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Abstract : Let M and N be two locally convex topological vector spaces over the same field and let M  N denote the algebraic 

tensor product of M and N. Let us note that M  N is isomorphic to the space ( , )B M N 
   of all continuous linear forms on 

,M N 
   where M

  and N
  denote the topological duals of M and N equipped with the weak topologies. In this paper we 

establish some new hereditary properties of bi-bounded sets in an injective tensor product. 
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INTRODUCTION  

A property of a topological space is termed hereditary if and only if every subspace of a space with the property also has the 

property. Let M and N be two locally convex topological vector spaces over the same field and let M  N denote the algebraic 

tensor product of M and N. 

Let us note that M  N is isomorphic to the space ( , )B M N 
   of all continuous linear forms on ,M N 

   where M
  and 

N
  denote the topological duals of M and N equipped with the weak topologies. 

Definition 1. We define -topology (or injective topology) on M  N to be the topology carried over from ( , )B M N 
   when we 

regard later as a vector subspace of ( , )M N    , the space of separately continuous linear forms on ,M N 
   provided with 

the topology of uniform convergence on the product of an equi-continuous subset of M' and an equi-continuous subset of N'. The 

space M  N equipped with the -topology will be denoted by M  N and is called the injective tensor product of M and N. 

Definition 2. We define -topology (or projective topology) on M  N to be the strongest locally convex topology on M  N for 

which the canonical bilinear map (x, y)  x  y of M × N into M  N is continuous. The space M  N equipped with -topology 

is denoted by M  N and is called the projective tensor product of M and N. 

We now establish some new hereditary properties of bi-bounded sets in an injective tensor product. 

MAIN RESULTS  

Theorem 1. Let P and Q be bounded sets in locally cover spaces M and N respectively. Then P Q  is a bounded yet in M  N, 

where  

{ : , }{ , : , }P Q x y x P y Q x y P y Q     

 being the canonical bilinear map of the product vector space M × N into .M N  

Proof. Let the locally convex topologies of M and N be defined by the families (pi) and (qi) of semi-norms respectively. 

Let (Ui) and (Vi) be the corresponding families of zero neighbourhoods in M and N. 

Then the semi-norms which define the topology of M N are given by the family ( ),i ip q where  

1
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Now let x  P and y  Q. Then 
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        (1) 

Now since P and Q are bounded sets in M and N so for each fixed i and j, pi (P) and qj (Q) are bounded sets of real numbers. 

Hence there exist t > 0, m > 0 such that  

pi (x  t, for all x  P and qj v)  m for all y  Q (2) 

Therefore, ( )( )  for all  and .i j mp q x y t x p y Q       

Hence every semi-norm 
i jp q  is branded on P Q . 

Therefore P Q  is bounded is M N .  

Theorem 2. If M and N are (DN)-spices then M N  and M N  are (DN)-spaces. Moreover, the strong topology on 

( )M N
  coincides with the topology of bi-bounded convergence on J(M, N). 

Proof. The topology of bi-bounded convergence on J(M, N) is clearly weaker than the strong topology. To show that they are 

equal, we must show that the canonical mapJb (M, N) – (M  N)b is continuous 

Now since M and N are (DN)-spaces there exist fundamental sequences (Pn) and (Qn) of bounded subsets of M and N 

respectively. The topology of bi-bounded convergence on J(M, N) has a base of zero neighbourhoods of the form 
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, { :  ( , ) 1 for 1,2,3,...
n nP Q n nW B B P Q n    

Hence this topology is metrizable. Therefore, Jb(M, N) is a bornological space. Thus in view of Kothe ( 28, (3) and (4)), it is 

sufficient to prove that every sequence converging to zero in Jb(M, N) is bounded in ( ) .bM N
  For this let zn  0 in Jb(M, N). 

Each of the singlet {z1}, {z2}, …, {zn} ... is an equi-continuous subset of Jb (M, N) and (zn) is bounded in Jb(M, N). So if M and N 

are (DN)-spaces and z is a bounded subset of Jb(M, N) such that 
1

n

n

z z




  (where each zn is {z1, z2, ...} is equi-continuous subset 

of J(M, N)) then z is equi-continuous. Hence by this we have {z1, z2, ...} is equi-continuous in J(M, N), so {z1, z2, ...} is also equi-

continuous in ( )M N
 . 

Therefore (zn) is strongly bounded in ( )M N
 . 

Hence we have ( ) ( , ).b bM N J M N
   It follows that M N  is a (DN)-space, Hence also ˆ( )M N  is a (DN)-space 

since ( ) ( ) .bM N M N 
     

Corollary. If M and N be strong duals of Banach spaces then the strong dual ( )bM N
  of M N  is a Banach space on which 

the strong topology, the norm topology and bi-bounded topology all coincide. 
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