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Abstract In this paper, we introduce and characterize the concept of fuzzy almost generalized b-continuous mappings. Several
interesting properties of these mappings are also given. Examples and counter examples are also given to illustrate the concepts
introduced in the paper. We also introduce the concept of fuzzy fT1b-space, fuzzy gb-space, fuzzy regular gb-space and fuzzy
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generalized b-compact space. It is seen that a fuzzy almost generalized b-continuous mapping from a fuzzy fT1b-space to another
2
fuzzy topological space becomes fuzzy almost continuous mapping.

Keywords and phrases: fagb-continuous, fgb-space, frgb-space, fT1b-space.
2
AMS (2000) subject classification: 54A40, 54C05, 03E72.

1. Introduction

The fuzzy concept has invaded almost all branches of Mathematics since the introduction of the concept of fuzzy sets by Zadeh
[29]. Fuzzy sets have applications in many fields such as information [22] and control [23]. The theory of fuzzy topological spaces
was introduced and developed by Chang [10] and since then various notions in classical topology have been extended to fuzzy
topological spaces. In general topology a new class of generalized open sets in a topological spaces called b-open sets were
introduced and studied by Andrijevic [2]. The class of b-open sets is contained in the class of semi-pre open sets and contains all
semi-open sets and pre-open sets. In the fuzzy topological space, fuzzy b-open sets and fuzzy b-neighbourhoods were first
introduced by Benchalli et.al [8,9] The notion of generalized closed sets in general topology is due to Normal Levine [16]. Later
Balasubramanian and Sundaram [6] introduced fuzzy generalized closed sets. The concept of fuzzy almost continuous mapping [1],
fuzzy completely continuous mapping [5], fuzzy 6 -continuous [13] and fuzzy R mapping were introduced by Azad [1],
Bhaumik[5] and Mukerjee [18] and Ganguly and Saha [13,14] respectively.

In this paper, we introduce a new class of mappings viz. fuzzy almost generalized b-continuous mapping and establish some of
their properties. We also introduce fuzzy fTib-space, fuzzy generalized h-compact space, fuzzy gb space, fuzzy regular gb

2

space. It is seen that a fuzzy almost generalized h-continuous surjection image of a fuzzy generalized h-compact space is fuzzy
nearly compact.

2. Preliminaries

A family of fuzzy sets of X is called a fuzzy topology [10] on X if 0 and 1 belong to T and 7 is closed with respect to
arbitrary union and finite intersection. The members of 7 are called fuzzy open sets and their complements are fuzzy closed sets.
Throughout this paper, (X,7), (Y,0), and (Z,n), (or simply X, Y and Z) mean fuzzy topological space (abbreviated as fts) on
which no separation axioms are assumed unless otherwise mentioned. We denote the closure and interior of a fuzzy set 1 in X by
Cl(1A) and Int(A), whereas the constant fuzzy sets taking on the values 0 and 1 on X are denoted by 0, and 1 respectively.

This section contains some basic definitions and preliminary results which will be needed in the sequel.

Definition 2.11 [8] Let A be a fuzzy set of a fts X. Then A is called
* a fuzzy b-open (fbo, in short) setof X if 1 < Cl(Int(1)) v Int(CI(R)).
« a fuzzy b-closed (fbc, in short) set of X if Cl(Int(A)) A Int(CL(A)) < 4.

Theorem 2.12 [8] For a fuzzy set 4 inafts X,
« Xisfho & 1— 2 is fhc.
* Aisfbc & 1 — 4 isfho.
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Lemma2.13 [8] Inafts X,
* An arbitrary union of fuzzy b-open sets is a fuzzy b-open set.
* An arbitrary intersection of fuzzy b-closed sets is a fuzzy b-closed set.

Definition 2.24 [8] Let (X,7) be a fts. Let A be a fuzzy set of a fts X.
s bInt(A) =v {u€I*:u < A pu isafboset } is called the fuzzy b-interior of A.
* bCI(A) =N {p€el*:u> A uisafbcset } iscalled the fuzzy b-closure of A.

Theorem 2.25 [8]Let (X, t) be afts. Let A be a fuzzy set of a fts X.
* bCl(1 — 1) =1 — bIntA.
e bint(1—-A) =1—bCIA

Remark 2.16 [8] Obviously, bCL(A) is the smallest fuzzy b-closed set which contains A and bint(4) is the largest fuzzy
b-open set which is contained in A. Also bCI(A) = A, for any fuzzy b-closed set 2 and bint(A) = 4, for any fuzzy b-open set A.

Definition 2.37 A fuzzy subset A inan fts (X, 1) is called
« fuzzy semi-open set [1] if 1 < Clint(A) and a fuzzy semi-closed set if IntCl(1) < A.
» fuzzy pre-open set [4] if 1 < IntCI(A) and a pre-closed set if Clint(1) < A.
« fuzzy regular open (fro, for short) [1] if A = IntCI(1) and a regular closed set if 2 = Clint(4).
* fuzzy semi-pre-open [24] if 1 < ClintCI(1) and a fuzzy semi-pre-closed set if IntClint(1) < A.

Theorem 2.38 [8] Inafts X,
* Every fpo set is fbo.
* Every fso set is fbo.
* Every fbo (resp. fbc) set is fspo (resp. fspc).

Lemma 2.29 [8] In a fts, we have the following :
* Every fuzzy regular open set is fuzzy open.
* Every fuzzy open set is fuzzy a-open.
* Every fuzzy a-open set is both fuzzy semi-open and fuzzy pre-open.
* Every fuzzy semi-open set is fuzzy semi-pre-open.
* Every fuzzy pre-open is fuzzy semi-pre-open.

Definition 2.410 [28] A fuzzy subset A in a fts X is called
« fuzzy generalized b-closed (in short, fgbc) setiff fCI(A) < u, whenever 1 < u and u is fuzzy b-open set.
« fuzzy generalized b-open (in short, fgbo) set iff u < fInt(A) whenever u < A and u is fuzzy b-closed set.

The complement of a fuzzy generalized b-closed set is called a fuzzy generalized b-open set.

Definition 2511 Let f: (X, t,) = (Y, 7,) be a mapping from a fts (X, 7;) to another (Y, t,). Then f is called
« fuzzy continuous [10] if f~1(A) is fuzzy open setin X for any fuzzy openset 1 in Y.
« fuzzy b-continuous [8] if f~1(4) is afbo setin X for any fuzzy openset 1 in Y.
« fuzzy b-irresolute [9] if f~1(1) isafhosetin X forany fboset 1 in Y.
- fuzzy b-open [8] if for every fboset A in X, f(1) isafhosetin Y.
» fuzzy almost continuous [1] if f~1(1) is fuzzy open setin X for any fuzzy regular open (fro, for short) set A in Y.

Definition 2.6 12 [1] A fuzzy subset A in an fts X is called
* quasi-coincident (g-coincident, for short) with a fuzzy point x,, (where x isthe supportand p, 0 < p < 1, isthe value of
the point) iff p + A(x) > 1.
* g-coincident with a fuzzy set u, denoted by Aqu, iff 3 x € X such that A(x) + u(x) > 1.
* g- neighbourhood (g- nbd, for short) of fuzzy point x,, iff 3 a fuzzy openset u such that x,qu < A.

Definition 2.713 [19] A family A of fuzzy sets in a fuzzy space X is said to be a cover of fuzzy set u of X ifand only if u <
vV {A;:4; € A}. A is called fuzzy open cover if each member 4; is a fuzzy open set. A sub cover of A is a subfamily of A which is
also a cover of u.

Definition 2.8 14 [10] Let (X,7) be aftsand let u € I%. u is said to be a fuzzy compact set if for every fuzzy open cover of u
has a finite subcover of u.
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Definition 2.915 A fts (X, 1) is said to be
« a fuzzy nearly compact [14] iff every fuzzy regular open cover of X has a finite subcover.
* a fuzzy Hausdorff [15] if for every pair of fuzzy points x,, y, in X with distinct supports, 3 open fuzzy sets U and V
suchthat x, € U, y, €V and U AV = 0y.

3.Fuzzy almost generalized b-continuous mappings
Now, we introduce the following definitions.

Definition 3.116  Let f: (X,7;) = (Y,1,) be a mapping from a fts (X, ;) to another (Y, t,). Then f is called a fuzzy
generalized b (in short, fgb)-continuous mapping iff f=1(1) is fgbo setin X for every fuzzy openset A in Y.

Definition 3.2 17 Anfts (X, ) is said to be fT1b-space if every fgbc setin X is fuzzy closed.
2

Definition 3.318 A mapping f from an fts (X,t,) to another fts (Y,7,) is said to be fuzzy almost generalized h(in short,
fagh)-continuous mapping if f~1(1) is fgbo in X for every fuzzy regular open set A in Y.

Equivalently, f is said to be fuzzy almost generalized bh-continuous mapping if f=1(1) is fgbc in X for every fuzzy regular
closedset 1 inY.

Example 3.119 Let A, u, y and & be fuzzy subsets of X =Y = {a, b, c} are defined as follows:

A(a) = 0.4, A(b) = 0.6, A(c) = 0.5;

u(a) = 0.6, u(b) =04, u(c) =04;

y(a) = 0.6, y(b) = 0.6, y(c) = 0.5;

6(a) =04, 6§(b) =04, 6(c) =0.4.

Then 7, ={0,1,4,4,y,6} and 7, = {0,1, §} are fuzzy topologies on X. Consider the mapping f: (X,t,) = (X, t,) defined
by f(x) = x, Vx € X. Then for every fuzzy regular open set § in X, f~1(8) is fuzzy generalized b-open (fgho) set in X. Thus
f is a fuzzy almost generalized h-continuous mapping from an fts (X, ;) to (X, ,).

Remark 3.120 It follows from Definition (3.1) and (3.3), that every fgh-continuous mapping is an fagb-continuous
mapping, but the converse may not be true is shown by the following example.

Example 3.221 Let A, p, y and & be fuzzy subsets of X = {a, b, ¢} are defined as follows:

A(a) = 0.3, A(b) = 0.4, A(c) = 0.5;

u(a) = 0.6, u(b) = 0.5, u(c) =0.5;

w(a) =04, w(b) =04, w(c) =04,

6(a) =0.5, 6(b) =04, 6(c) =0.5.

Now, 7, = {0,1,4,u} and 7, = {0,1, w, 6} are fuzzy topologies on X.

Consider the mapping f: (X, ;) = (X,7,) defined by f(x) = x, Vx € X. Then for every fro set § in ¥, f~%(8) is fgho set
in X. Hence, f is fagb-continuous mapping. Since w is fuzzy open setin Y, but f~*(w) isnot fgbo in X. Hence f is not
f gb-continuous. Thus fagb-continuous mapping ¢ fgb-continuous mapping.

Theorem 3.122 Let f: X — Y be a fuzzy mapping. Then the following statements are equivalent:
* f is fagh continuous.
» for each fuzzy point x,, in X and each fro g-nbd p of f(x,), thereisa f(x,) g-nbd A of x, suchthat f(1) < p.
« for each fuzzy set A in X, f(ghCl(1)) < bCIf(A).
« for each fuzzy set u in Y, ghCl(f ~*(n)) < f~1(bCl(w)).

Proof. (1) = (2): Let x,, be a fuzzy point of x. Then f(x,) is a fuzzy point in Y. Now, let u € Y be a fuzzy regular
open set such that f(x,)qu. For, 1 = f~'(u) as f is fagb continuous, we have A is fgbo set of X and x,, € A. Therefore,
fO=fF*w)<pu

(2) = (3): Let x, € gbCl(A). Then ugA and f(u)qf(A) implies agf (1), f(x,) € bCL(f(A)) and x, € f~1(bCI(f(A)).
Therefore, ghCl(1) < f=Y(bCLf(1)).
(3) = (4) and (4) = (1) are clear.
Theorem 3.223 A mapping from an fT1b-space to another fts is fuzzy almost continuous if it is fagb-continuous.
2

Proof. Let f:(X,7;) = (Y,7,) be fagh-continuous mapping. Let A be any fuzzy regular closed set in Y. Since f is
fagb-continuous, f~'(1) is fgbc in X. As X is fuzzy Tib-space, f~'(A) is fuzzy closed in X Thus f is fuzzy almost
2
continuous.
Definition 3.4 24 A mapping f:X — Y iscalled fgbh (resp. fb)-irresolute mapping if f=*(A) is fgbo (resp. foo) subset of
X forevery fgbo (resp. fbo) set A in Y.
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Example 3.325 Let A, p, v, §, and w be fuzzy subsets of X = {a, b, c} and defined as follows:

A(a) = 0.3, A(b) = 0.4, A(c) =0.5;

u(a) = 0.6, u(b) = 0.5, u(c) =0.5;

w(a) = 0.3, w(b) = 0.4, w(c) =0.5.

Then 7; = {0,1,4,u} and 7, = {0,1, w} are fuzzy topologies on X. Consider the mapping f: (X,7,) = (X, ;) defined by
f(x) = x, Vx € X. Then for every fuzzy generalized b-open (fgbo)(resp. fbo) set w in X, f~'(w) is fuzzy generalized h-open
(fgbo)(resp. foo) setin X. Thus, f is a fuzzy generalized b (fgb)(resp. fb)-irresolute mapping from an fts (X, 7;) to (X, 7).

Theorem 3.326 Let f:X —» Y and g:Y — Z be two fuzzy mappings. Then g o f: X — Z is fagb-continuous if f is
fgb-irresolute and g is fagb-continuous.
Proof. Let A be any fuzzy regular open set in Z. Since g is fagh-continuous, g=*(1) is fgho in Y. As f is
fgb-irresolute, f~*(g~'(A)) is fgho in X. Thisimplies (g o f)"*(1) is fgbo in X. Thus, g o f is fagh-continuous.
Theorem 3.427 If f:X — Y is an fuzzy continuous mapping and g:Y — Z is an faghb-continuous mapping, where Y is
fuzzy T1b-space, then g o f: X — Z is fuzzy almost continuous mapping.
2

Proof. Let A be any fuzzy regular closed set in Z. Since g is faghb-continuous mapping, g~'(1) is fgbhc in Y. As Y is
fuzzy Tib-space, g~*(A) isfuzzy closed in Y. Thisimplies Y — g=1(1) is fuzzy openin Y. As f is fuzzy continuous, f~*(Y —
2

g~1(1)) is fuzzy open in X = X — f~1(g~*(1)) is fuzzy open in X = f~1(g~1(A) is fuzzy closed in X = (go f)7(A) is
fuzzy closed in X. Hence, g o f is fuzzy almost continuous.

4. Fuzzy generalized b-compact space and fuzzy regular gb-space
In this section, we introduce the definition of fuzzy generalized b-compact (f gb-compact space) and fuzzy regular gb-space.
Also some interesting theorems involving fgb-compact space and fuzzy regular gb-space are established here.

Definition 4.1 28 A family A of fuzzy sets in a fuzzy topological space X is said to be fgbo-cover if each member 2; is a
fuzzy fgbo set.

Definition 4.229 An fts (X, 1) is said to be fgh-compact space if every fgbo cover of X has a finite subcover.

Theorem 4.130 An fagh continuous surjection image of a fgb-compact space is fuzzy nearly compact.
Proof. Let f:X — Y be an fagh continuous surjection mapping and {A;};cx be any fro cover of Y. Then {f~*(1)}iea
is a family of fgbo cover of X. X is fgb-compact. So, there exists a finite subset A, of A such that {f 7' (A)}ien, covers X.
Since f is 1-1, onto, {A;};ea, Will be finite fro subcover of the fro cover {1;};co of Y. So, Y is fuzzy nearly compact.
Definition 4.331  An fts (X, 7) is said to be fuzzy regular gh(in short, rgb)-space if every fgbo setin X is fro.

Remark 4.132 There are spaces which are not fuzzy rgb-spaces.

Example 4.133 Let A, u, y and & be fuzzy subsets of X = {a, b, c} defined as follows:
A(a) = 0.3, A(b) = 0.4, A(c) = 0.5;
u(a) = 0.7, u(b) =04, u(c) =0.5;
y(a) =0.8, y(b) = 0.5, y(c) =0.5;
§(a) =0.8, 6(b) =04, 6(c) =0.5.
Then T = {0,1, 4, u} is a fuzzy topology on X. Since y and & are fgho setsin X, but not fuzzy regular open in (X, ).
Hence the topological space (X,t) is not fuzzy rgb-space.

Definition 4.434  Anfts (X, 1) is said to be fuzzy gb-space if every fgbo setin X is fuzzy open.
Remark 4.235 There are spaces which are not fuzzy gb-spaces is shown by the example below.

Example 4.236 Let A, u, y and & be fuzzy subsets of X = {a, b, c} defined as follows:
A(a) = 0.3, A(b) = 0.5, A(c) = 0.2;
u(a) = 0.4, u(b) =0.5, u(c) =0.5;
y(a) = 0.5, y(b) = 0.7, y(c) = 0.5;
§(a) =04, 6(b)=0.6, 6(c) =0.5.
Then T = {0,1,4, u} is a fuzzy topology on X. Since y and & are fgho setsin X but not fuzzy open sets in X. This implies
the fuzzy topological space (X, 1) is not fuzzy gb-space.

Remark 4.337 It is obvious from Definition (4.3) and (4.4) that every fuzzy rgb space is fuzzy gh space but not the
converse is shown by the following example.
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Example 4.338 Let A and u be fuzzy subsets of X = {a, b, ¢} defined as follows:
A(a) = 0.2, A(b) = 0.2, A(c) = 0.5;
u(a) = 0.3, u(b) = 0.2, u(c) = 0.5.
Then T = {0,1, 4, u} is a fuzzy topology on X. Now (X, ) is fuzzy gh-space but not fuzzy rgb-space since A is fuzzy open
and fgbo but not fro setin (X, 7).

Theorem 4.239 Let f:X — Y be fghb-continuous surjection mapping. Then Y is fuzzy connected if X is fuzzy connected
space and fuzzy rgb-space.

Proof. Let X be a fuzzy connected space and Y be not fuzzy connected. Then there exists a fuzzy subset A4 of Y such that
A # 0y, 1, and 4 is both fuzzy open and fuzzy closed in Y = f~1(1) is both fgho and fgbcin X = f~1(1) is both fro and frc in
X = f~1(2) is both fuzzy open and fuzzy closed in X. Also, f~1(1) # Oy, 1. This implies that X is not a fuzzy connected
space, a contradiction. Therefore, Y is fuzzy connected.

Theorem 4.340 Let f:X — Y bean fagh-continuous surjective mapping and X be fuzzy regular gb-space as well as fuzzy
nearly compact space. Then Y is fuzzy nearly compact.

Proof. Let {A;};cx be any fro cover of Y. Since f is fagh-continuous, f~(4;)ica is a family of fgbo setsin X. X is
fuzzy rgb-space. So,f ~1(1;);ea is a family of fro sets in X. X is fuzzy nearly compact. So, there exists a finite subset A, of A
such that X < [f‘l(/li)ie,\o]. Then Y = f(X) < (A4)ien,- SO, {Ai}ien, is a finite subcover of fro sets of Y. So, Y is fuzzy nearly
compact.

Theorem 4.441 If f:X — Y isan fgh-continuous injective mapping and Y is a fuzzy Hausorff space, then X is fuzzy
Hausdorff if it is fuzzy regular gb-space.

Proof. Let x,, y, be two distinct fuzzy points in X. Then f(x,) # f(y,) in Y. Since Y is fuzzy Hausdorff, there exists
fuzzy open nbds U and V of f(x,) and f(y,) respectively such that U AV = 0y. Since f isan fgb-continuous, f~1(U) and
f~Y(V) are fgho in X = f~Y(U) and f~1(V) are fro in X. [Since X is fuzzy regular gh-space] = f~1(U) and f~Y(V) are
fuzzy open in X and contains respectively the fuzzy points x,, and y,. Now, x, € F~YU) = 4, say Yq € f~Y(v) =y, say. So,
AN =fYOD)AFIW) = F7Y U AV) = f71(0x) = 0y. Thus, X is fuzzy Hausdorff.

Conclusion:
It is interesting to work under a new class of mappings viz. fuzzy almost generalized b-continuous mapping, fuzzy fT1b-space,
2

fuzzy generalized b-compact space, fuzzy gb-space, fuzzy regular gb-space. It is seen that a fuzzy almost generalized
b-continuous surjection image of a fuzzy generalized h-compact space is fuzzy nearly compact.
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