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Abstract

In this paper, we deal with a single non reliable server M*/G/1 queue with multiphase service and setup. The customers arrive in
batches according to a Poisson process. Two types of services are provided to the customers, the first “essential” service and second
multiphase “optional” service. After the completion of the essential service, the customer either leaves the system with probability (1-r1)
or join the first optional service with probability r1; again after completing the first phase optional service, either he leaves or joins second
phase of optional service with probability r, and similarly in continuation at the end of (k-1)"" phase optional service, he may opt ki
phase of optional service with probability rx or may leave the system with probability (1-r¢). Both essential and optional services are
provided by same single server. While the server is working, he is subject to breakdown according to Poisson process. When the server
breaks down, he requires repair at repair facility where a repairman renders repair of failed server according to general distribution. By
introducing supplementary variable technique and generating function method, some queueing and reliability characteristics of the system

are derived. We facilitate numerical results to illustrate the effect of different parameters on several performance indices.

Key-words: Batch arrivals, Unreliable server, Setup time, Multiphase optional service, Supplementary variable, Generating
function, Queue size, Reliability.

Introduction

During the last few decades considerable attention has been
paid to studying the batch arrival queue, which has been well
documented because of its interdisciplinary character in
queueing systems. A single server batch arrival queue with
returning customers has been proposed by Falin (2010).The
evolution process of queues at signalized intersections under
batch arrivals is considered by Yang and Shi (2018). A variable
service speed single server queue with batch arrivals and
general setup times is analyzed by Yajima and Phung-Duc
(2020).

Optional phase service systems have been discussed in the
literature for their application in various areas such as computer,
communication, manufacturing and other many systems. These
gueueing systems are characterized by the feature that all
arrivals demand the first essential service, whereas only some of
them demand second optional service which is provided by the

same server.. Functional analysis method The M/G/1 queueing

model with optional second service is studied by Gupur and
Kasim (2014) by functional analysis method.

Classical studies on queueing systems use perfect (reliable)
servers. However in many real time systems, the server may
meet unpredictable breakdowns. Therefore, queueing models
with server breakdowns are realistic representation of the
system. Performance analysis of bulk arrival queue is made by
Singh et. Al. (2018) with balking, optional service, delayed
repair and multiphase repair

The purpose of this work is to obtain explicit expressions
for various queueing and reliability indices for unreliable server
queue with bulk arrival. We describe the model and introduce
some notations in section 2. Section 3 is devoted for the analysis
part of the problem, where we obtain probability distribution of
the system state. These results are obtained by the method of
supplementary variable. Since the breakdowns and repair
process are independent of the servicing process, then the

reliability and availability are defined in the usual way in
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section 4. Some concluding remarks are outlined in last section
5.

2. Model Description
M*/G/1 queueing system with unreliable server, setup and
k-phase optional service is considered by making the following
assumptions:

» The customers arrive at the system according to a
compound Poisson process with random batch size denoted
by random variable ‘X’ with distribution aj=Pr[X=i].

» There is a single unreliable server who provides two kinds
of general heterogeneous services to the customers on a
first come first served (FCFS) basis.

» The first essential service is needed to all arriving
customers; the duration of essential services are general
distributed. Its distribution function, density function and
hazard rate function are Bo(x), bo(x) and po(X), respectively.

» As soon as the first essential service of the customer is
completed, then with probability r; he may demand for first
phase second optional service or may leave the system with
probability (1-r1). After the completion of first phase
optional service he may go for second phase optional
service with probability r, or may leave the system with
probability (1-r2). In general, the customer may opt any of
k" (1 < k < m) phase optional service with probability
rc or may leave the system with probability (1-r).

» The k type second optional service time follows an
arbitrary distribution and its distribution function, density
function and hazard rate function are B(x), bx(x) and pk(X),
respectively (1 < k < m).

»  We assume that the life time of a server is exponentially
distributed with rate a; and a2 in first essential service and
second optional service, respectively.

> If the server breaks down during the service, the customer
just being served before server breakdown waits for the
server to complete its remaining service.

> The repair time distributions for both essential and k™"
optional service phases are arbitrarily distributed with
probability distribution functions Ro(y) and R(y),
respectively. Also let ro(y), re(y) and Bo(y), Bx(y) are the

corresponding probability density functions and hazard
rates.
» The server will be recovered after completion of the repair

and starts service of the customers immediately.

Notations
A Mean arrival rate of the customers
X Random variable denoting the batch size

X(2) Generating function for batch size X
ap, 0k Mean failure rate of server in both phases,
k=12,....m
Lo, 6o, Bo Service rate, setup rate and repair rate in
first essential service
L, Ok, Pk Service rate, setup rate and repair rate in k™
phase (k=1,2,...,m) second optional service
Ha(x), Bo(y), Po(y) Hazard rates of service, setup and
repair for essential service
L(x), Ok(Y), Bk(y) Hazard rates of service, setup and
repair for optional service
bo(X), So(y), ro(y) Probability density functions for
service time, setup time and repair
time in essential service
br(X), sk(y), r«(y) Probability density functions for
service time, setup time and repair
time in k" phase optional service,
k=1,2,....m
Bo(X), So(Y), Ro(y) Distribution functions of service
time, setup time and repair time for
essential service
Bk(X), Sk(y), R«(Y) Distribution functions of service
time, setup time and repair time for
k" phase  optional  service,
k=1,2,....m

F’n(o)(t,x) Joint probability that there are n

customers in the queue at time t
when the server is busy with first
essential service and elapsed service
time lies in (X, x+dx)

Srﬁo)(t,x, y) Joint probability that there are n
customers in the queue at time t
when the server is in setup state

while broken down during first

essential service and the elapsed
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service time for the customer under
service is equal to x, elapsed setup

time lies in (y, y+dy)

R,ﬁo)(t,x, y) Joint probability that there are n
customers in the queue at time t
when the server is under repair state
while broken down during first
essential service and the elapsed
service time for the customer under
service is equal to x, elapsed repair

time lies in (y, y+dy)
Pn(k)(t) Joint probability that there are n

customers in the queue at time t
when the server is busy with ki

phase optional service, k=1,2,..,m

S,ﬂk)(t,y) Joint probability that there are n
customers in the queue at time t
when the server is in setup state
while broken down during k™ phase
optional service and elapsed setup

time lies in (y, y+dy), k=1,2,...,m

R,ﬂk)(t, y) Joint probability that there are n
customers in the queue at time t
when the server is in setup state
while broken down during k' phase
optional service and elapsed repair

time lies in (y, y+dy), k=1,2,...,m

Hazard rates are given by:

_ 9B _ 95y .
He (X)dx = — B ()’ O (y)dy =1~ 5. ()"
dRy (y)
dy = — <202
By (y)dy R, ()

In order to provide analytic solution, the following probability

generating functions are defined

X(z)=§:aizi PO (x,2)= ZPH(O)(X)ZH PM(2)= ZPn(k)Zn '

i=1 n=0 n=0

sO(x,y,2)= 250 (X, y)z" 5O (.= T s® (12"

n=0 n=0

RO(xy.2)= RO y)2" RO (y,2) = TRV (y)2"

n=0 n=0

3. The Analysis
We construct the partial differential equations governing the
model for the system and assume the elapsed service time,
elapsed setup time and the elapsed repair time as supplementary

variables:

(:t”) ) =P ) + - rk)J POt m0 (1)

(; +§+y0(x)+l+aojP(o)(t X) = iZa PO (x)
i=L

+ [y RO @ x B (ydy, n=1

)

(_+_+¢90(y)+/1js(0)(t X, y)

i=1

®)

[aaﬁaﬂs (y)MjR(")(txy) ﬁ%a.R“’).(txy) n=1

(4
d d w
(dt + i+ A+ an(k) O =2 22RO+ TR €A

”JSOPn(O)(t,X)uo(x)dx, n>1 1<k<m

®)

3 n
[£+i+49k(y)+ij8r(1k)(t,y):12a,s(k),(t y), n>1, 1<k<m
o ow i1

(6)
[i+—+ﬂk(y)+/1jR(k ty) = AZa,R(kl(y) n>1 1<k<m

ot oy

U]

The following boundary conditions are taken into consideration:
PO (t.0) = s PL O + A=) P (6, )220 (X)elx,

(®)
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Py (t0) =P ()

+@-r) o P (€ 9o ()dx+ 2. 2;Qn 1),
i=1

©)
sOt,x,0)=agPO(t,x), n>1, 1<k<m

(10)
s t,0) = PM ), n21 1<k<m

(11)
RV (x,0) = [ "8 (¢, x, ¥)8o (y)dy (12)

REVO) = [P (A (dy, n=1, 1<k<m

(13)
PN 0 = [ R Dt 01 (9dx, n=1 1<k<m
(14)
5890 = [ SE D €y a()dy, n21, 1<k <m
(15)
RE(0) = [ RED (. y)Aca(y)dy, n21, 1<k<m

(16)

n>1 1<k<m

Taking Laplace transform of eqgs (1)-(7) with respect to t, we get

(s+ 2R*(5) ~1= 1Py ™ (8) + W= 1) [Py @ (5, X) g (x)lx
17)
2

OX i=1

n *
Pa©@ (s, )+ (s+ g (X) + A+ g Pr @ (s, x) = A aP, ©) (s, %)

n-i

+[5 Ra@ (s, %, y) Bo (y)dy

(18)

0 o " n
ow Sn (s, %, y) +(s+ 8 (N + 2570 (5, %, y) =23 &S
i1

(19)

*(0)

n—i

(s, xY)

% RO (s, %, y)+(s+ Bo (¥) + ARZO (5, %, y) = ii a R:(_?) (s, %, )

i=1

d * *| n *
PO 2 P () =23 a0 (9)
i=1

o R (s, M) B )y + [ PO (5, %) 119 (x)lx

(20)

@1)

2570905, + (540, + 559 6.3) =22 i 5.9
i=1

22)

% R0 5, 9)+ (5 A (1) + DR (s, ) = 23 e ),

n-i
1=

(23)
Taking Laplace transforms of boundary conditions (8)-(16), we

obtain
Pr @ (5.0) = i Pot () + -1 [ P (5. X) 210 (¥)dx

(24)

Py @ (5,0) = s P (s) +

@-r0)f, PO (s, )0 () + 43 2:Q"n-i ()
i=1

(25)
57 (5,%,0) = 20Py @ (5, %) (26)
50 (5,0) =y Py (s) (27)
R (5,%0) = 752 (5. x, Y00 (y)dly (28)
Rn®(5,0) = [ SK™) (s, )6k (v)dy (29)
P () = [ P (s, 0ty g (1) (30)
S0 (5.0) = [ 8 (s, )01 (n)dy (31)
Ra® (60) = [ Ra (s, v) B 1 (y)dly (32)

Theorem 1: The Laplace Stieltjes transforms and moment
generating functions when the server is in busy state, under
setup state and repair state respectively, are given by

) 1
Q (S):(s+/l—/1X(zs))

(33)

P O(s,x,2) =P O (5,0,2)e 0 DX 1By (x))
(34)

P00 (5,2 =2 002D 50 4
M+ (s.2)

(35)
5O (s,%,y,2) = HA=X@)Y (1 _ So(y))S*(o) (s,%,0,2)

(36)
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$* 0 (s,y,2) e~ EHA- @Y 15, (y))5™ W (5.0,2)
(37)

R™O(s,x,y,2) =+ A=Y - Ry (y))R" O (5,x,0,2)

(38)

R0 (s,y,2) =e =X R, (y)R"M(5.0,2)

(39)

Theorem 2: The marginal generating functions are obtained as

PO (s,2)= 12D b0 5 g ) (40)
¢O(S!Z)
P gy = KD 96(5.D) 520 g ) (41)
M+ (s,2)
SO (5.7 o 1-b"¢y(s,2) | | 1-so(1+ 4 - AX(2)) 5" (50,2)
I g (s.2) 1+ A- X (2)) p
(42)
S*(k)(s, Z) = oy b dos.2) P*(O)(S,O, z) (43)
M+ (s,2)

RO (s,2) = o 1“0*"50(&Z)Hl—SS(SM—ﬂX(z))}

{ @0 (S,2) (s+4-AX(2))

1-1y (s+ 24— AX (Z))}P*(O) (s,0.2)

(s+A-1X(2))

R0 (5,7) = b do(s,2) ||1-sg(s+2—AX(2))
H +yi(s,2) (s+1—AX(2))

k
[1@-sn(s+2-2X(2)))
n=1 p™ (@ (s,0,2)

(s+A-X(2)"

(45)

where

PO 50,2 - (8D s +i-X@QT©-1)

{0760 (5,2) ~ ZH i (5, 2) + 43— 1ieb 6o (5, 2D (5, 2)

(46)

$o(5.2) = b5+ g + A — AX(2) — agsy s+ A~ AX (2))

vi(S,2) =s+A—-AX(2) + oy —aks;(s+/1—/1x(z))
k-1
[Tr(s+2-2X(2))1<k<m

n=1

Theorem 3: Probability that server is in idle, busy with both

phases of service, setup and under repair, respectively are given
by

m
3 =1_p0(1+§+%}rzpk(1+“_k+a_k}

b bo) k=2 O B
(47)
m
Ps=po+rY px (48)
k=1
P00 | < POk
PS = + rz (49)
20 k=1
PR _ POXQ " ripkak (50)
ﬂo k=1 ,Bk
where pg = ELX] and py =m
Ho Hy

4. Reliability Analysis
In order to analyze reliability indices, we consider set
up and breakdown states as absorbing states. Then using
notations and assumptions as defined in sections 2 and 3, we get
the following set of equations:

0

(51)
[%+§+ 1o (X) +/1+a0an(0) tx)
= lzn: a; Pn@ (x)
i=1
(52)

d n
(Eﬂ”‘ +A+ay an(") 0 =2>aP®
i=1

rf PO (t, x) g (X)dx

(53)

Boundary conditions:

P (t.0) = P (0 + A=) PO (t, X) 0 (X)lx

n+
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(54)

P (0) = P © +@- 0[P (&, ) g (x)lx
+/’£an aiQn-i (1)
i=1
(55)
P (t,0) = I P&, (t, x) 1 ()dx, n>1, 1<k<m
(56)

Theorem 5: The Laplace Stieltjes transforms and moment

generating functions of the state probabilities are given by:

* 1
Q (s)= m (57)

P O (s x,2) = (ra0+A=AX @)X (1 _ g (x))P O (5,0, 2)

(58)

k
r ] un(X)b*(s+ag +4—-2X(2)

Pl (s,2) =110 P s0,2)

(S+A—=AX(2)+ uy)

(59)
where (s+ay +A—-AX(2)) =& (5,2), 0<k<m

and zy, is the root of equation

K
b &o(s, )] [ #na ()

_h _ n=1
x=b &(s,z)y@-r)+ A GD+

Proof: Taking Laplace Transform of equations (51)-(56), we

get:

(s+2)Q7(5)~1= Py (8) + W= 1)[" Py ® (5, X) 120 (X)lx
(60)
% PO (s, %) + (s + g (X) + A+ ag JPa @ (s, )

n *(0
=1 aiP, O (s,x), n>1
i=1

(61)

% PIY(S) +(s+ g + A+ P (s)

N . p * B*(0)
_z;aipm (5)+r [ Pr(s ), (),

And boundary conditions become

P @ (5.0) = 1 Pr%) (8) + -1 [7 P (5, %) (x)lx

(63)

Py @ (5.0) = s Py Y () + 0= n) [} PO (5, )10 ()

n
+23a;Q i (5)
i=1
(64)
P (9) = [o Pa® ™ (s 1 (9, n=1

(65)

Multiplying (61) with suitable power of z and some over n and

using defined generating functions, we have
P O (s,x,2) =g Craot =X @x (1 _ g, (x))P" ) (5,0, 2)

(66)
From (63) and (64) we get

" (s,0,2) = 1-ry )J';0 p @ (S, X, Z) g (X)X + p11¢ p ) (s,2)

+2X(2)Q"(5) - - n) [y PP ap (ax - 1 P (s,2)

(67)
Eqg. (60) gives

[P (5) + (- 1) [P0 (5,008 (90K =1 (5 + Q"5
0

(68)
Egs (67) and (68) give

20 (5.0,2) = =) PO (s, 2 (Y + 1 P (5,2)
+(AX(2) - A-95)Q"(s)
(69)

From eq. (62), we have
(s+A-AX(2)+ay + )P © (s,2)

=r jP*(O) (s, X, Z)ug (X)dx
0
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(70)
By solving egs (65) and (66) and using (70), we get

k
e [ [ an () b*(s+ag +A—AX(2))

p® (s,z) = —n=0

p @ (s,0,2)
(S+A—-AX(2)+ uy)

(71)
Let (s+ay +A—AX(2))=&¢(5,2),0<k<m

Now put the value of p) (s,z) in(67)
p*O) (s,0,2)

_ (&5.2) + s + 21— X @R (9) -1
k
{01 (005, 2) — ZHE (5.2) + a3+ 17 (G (5. )] [ 20
n=1

(72)

x| m x|
Let P(s52)=P O(5,2+>P™M(s2) denote  the
k=1

probability generating function of the number of customers in
the queue when setup and breakdown states are assumed to be

absorbing states. Therefore,

k
{(1— b"(£0(s,2))) (& (5.2) + p) + 10 (o (s, )] | m(x)}
P (s,2) = =t

205, KA 1b"(E0(5,2)) - ZHE (5, 2) + +44 3]
(73)

We can find Q*(S) by solving above equation for z=1 with the

help of Rouche’s theorem. Thus we get

1

Q)= 5+ 4—X(2y))
(74)

where z,, is the root of equation

k
b &o (s, ) [ n1(X)

_h _ n=1
Xx=b &(s,z)J@-r)+ D+

(i) The Laplace Stieltjes transform of system availability (A(t))

at time t is given by

A*(5)=Q () + P D (s1) + i P () (s,1)
k=1

1
T (s+A-X(24))
S *
N (m —1){rB ¢0 (S,l)¢0 (S,l) + (l//k (S,l) + py )}
$o (SDIHB do () ~THyk (1) + 11} =18 g (. )wk]

(75)

(ii) The steady state availability of the server is given by
A=Q+P

90 ﬂo k ] 9k ﬂk
(76)
(iii) The Laplace Stieltjes transforms of the expected number of

failures of the server in the first essential service and the second
optional service up to time t (Mo(t), Mk(t)) are given by:

Mo(s) = [agPr@ (s, x)dx = P @ (s.1)
0

_ aofl-B My (5 + 43 (sQ () - D)
B0 (SI{B o (s.) — By (s:1) + 113 — 1B g (5w (s.)
@

M (5) = [ Pa®) (s, )k = o P (s.)
0

| e B gy (s135Q" (5) -1)
{B" 00 (1) ~BHw (50) + s} — 1B o (s Dy (5.1)
(78)

(iv) The steady state failure frequency of the server is given by

® * m *
M; =lim,_ j’{aoP 0 s,2)+ > P () (s,z)}dx
0 k=1

m
=aopo t rZakPk
k=1

(79)

(v) The Laplace transform of the reliability function R(t) of the

server is given by
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© m
R™(s) =Q"(s)+lim,_,; [P O(s,x, 2)dx+ > P (s, 2)
0 k=1

B 1

5+ A—AX(zy))

N Y CYOR) ) CACE RN M
(s, DA (& (5, 2)) — ZHE(S, 2) ++4 3]

x {(s + - X ()R (s) 71}

(80)

zyw is the root of equation

Kk
b &o(s, )] [ a1 (X)

. ~ n=1
X = o (s )

(vi)The mean time to the first failure (MTTFF) of the server is

given by

MTTFF = TR(t)dt =R’(s), lim 0 Q" (s) = P

0

Therefore

m
MTTFF =Q (0)+(p0 + z rkpk]
k=1

K
{(1—b ag)(ay +py) + 1o (aO)Hﬂn—l(X)}

n=1

k
ao[{l—(l—r)b*(ao){ak +a b+ ()] ] un_l(x)}

n=1

(81)

5. Concluding Remarks

We have discussed an unreliable M*/G/1 queueing
system with second multiphase optional service with setup. All
customers demand the first “essential” service, whereas only
some of them demand the k-phase “optional” service. By using
the supplementary variable method, we have modeled the
system as a Markov chain to obtain the stationary queue indices
and reliability measures of interest. For our model, we have
been able to derive the state probabilities that we can use to
calculate the commonly used relevant performance measures.
Many existing queueing systems dealing with customer service
problems are special cases of our model. Efforts have also been
made to illustrate the system indices numerically to validate the

analytical results.

The considered queueing model represents many
practical problems in many manufacturing, production, and
computer and communication systems etc. wherein the server is
not continuously available for providing service for the
customers, such as service interruptions due to server
breakdowns. Our model dealt stochastically those with
situations arising in daily life when a batch of customers appear
in the system to get service and the service time consists of
preliminary service phase followed by a second optional service
phase. The model investigated in this paper is more realistic
than those existing ones, since it takes the behavior of arriving

customers as well as optional service rendered by the server.
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