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1. INTRODUCTION
An indefinite inner product in C™ is a conjugate symmetric sesquilinear form [x,y] together with the regularity
condition that [x,y] = 0,Vy € C} only when x = 0. Any indefinite inner product is associated with a unique invertible complex
matrix J (called a weight) such that [x,y] = (x,]y), where {-,-) denotes the Euclidean inner product on C". We also make an
additional assumption on J, that is, J2 = I, to present the results with much algebraic ease.

Investigations of linear maps on indefinite inner product employ the usual multiplication of matrices which is induced by the
Euclidean inner product of vectors ([2],[6]). This causes a problem as there are two different values for dot product of vectors. To
overcome this difficulty, Kamaraj, Ramanathan and Sivakumar introduced a new matrix product called indefinite matrix
multiplication and investigated some of its properties in [6]. More precisely, the indefinite matrix product of two matrices A and B
of sizes m x n and n x I complex matrices, respectively, is defined to be the matrix A e B = AJ,B. The adjoint of A, denoted by
Al*l s defined to be the matrix J,A*/,,,, where J,, and J,, are weights.

Many properties of this product are similar to that of the usual matrix product ([6]). Moreover, it not only rectifies the
difficulty indicated earlier, but also enables us to recover some interesting results in indefinite inner product spaces in a manner
analagous to that of the Euclidean case. Kamaraj, Ramanathan and Sivakumar also established in [6] that in the setting of indefinite
inner product spaces, the indefinite matrix product is more appropriate that the usual matrix product. Recall that the Moore-Penrose
inverse exists if and only if rank(AA") = rank(A*A) = rank(A). If we take A = (1 1)] k- ((1) 0 1), then AAl and Al*14
are both the zero matrix and so rank(AAl)) < rank(A), thereby proving that the Moore-Penrose inverse doesnot exist with
respect to the usual matrix product. However, it can be easily verified that with respect to the indefinite matrix product, rank(A °

AM) = rank (A" o A) = rank (A).Thus, the Moore-Penrose J-inverse with real or complex entries exists over an indefinite inner
product, whereas a similar result is false with respect to the usual matrix multiplication. It is therefore really pertinant to extend the
study of generalized inverses to the setting of indefinite inner product.

In this paper we study about the positive semidefinite matrices in .Z'We have also established the characterization theorems in
J  Further, we have determined the properties of block matrices over indefinite inner product space. The following notations are
used in this paper, .#denotes the indefinite inner product space, C™*", R(A), N(A) denotes the class of m x n matrices, range
space, null space in Euclidean space and CJ>7', Ra(A), Nu(A) denotes the class of m x n matrices, range space, null space in
indefinite inner product space respectively.

2. PRELIMINARIES

We first recall the notion of an indefinite multiplication of matrices.

Definition 2.1. [5]1 Let A€ Cjf, B€ (C}“nf]‘;. Let J, be an arbitrary but fixed n X n complex matrix such that |, =J; =
I L. The indefinite matrix product of A and B (relative to J,) is defined by A o B = AJ,B.

Definition2 2.2. [5] For A € ¢, Al =], A", is the adjoint of A relative to J,, and J,,.

Definition3 2.3. [5] A matrix A € C*" is said to be J-invertible if there exists X € C*", such that Ao X =Xo A =], such
an X is denoted by Al = JA~1).

Remark 2.4. [5] 4 For the identity matrix J, it reduces to a generalized inverse of A and A;{1} = A{1}. It can be easily verified
that X is a generalized inverse of A under the indefinite matrix product if and only if J,X ], isageneralized inverse of A under the
usual product of matrices. Hence Aj{1} = { X:]J,X ], is a generalized inverse of A }.

Definition 2.5. [5]5 For A € CJ7", X € Cjy7 is called the Moore - Penrose J-inverse of A if it satisfies the following
equations:()AoXo A=A, (i)XeAoX =X, (iii)(AoX)! = AcX, (iv)(XeA)! =XoA. Such an X is denoted by Altl and
represented as Alfl = At] .

Definition 2.6. [5]6 The range space of A € Cj" is defined by Ra(A) = {y = Aox € C™:x € C"}. The null space of A €

Ciy is defined by Nu(A4) = {x € C": Ao x = 0}.
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Property 2.7. [5]7 Let A € Cj2*". Then
(i)(A[*])[*] = A.
(ii)(A[ﬂ)[ﬂ =A.
(iii) (AB)*l = B A,
(iv)Ra(Al!) = Ra(Alt]).
(v)Ra(A o Al")) = Ra(A),Ra(Al" 0 A) = Ra(Al").
(vi)Nu(A o Al'l) = Nu(Al*), Nu(All o A) = Nu(A).
Definition 2.8. [5]8 A is range symmetric in & if and only if Ra(A) = Ra(Al"l) (or) equivalently Nu(A) = Nu(Al).
Remark 2.9. [5]9 In particular for ] = I, this reduces to the definition of range symmetric matrix in unitary space (or)
equivalently to an EP matrix.
Theorem 2.10. [5] 10 For A € Cj*", the following are equivalent:
(i) A isrange symmetric in 4.
(ii) AJ is EP.
(iii) JA is EP.
(iv) Nu(A) = Nu(ADl).
(v) Ao Altl = Altl o A,
(vi) (ATA) =JATA] = AAT.
(vii) AlisJ-EP.

Theorem11 2.11. [1] Let A, B € C™*" then the following equivalence hold
(i) R(A) € R(A*) © N(A) € N(C) & C = CAMA forevery AD € A{1}
(ii) R(B) € R(A) © N(A*") € N(B") & B = AAWB for every A® € A{1}
(iiiy CAMWB is invariant for every A® € A{1}

Lemma 122.12. [3] Let A and B be matrices in J° then N(A*) € N(B*) if and only if Nu(A*)) € Nu(B[).

3. CHARACTERIZATION OF POSITIVE SEMIDEFINITE MATRICES
Definition 3.1 13 A matrix A € C™" is said to be Positive semidefinite(PSD) in 4 denoted as A >; 0 < A is ] — EP and

[Ax,x] = 0, forall x € C".

Theorem 3.214 For AECV™MA> 0 JA>0 A >0.

Proof. Suppose A >; 0, then by Definition 3.1, A is ] — EP and [Ax,x] = 0, for all x € C".
From Theorem 2.10 it follows that both JA and AJ are EP.

A>0& [Ax,x] =0 and A is ] — EP

© (Ax,Jx) >0 and A is ] — EP

© (JAx,x) > 0 and JA is EP

< JA=0.

Similarly, A >; 0 & AJ = 0 can be proved. [

Corollary 3.315 For A € C™", A >, 0 & A = SP'JS, for some S € C*™.
Proof. A> 02 JA>0o JA=S'S o A=]S*]?S < A =SMJs. -

Corollary 3.416 For A€ C™" A >, 0 Al >, 0

Proof. Since 4 > 0, by Definition (3.1), 4 is J — EP and hence Ra(4) = Ra(Al),

by Theorem 3.4 [4] and Property (2.7) we get A"l is J — EP.

Forany x € C*, [Ax, x] = [(SMS)Px, x] = [x, (ST1)S)x] = [Sx,]Sx] = (Sx, Sx)

=||Sx||> = 0= [AMx,x] = 0. Thus 4 >, 0 = A1 >, 0, A1 >, 0 = (A = 4 >, 0 follows from the above steps and
using Property (2.7), we have A"l >, 0= A4 >; 0. u

Theorem 3.517 For A € C™™, A >, 0 then for any P, PIIAP >, 0.

Proof. Since 4 >; 0, by Definition (3.1), Ra(A) = Ra(A")) and [Ax,x] = 0, for all x € C".

Let B = PMAP, Ra(B™) = Ra((P™AP)") = Ra(PAMIP) = Ra(P!")) = Ra(P"AP) = Ra(B), which implies B is J —
EP.

Now, for x € C*, [Bx,x] = [P"APx,x] = [APx,Px] = [Ay,y] = 0, where y = Px, which implies B = PlAP >, 0.

|
Theorem 3.618 For A € C¥™ A >, 0 & Alfl >, 0.
Proof. A0 J4A>0 [By Theorem 3.2]
e (AN >0
e Al >0
o Al > 0. .

JETIRA006346 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 151


http://www.jetir.org/

© 2018 JETIR September 2018, Volume 5, Issue 9 www.jetir.org (ISSN-2349-5162)

4. POSITIVE SEMIDEFINITE BLOCK MATRICES IN .7
In this section, we derive equivalent conditions for a block matrix to be positive semidefinite(psd) in .7~ and establish formulae
for {1}-inverse, {1,2}-inverse, {1,3}-inverse and {1,4}-inverse of positive semidefinite block matrices in %

A B

Lemma 41 [1]19 Let M = (5.

D —B*A'B > 0.

) be a psd matrix where A, D are Hermitian. Then M > 0 © A > 0, AA'B = B and

Theorem 4.220 Let MZ(X[*];;‘ X[*]/’;l;(

Nu((AX)I)) and XM AATAX > xI1AX.
Proof M >0 /M >0 [ By Theorem 3.2 ]

0 A AX
m
< (0 ]n) (X[*]A xax ) =0

JmA JnAX
= ( ) >0
JoXHAa L xHax

S JmA 2 OJnX[*]A = (JmAX)", (]mA)UmA)TUmAX) = JmAX
and XAx — xM4ATAX >0 [By Lemma4.1]
S JnA=0,],XMA =A%) ], , JnAATAX = ], AX and X"AATAX > xXIAX.
M=>0e],A>0, XA =Ax), 44TAX = AX and XIAATAX > X11AX.
By using Theorem 3.2, Theorem 2.11 and Lemma 2.12, the above conditions reduces to
M >0 J,A>0,XM4 = AX)0, Nu(al)) € Nu((Ax)! and X1144TAX > XxMAX., =

) € CommXmIm then M 2,0 A2 0, X114 = (AN, Nu(Al)

A AX
Lemma 4321 Let M= (., " L,y
Nu(A) € Nu(x"4)

Proof. Since A is J — EP then Nu(A") € Nu((AX)!") & Nu(4) = Nu(A")  Nu((Ax)!)) = Nu(x4).

Nu(A) € Nu((AX)") & Nu(d) c Nux™4). m

Theorem 4.2 can be reformulated by using Lemma 4.3 as follows

Theorem 4.4 Let M = ()A}[*] | )A}ff] 1) € COTHOXETI then M 2,0 & A 2 0,XI"1A = (AX)lY, Nu(4) € Nu(X"14) and
xHaatAx > xMax.

For M = (;}[*]A ﬁi}AX) be an (m +n) x (m +n) positive semidefinite matrix with X"1A = (AX)I"], the Schur

complement of A in M is XUAX —X[MAATAX =S then the generalized inverse of M is given by Ml =

A@ 4 p@pg@cg@ A(d)gs(d))
(—S(“)CA(“) @ ..(4.1), where a € {1,2,3,4}.

) with A is J— EP and X114 = (4x)*] then Nu(Al*)) € Nu(AX)') &

Theorem 4.522 Let M = (;}[*]A ;}ﬁ]Ax) be an (m + n) x (m + n) positive semidefinite matrix, Let M[%l be the form

(4.1), for a = 1, if A® and S® are {1}-inverse of A and S respectively then M isa {1}-inverse of M in .7

Proof. By Theorem 4.2, since M >; 0 & A >; 0, X4 = (AX)I"], N4l € N((AX))) and X[AATAX > X11AX. Since
A >0, Ais J— EP from Definition 2.8 and Definition 3.1 it follows that N(4) = N(Al"l). By using Lemma 4.3, we have
M >0 A> 0,N(A) € N(C),NAM € N((Ax))) and XM AATAX > XI1lAX. At isalso a {1}-inverse of A.

For a =1 in(4.1).

We claim : M isa {1}-inverse of M.

Using Theorem 2.11 and Lemma 2.12 for the above conditions we get € = CATA and B = AATB.

MoMMoM = (412 )(m 0) JmAD i + I XSOXE = ADAXSO,
Xtla - xtlax JA0 ~JnS X, JnS Ol
<m 0>( A AX)
0 Jo/\x¥a xMax
_ ( Al AXJn) Jmn A oy + JnXSOXVY - ] AW AXSO
- xay,  xtHaxj, —J,SOxy J.SOF.

( JmA ]mAX>
XA g xtax
(AA<1>A AAWAX )

A<1>A XMAAD Ax

( A xiax)
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Theorem 4.623 Let M = (;}[*]A ;g]AX

(4.1), for a = (1,2), if A®2) and S are {1,2}-inverse of A and S respectively then M!12D isa {1,2}-inverse of M in .7
Proof. One can easily verify M[*2] isa {1,2}-inverse of M. "

) be an (m + n) x (m + n) positive semidefinite matrix, Let M[® be the form

Theorem 4.724 Let M = (;[*]A ;éAX) be an (m + n) x (m + n) positive semidefinite matrix, Let M%l be the form

(4.1), for a = (1,3), if A®® and SO are {1,3}-inverse of A and S respectively with S3 Hermitian and rk(M) =
rk(A) + rk(S). Then MIX31 isa {1,3}-inverse of M in .7

Proof. By Theorem 4.2, since M >, 0 < A >; 0,X"A = Ax)l, N € N((Ax)I]) and XMAATAX > x1AX. Since
A >, 0, Ais]—EP from Definition 2.8 and Definition 3.1 it follows that N(4) = N(A*)). By using Lemma 4.3, we have
M=, 0 A=, 0,N(A) c NxMA), N c N((Aax)!]) and XAATAX > xTAX. At is also a {1,3}-inverse of A. For
a=1in(4.1).

By using Theorem 2.11 and Lemma 2.12 for the above conditions we get X[*14 = X[1AATA, AX = AATAX and X[JAATAX >
XHAx.

M o MI[13] = AA(IB)]m 0
X[*]AA(1'3)]m _ 55(1‘3)X[*]AA(1'3)]m 55(1'3)111
(M o M3 = (]m 0 ) AAGD 0 (]m 0 )
0 Jo/\xMaa@d) —ss@yllgqay g5y JAO

B Jn(AAENYE (xHgA@3 ) — 553 xI @3] I
“\o Jn (SS@3HH '

rk(M o M3YE = vk (AAD)YEN + 7k (), (SSENE) = 1k (AACD ], + 1 ((SST2T,)
= rk(M o M3 = rk(A) + rk(S) = rk(M). m

Theorem 4.825 Let M be an (m + n) x (m + n) positive semidefinite matrix, Let M be the form (4.1), for a = (1,4), if
A and SO are {1,4}-inverse of A and S respectively with S Hermitian and rk(M) = rk(A) + rk(S). Then M[*4 s
a {1,4}-inverse of M in .7

Proof. By Theorem 4.2, since M =; 0 & A >; 0, X4 = (AxX)I", N(4AM)) € N((4X))) and Xx[AATAX > X11AX. Since
A=, 0, AisJ— EP from Definition 2.8 and Definition 3.1 it follows that N(4) = N(A["). By using Lemma 4.3, we have
M> 0o A=, 0,NA) c NXxMA),N@AM) € N(ax)M) and XMAATAX > XIAX. AT is also a {1,4}-inverse of A. For
a=1in(4.1).

By using Theorem 2.11 and Lemma 2.12 for the above conditions we get X*1A = X[{JAATA, AX = AATAX and X"14ATAX >
xHax.

M[1,4] oM = ]mA(lA)A 0
mAYPVAX — ] AGDAXSOD S JuSUHS
(M4 o Myl = (lm 0 ) JmACPA 0 (Jm 0 )
0 Jn/\ JnAOYAX — ], AP AXSODS JnS@AMs )0 Ty

((A(M)A) B, JmAYPAX = [, ADAXSODS) [*])
0 (SO,

rle(MI4 o MY = vk (AP D) + rk (SEYHM]) = rk (1, AP A) + 1k (J,SPS)
= k(MM o M) = rk(A) + rk(S) = rk(M). n
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