi) = 4i—3,2<i<n
f(v2) = 1

f(vo) = 4i—2,2<i<n
f(val) = 2

f(vs) = 4i—1,2<i<n
f(wi) = 4i,1<i<n.

f (vai'v2')= 4i—3,1<i<n.
f (v2'va')= 4i—2,1<i<n.
f(vitwih)y = 4

f(viwi)=  4i—1,2<i<n
f(vstwih) = 3,

f(vawi)=4i—1,2<i<n.

Thus nDS(P3) admits Contra Harmonic Mean Labeling. Hence nDS (P3) is a Contra
Harmonic Mean graph.

Example 2.2:

Contra Harmonic Mean Labeling of 4DS(P3) is shown in Figure 3.
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Figure: 3
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Theorem: 2.3
The graph nDS (P4) is a Contra Harmonic Mean graph.

Proof:-
Let G = nDS (Pa). Let the vertex set of G be V=ViU V2 U.... U V. Let V={ vi|, Vo',

va, V4, wi', wp'/1<i<n} be the vertex set of i"copy of DS (P4)

The graph DS (P4) is shown in Figure 4

W
/.\
o ® -
Vi Vo' %/3 » vd
’
®
W,
Figure: 4

Define a function f: V(G) — {0, 1, ..... q} by

f (VY =0

f (vi') = 7i—5,2<i<n
f (v2? =1

f (v2') =7i—3,2<i<n
f (val) =2

f (vs) =7i—1,2<i<n
f(V4l) =5

f (va)) =7i—4,2<i<n
f(W11) =3

fwi) =7i—6,2<i<n
fw)) =7i,1<i<n

The edges are labeled with
f(vilval) =1
f(vi'vy) =7i—4,2<i<n
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f(volvsl) =2

f(vvs) =7i—2,2<i<n
f(vava) =7i—3,1<i<n
f (V11W11) =3

f(viwi) =7i—6,2<i<n
f(volwpl) =7

f(v2w2) =7i—1,2<i<n
f (V41W11) =5

f(vawi) =7i—5,2<i<n
f (V41W21) =6
f(vaw,)=7i,2<i<n

Thus both vertices and edges get distinct labels. Hence nDS (P4) is a Contra Harmonic Mean

graph.
Example: 2.4

Contra Harmonic Mean labeling of 4DS(Ps) is given in Figure:5
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Figure:5
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Theorem:- 2.5
The graph nDS (P2(OK3) is a Contra Harmonic Mean graph.

Proof:-
Let G =nDS (P2(OKj). Let the vertex set of Gbe V =V1 U V2 U.....U V. Let

V ={vi, v2, v3', va', wi', wo' / 1 <i<n }be the vertex set of i" copy of DS (P2OKj).
The graph DS (P2OK?4) is shown in Figure 6.

w:
,".‘\
" 3 \\ \'
v: @ @
.
W2
Figure:6
Define a function f: V (G) — {0, 1,2, .....q} by
fvah) =1
f(vi) =7i—5,2<i<n
f(vol) =2
f(v) =7i—4,2<i<n
f(vsl) =4
f(vs) =7i—2,2<i<n
f(val) =5
f(va) =7i—1,2<i<n
f(wih)=0

fwi) =7i—6,2<i<n
f(w2) =7i,1<i<n
The edges are labeled with
f(vi'vs)=7i—4,1<i<n
f(vs'va)=7i—2,1<i<n
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f(vav))=7i—3,1<i<n

f(viwi)=7i—6,1<i<n

f(v2wi)=7i—5,1<i<n

f(vaw2)=7i—1,1<i<n

f(vaws'y=7i,1<i<n

Thus “f” admits Contra Harmonic Mean Labeling of G. Hence nDS(P2(OKj3) is a Contra

Harmonic Mean graph.

Example: 2.6

Contra Harmonic Mean Labeling of 4DS(P.(OK3) is displayed in Figure 7.
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Theorem: 2.7
The graph nDS(Ps(OKj3) is a Contra Harmonic Mean graph.

Proof:-
Let G =nDS (Ps(OKai). Let the vertex setof Gbe V=ViU Va2 U...... U V. Let

V ={vi, v2', va', v, vs', ve', wi', wo' / 1 <i<n} be the vertex set of i'" copy of DS (PsOKy). The
graph DS (Ps(®K?3) is shown in Figure 8.

Wi
A
VlI,r,’ I:V) \\\\\ V;
Va e Vs /I\/(y
v
W
Figure:8
Define a function f: V (G) — {0, 1,2, ....... q} by

f(vit) =7
f(vi) =10i—3,2<i<n
f(v2) =10i—2,1<i<n

f(vsl) =5
f(vs) =10i—1,2<i<n
f(val) =0
f(va) =10i—8,2<i<n
f(vs!) =2

f(vs) =10i—5,2<i<n
f(ve) =10i—6,1<i<n
f(wi) =10i,1<i<n
f(w2) =10i—9,1<i<n
The edges are labeled with
f(V11V41): 7

f (viva)=10i—5,2<i<n
f(vo'vs)=10i—4,1<i<n
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f (vslveh)=5
f(Va've)=10i—3,2<i<n
f (V41V51): 2
f(valvs)=10i—7,2<i<n
f (vsve)=10i—6,1<i<n
f(viwi)=10i—2,1<i<n
f (v2lwal)=10
f (vawi)=10i—1,2<i<n
f (valwil)=9
f (vawi)=10i,2<i<n
f (vaw,)=10i—9,1<i<n
f (ve'w2h)=3
f (vew2)=10i—8,2<i<n

Hence nDS (Ps(OKj3) is a Contra Harmonic Mean graph.

18 9

B

20
| .20

18

17¢"
15
12

3
S
g
<
11%
<

37
35
32

. 13 15

919
16 17
14 P14
12
\.f
11

\\ w

\\m

8"
-
e L=

S

S O

‘T.

w
O %
w w
J 0

. 3335 34 734

< ;
. # 132
5
3w,
R o

Example: 2.8 _ _ - o
Contra Harmonic Mean Labeling of 4DS(P:(OKQ) is displayed in Figure 9.
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Theore

Proof:-

m:29

The graph nDS(P.(OKG4, 2) is a Contra Harmonic Mean graph.

Let G=nDS (P2OKu2). Let the vertex set of Gbe V=ViU V2 U....U V; . Let
V={v1' Vo' v3',v4 Vs V', w1 W,'/1< i< n} be the vertex set of i copy of DS (P2OK1, 2).
The graph DS(P2OK(4,2) is displayed in Figure 10.

Vi T

Define a function f: V (G) — {0, 1,

f(vih)=0
f(vi)=11i—5,2<i<n
f(voh)=2
f(v2)=11i—3,2<i<n
f(vs)=6
f(vs)=11i—2,2<i<n
f(V41):9
f(va)=11i—1,2<i<n
f(vsh)=1
f(vsh=11i—9,2<i<n
f(vel)=7
f(ve)=11i—8,2<i<n
f(wih)=4

f(wi)=11i,2<i<n

V2

w;

Sev,
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f (wp)=11
f(W2)=11i—10,2<i<n
The edges are labeled with
f (vitvsh)=1
f(vilvs)=11i—7,2<i<n
f (vslvel)=7
f(vs've)=11i—9,2<i<n
f (velvah)=9
f(ve'va)=11i—4,2<i<n
f (V51V21): 2
f(vs'va)=11i—6,2<i<n
f (v6'vsl)=6
f(ve'va)=11i—5,2<i<n
f (V21W11): 3
f(v2wi)=11i—2,2<i<n
f (vslwi)=5
f(vswi)=11i—1,2<i<n
f (V11W11): 4
f(viwi)=11i—3,2<i<n
f (V41W11): 8
f (vawi)=11i, 2<i<n

Thus both vertices and edges get distinct labels. Hence nDS(P.(OK12) is a Contra
Harmonic Mean graph.

Example: 2.10 _ _ _ u
Contra Harmonic Mean Labeling of 4DS(P2(OKz12) is shown in Figure:11
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Theorem: 2.11
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The graph nDS(P2(OK3) is a Contra Harmonic Mean graph.

Proof:

Let G =nDS (P.(OK?3). Let the vertex setof Gbe V=V1 U Va2 U

........ U Vi. Let

V={v1i', v2', v3', v4, vs', v6', wi', wy' /1< i < n}be the vertex set of it copy of DS (P2OKa)

The graph DS(P2(OK3) is shown in Figure 12.

Vi

Figure:12
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Define a function f: V (G) — {0, 1, 2, .....q} by

f(vi)=5

f(vi) =13i—11,2<i<n
f(v2!) =8

f(v2) =13i—10,2<i<n
f(vs!) =0

f(vs) =13i—9,2<i<n
f(vsl) =3

f(vs) =13i—5,2<i<n
f(vsl) =12

f(vs) =13i—4,2<i<n
f(ve') =13

f(ve) =13i—1,2<i<n
f(wil) =1

fwi) =13i,2<i<n
f(w2!)=6

f(wy) =13i—12,2<i<n
The edges are labeled with
f (valvil)=5

f (vs'vi)=131—9,2<i<n

f (vitvh)=7

f (VliV2i)= 13i—10,2<i<n
f (V21V61)= 11

f (V2Ve)=13i—5,2<i<n

f (V11V41)= 4

f (viva)=13i—8,2<i<n

f (volvsh)=9

f (v2vs)=13i—6,2<i<n

f (V31V41)= 3
f(va'vs)=13i—7,2<i<n
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f (vs'vel)= 12

f (Vsive)= 13i—3,2<i<n

f (vatwih)=1
f(vswi)=13i—4,2<i<n

f (V41W11): 2

f (vawi)=13i—2,2<i<n

f (vs'wal)= 10
f(vswi)=13i—1,2<i<n

f (velwil)=13i,1<i<n

f (vilw,')=6

f(viwa) = 13i—12,2<i<n
f (v2lwh)=8
f(v2wz)=13i—11,2<i<n

Thus “f” admits Contra Harmonic Mean Labeling of G. Hence nDS(P2(OK3) is a

Contra Harmonic Mean graph.

Example: 2.12 _ _ n ¥
Contra Harmonic Mean Labeling of 4DS(P.(OK3) shown in Figure 13.
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Theorem: 2.13
The graph nDS (K3,3) is a Contra Harmonic Mean graph.

Proof:-
Let G =nDS (K1,3). Let the vertex setof GbeV=ViU Va2 U........ U Vi Let

V ={vi', v2', v3', v4', wi' / 1 <i<n }be the vertex set of i"" copy of DS (K1.3)
The graph DS(K1,;3) is shown in Figure 14.

Vi

V2 @ V3 @ Vs

’

~
1

)
L7
@

W1

Figure: 14
Define a function f: V (G) —{0, 1, .....q} by

f(vil) =4
f(vi) =6i—5,2<i<n
f(v2!) =6
f(v2) =6i—4,2<i<n
f(vsl) =0
f(vs) =6i—2,2<i<n
f(vsh) =1
f(va) =6i—1,2<i<n
f(wil) =2

f(wi) =6i,2<i<n

The edges are labeled with
f (vilval) =6

f (vi'v2') =6i—5,2<i<n
f (V11V31) =4
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f (VliV3i) =61—4,2<i<n
f(vi'va)=6i—3,1<i<n
f (v2lwit) =5
f(vdwi)=6i—2,2<i<n
f (V31W11) =2
f(V3iW1i):6i— 1,2<i<n
f (V41W11) =1

f (V4iW1i) = 6i, 2<i< Il)

Thus nDS(K1, 3) admits Contra Harmonic Mean Labeling. Hence nDS (K13) is a
Contra Harmonic Mean graph.

Example: 2.14

Contra Harmonic Mean Labeling of 4DS(Kiz) is displayed in Figure 15
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Figure: 15
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Theorem: 2.15
The graph nDS(C3z(OK(4, 2) is a Contra Harmonic Mean graph.

Proof:-
Let G =nDS (C3OKGy,2). Let the vertex setof Gbe V=ViU V2 U........ U V. Let

V= {vli, Vo' val vl vsh wi wo'/1<i<n }s the vertex set of it" copy of DS(C3OKz,2).

The graph DS(C3(OK(4,2) is shown in Figurel6

V2 V
w @ ‘ e W
Vi Va
Figure:16

Define a function f: V (G) — {0, 1,.....q} by

f (Vll) =0

f(vi)=9i—7,2<i<n

f(vol)=3

f(v2)=91—5,2<i<n

f (Vgl) =5

f(vs)=91—4,2<i<n

f(va)=8

f(vai)=91—2,2<i<n

f(vs') =6

f(vs)=9i—1,2<i<n
f(wi)=9i—8,1<i<n
f(w2)=09i,1<i<n

The edges are labeled with
f(vatvah) =3
f(viv2')=9i—6,2<i<n
f(V11V31) =5
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f(vivs)=9i—5,2<i<n
f(va'vs®) = 4
f(v2'va)=9i—4,2<i<n
f(vslvs!) = 6
f(va'vs)=9i—2,2<i<n
f(valval) =7
f(va'vsd)=9i—3,2<i<n
f(viwi') =9i—8,1<i<n
f(vo'wit) =2
f(v2wi)=9i—7,2<i<n
f(vsiwol) = 8

f(vsw2) =9i,2<i<n
f(va'wz') = 9
f(vaw2)=9i—1,2<i<n

Thus “f” admits Contra Harmonic Mean Labeling of G. Hence nDS (C3(OKgy,2) is a

Contra Harmonic Mean graph.

Example:2.16

Contra Harmonic Mean Labeling of 4DS(C:(OK({, 2) is given in Figure 17.
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