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ABSTRACT-Unlike classical logic which requires a deep understanding of a system, exact equations, and precise numeric
values, fuzzy logic incorporates an alternative way of thinking, which allows modeling complex systems using a higher level of
abstraction originating from our knowledge and experience. The objective of this work is to study the extension of algebraic
concepts like rings and ideals to fuzzy settings.
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I INTRODUCTION:

The term Fuzzy came was initially coined by Zadeh [1] in 1962. In that paper Zadeh called for a mathematics of fuzzy or
cloudy quantities which are not describable in terms of probability distributions. This paper lead to the fuzzificationof various
algebraic structures. Several mathematicians like Malik and Moderson[2,4], Mukherjee and Sen[3], Sebastian[5],
kumar.R[6,7,10], Uckun.M[8], Kaufmann.A[9] worked in this area and have obtained Significant results.

In this paper concepts like Rings, Subrings, Ideals(right & left) and Quotient Ring are extended in their respective fuzzy
settings along with certain results related to them are also discussed.

Throughout this work unless otherwise stated R denotes ring(R, +, .), Z, Q,Zn, R, C denote the ring of Integers, ring of rational
numbers, Integer Modulo, Real numbers and Complex numbers.

11 BASIC INFORMATION

Fuzzy set introduces unsureness by differentiating the members from nonmembers. Real situations are very often not lucid to
understandcan not be described properly. Such situations in which are characterized by imprecision can not be answered just in
yes or no. Lotfi A. Zadeh [1] in 1965 introduced the term fuzzy set as an answer to these situations, in which he gave certain
grade of membership to each member of a set.The nearer the value of an element to unity, the higher the grade of its membership.
This laid the foundation of fuzzy set theory as a generalisation of characteristic function of a set. The membership grades are
usually represented by real number values ranging in the closed interval 0 and 1.

It has observedsince the outset of the theory of fuzzy theory that it has wider extent ofapplicability than classical set theory in
solving complex situations. Its Applications appear in computer science, artificial intelligence,decision analysis, information
science, Washing Machines,expert systems, pattern recognition, management science and operations research. Concept of
theoretical mathematics can also befuzzified.

Roughly speaking fuzzy theory has flourishedalong two lines.

(1) As a formal theory which evolved by extending the basic concepts to their Fuzzy settings in the areas such as algebra,
topology and so on.

(2) As a very impactful theory which can cope with a large fraction of unpredictable situations of real life and only because of
its generality it can be well adapted to different situations.

111 FUZZY RINGS AND FUZZY IDEALS

A Fuzzy subset of a non empty set E is characterized by a membership function p : E— [0, 1].

If w, n are fuzzy sets on R then p S nif p (x) < 1 (x) x € E, Also, their compliment, intersection and union are the fuzzy
subsets of R and are defined by n (x) =1 - p (x) x € E, pnn(x)= min {p (x), n(x)} x € E and pUn(x)= max {p (x), n(x)} x € E. If
A= {:i€1} bea collection of fuzzy sets where I is a Index set then Upiand Npiis Sup p (X) and Infp (x) vx €R..

3.1Definition: Fuzzy Ring- Let R be a Ring, a fuzzy set p of R is called a Fuzzy Ring of R if

»  p(X-y)=min{ p (x),p(y)}forallx,yinR

> u(xy) = min{ p(x), p(y)} forall x, y inR

3.2Example: let p be a Fuzzy Subset such that u: Z — [0,1] defined by

u(x) = 0.8 ifx=0
0.1 ifx#0

Then p is a Fuzzy Ring.

3.3Proposition: The characteristic Function ygr of a ring R is a fuzzy ring on R

3.4Proposition:Let S be a non empty subset of R. Then S is a subring of R iff its charaectisticfunction s is a fuzzy ring on R
3.5 Proposition:A non constant fuzzy set on R is a fuzzyring R iffaA is a subring of R for all

a€lm(A)
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IV FUZZY SUBRING

4.1 Definition: Fuzzy Subring- Afuzzy subset p from R to [0, 1] is called a fuzzy Subring of R if for all X, y €R the
following requirements are met:-

> u(X-y)=min{ u(x), p(y)} forall x,yinR

> u(xy) = min{ p(x), p(y)} forall x, y inR

Example: Define a fuzzy subset | of R by

tif x is rational
t” if X is irrational

wheret,"t€ [0, 1]and t>"t.

4.2Definition - “Fuzzy Ideal of a Ring” from Mukherjee and Sen [3] :A fuzzy subset p of a ring R to [0, 1] is called as fuzzy
ideal of R if it has the following properties:

>  H(X-y)zmin {p(x),pn(y)}x,yER

> p(xy)zmax {p (x), p(y)} x,y €R.
NOTE 1- In case W is a fuzzy subset from ring R to lattice L then theabove two conditions from Swamy and Swamy|[7] will be :

>  H(X-y)=p(x)Ap(y)x,y € R where A stands for the infimum.
> puEy)Zp(x)Vu(y) X y€ R where V stands for the supremum.
NOTE 2- u is called fuzzy right ideal if in the above second condition we have p (xy) > | (x) and is called as fuzzy left ideal if
H(Xy) = 1 ().
4.3Example:(i) Consider the ring Zs = { 0,1,2,3.....7} with respect to the operations +s and Xs.
Define Zs :n —3[0,1] as
09ifx=0
04ifx=2or4or6
0.1 otherwise
(ii) Let R be a non-zero ring. Define fuzzy subsets u : R — [0, 1] by

t,ifx=0

M(X)= t, otherwise wheretie [0, 1] and to>ts.Here |y, b be thelevel ideals of .

4.4Proposition : If p is a fuzzy subring from ring R to [0, 1], then X,y € R, where, p (x) # p (y), & (X +y) = min {u (X), p
W)}

Proof:- We will prove it by contradiction. Let g (X +y) > min {u (X), 1 (y)}, without the loss of generality we may take p (x)
< W (y) therefore pt (X +y)> p (x). (1] Also, p (x) = min {u (x +y), pu (-Y)}
= u (x) > (x +y) which is a contradiction to equation [1]. Thus, p (x +y) < min {u (X), p (y)} hence, p (x +y) = min {u (x),

H W)}

4.5Proposition:The intersection of any family of fuzzy subrings of a ring R is again a fuzzy subring of R.

Proof:- Let pibe a family of fuzzy subrings of R. To show- p = M piis a fuzzy subring of R. Consider, u (x —y) =[ N W] (X -
y) = inf {pi(x — y)} > inf {min (pi(x), Hi(y))}

= min {inf (Li(x), pi(y)} = min {inf pi(x), inf piCy)} = min {( A pi(x)), (N pily))}. Again consider, p (xy) = [ i (xy) =
inf {Wi(xy)} > inf {min (ni(x), Hi(y))}

= min {inf (i(X), Ki(Y))} = min {infui(x), infui(y)} = min {( N pi(X)), ( N Hi(y))} hence the result.

4.6Proposition :Let p be any fuzzy subring from ring R to [0, 1]. Then the set{x € R : pu (xX) = u (0)} is a subring of R.

Proof:-Part 1- Let X, y belong to the given set. To show- x — y belong to the set.

Consider, p (X - y) > min {p (X), u (y)} = min {pu (0), u (0)} [since X, y belong to the given set]u (x - y) > p (0). Also, u (0) =
H{(X-Yy)— (X—y)}> min {pu(x —Y), KX —Y)} = L (X V). Thus, x — y belong to the set.

Part 2- Let X, y belong to the given set. To show- xy belong to the set. Consider p (xy) > min {u (x), p (y)} = min {u (0), n
(0)} [since X, y belong to the given set]p (xy) > p (0). Also, p (0) = p {(xy) — (Xy)}> min {p (xy), u (xy)} = p (xy). Which
implies that xy belong to the set. And thus, the given set a subring of ring R.

4.7Proposition :Let p be any fuzzy subring and 6 be any fuzzy ideal from ring R to [0, 1].Then p M 0 is a fuzzy ideal of a
subring {x € R: u(x) = n(0)}.

Proof:- u M 0 (x-y) = inf u0 (x-y) = inf {0 (x-y)} > inf [n {min (0 (x), 0 (y))}]

= inf [min { (0 (x), 0 (y))}] = min [inf {10 (x), n6 (y)}] = min [infud (x), infu0 (y)]

=min[L M B(x), 0 M 6 (y)].Again considering, p M 0 (xy) = inf {u6 (xy)}

=infp {6 (xy)} > inf [p {max (6 (x), 6 (y))}]> inf [max {p (6 (x), 6 (¥))}]

= max [inf {u0 (x), u0 (y)}]= max [infud (x), infub (y)] =max [p M 0 (x), u M 0 (y)]. Thus, L M 0 is a fuzzy ideal of the
given subring.

4.8Proposition : Let p and n be two fuzzy left ideals from a ring R to [0, 1]. Then u M n is a fuzzy left ideal of R (similar
results hold for right ideals). If p is a fuzzy right ideal and n a fuzzy left ideal, then p o C P M1 (in the sense that p o 1 (x) <

UMK VxeR).
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Proof:- Part 1- If u and n are fuzzy left ideals of a ring R then u M n is a fuzzy left ideal.
Consider, p N n(x-y) =min {{ (X - y), n (x - y)}2min {min ((1 (x), p (y), (min 1 (x), n (y))} Zmin (@ N N (x), B0 N N(Y)).

Also, i M m (xy) = min {p (xy), 1 (xy)} = min {u (y), n(y)}[since, p(xy) = p(y) and n (xy) =1 ()]
=M M n(y) therefore, p M n is a fuzzy left ideal.

Part 2- If u and n are fuzzy right ideals of aring R then @ M 1 is a fuzzy right ideal.
HAnx-y)=min{g(x-y),nx-y)}

2 min {min (p (x), p (y)), (minn (x), n (y))} Zmin (0 N N (X), 0 N N (Y)).

Also, 1 M n (xy) = min {p (xy), N (xy)} = min {p (x), n (x)} [since, p (xy) = p (x) and 1 (xy) =1 (X)] = p N N ().

4.9Proposition :If u : R — L is a fuzzy ideal in R, then p (0) = p (X).

NOTE- Here R stands for ring with multiplicative identity 1and L stands for a completely distributive lattice with least and
greatest element in it satisfying the law :-v {ai:ie 1} A v {bjj € 3}=v {aiabj:ie I,j € J} Va,belL.

Proof:-Consider, p (0) =p (0.x) > p (0) v p (x) > p (x).

4.10Proposition : Let p be a fuzzy left (right) ideal from ring R to [0, 1]. If 0 <t <u (0), then pis a left (right) ideal of R.

Proof:-Part 1-Let pu be a fuzzy left ideal of R.To show- i is a left ideal of R.

Let 0 <t < u (0) then 0 € P implying that py #®. Let X, y € My, Since p (X - y) > min {p (x), u (y)} > tthus, x -y € U
Againifr eRand X € pthen p (rx) > p (x) > t thus, rx € p. Hence i is a left ideal of R.

Part 2- Let W be a fuzzy right ideal of R. To show- [ is a right ideal of R. Let 0 <t <p (0) then 0 € W implying that i #®. Let
X, Y € Wy Since P (X - y) >min {u (x), p (y)} >tthus,x —y € Y. Again if r e Rand x € Py then p (xr) > p (x) > t thus, xre .
Hence W is a right ideal of R.

4.11Proposition : Let p be a fuzzy subset from R to [0, 1]. If ¥ t e Im(p), pt is a left(right) ideal of R, then p is a fuzzy left
(right) ideal of R.

Proof:-Part 1- Let pis a left ideal of R, V' t € Im(i). Then 0 € WV teIm(n). Hence p (0) >t, V t € Im(u). Let X,y € R,
let p (x) =tand p (y) = s for some t, s € Im(p). Without loss of generality we may assume that s >t then p (y) = s > t which
implies that x, y € . Since pis a left ideal of R, x =y € Y. SO p (X - y) >t =min {p (x), n (y)}. Since y € psand psis a left
ideal of R therefore, xy e s for any x € R. Hence p (xy) >s = p (y). Thus, p is a fuzzy left ideal of R.

Part 2- Let is a right ideal of R, ¥ t eIm(u) then 0 € p; V te Im(u). Hence p (0) >t, V t e Im(W). Let X,y € R, let 4 (X)
=tand pu (y) = s for some t, s € Im(u). Without loss of generality we may assume that s > t then p (y) = s > t which implies that
X, Y € Wt Since peis aright ideal of R, x —y € . SO 1 (X - y) > t=min {u (x), u (y)}. Since x € Wrand | is a right ideal of R
therefore, xy € peforanyy € R. Hence p (xy) >t=p (x). Thus, p is a fuzzy right ideal of R.

V FUZZY COSET

5.1Definition-“Fuzzy coset”: Let p be a fuzzy ideal of R. For any x € R define a map

Lix(r) = p(x-r) for all r € R. Then [iy is a fuzzy coset of R determined by x and p

Let p be a fuzzy ideal of a ring and T be the set of all fuzzy cosets of A then we have a following theorem: T is a ring under
addition and multiplicationgix@® fiy = fixeyand fix® fiy= fixyfor all x, y € R. Define a map A : T—[0,1] byi(six) = p(x) for all x
€ R then f is a fuzzy subring and fuzzy ideal of 7. Also, Letu be a fuzzy ldeal of R then the map defined above is called as Fuzzy
Quotient Ring determined by p.

5.2Example: Let R be a ring Zi0 and E be a set {0, 2,4,6,8} define a fuzzy subset as follows:

wx) = 1ifx€E

% if otherwise then p is afuzzy ideal also it is easy to show

1if x,T€E
X,r € Zlo/E
1/2 if

< x€ E, r€Z10/E
r € E, X € Zlo/E

and(fix) 1ifx€E
\ Y% otherwise

5.3Proposition: If W is any fuzzy ideal from a ring R to [0, 1], then the mapf : R ¥ R/p defined by f(x) = px* for all x € R, is
a homomorphism with kernel p;, where t = 1 (0)

5.4 Proposition:Let Y is a fuzzy ideal from ring R to [0, 1]. Define a mapp' : R/p = [0, 1] by p' (ux*) = p (x) forall x € R
then, p' so formed is a fuzzy ideal of R/p.

5.5Preposition:If p is any fuzzy ideal from ring R to [0, 1], then each fuzzy ideal of R/p corresponds in a natural way to a
fuzzy ideal of R
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VI CONCLUSION:

During this work we have studied the extension of algebraic concepts like rings, subrings, ideals and fuzzy quotient rings to
their fuzzy settings.The Present paper can provide better understanding of the concept to the readers and open new areas of
research for them
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