
© 2019 JETIR  February 2019, Volume 6, Issue 2                                               www.jetir.org  (ISSN-2349-5162)   

JETIRAB06198 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 1059 
 

A Study on Idempotent Commutative Gamma 

Semigroup 
 

D. Radha1, P. Meenakshi2 ,B. Utthirach Selvi3  
(1,2)Assistant Professor of Mathematics 

A. P. C. Mahalaxmi College for Women, Thoothukudi,Tamil Nadu, India. 
3 M.Sc Scholar, PG & Research Department of Mathematics  

A.P. C. Mahalaxmi College for Women, Thoothukudi,Tamil Nadu, India. 

 

ABSTRACT 

 The concept of semigroup theory was introduced by A.H. Clifford et. al and extended by many 

authors like Mchean, David et.al. The algebraic theory of commutative semigroup was studied and 

extended by M. A. Taiclin, A. P. Biryukov. The concept of idempotent commutative semigroup was 

studied by D. Radha and P. Meenakshi with some structures like semi-regular, normal, quasi-normal on 

it. In this paper, we have introduced the notion of Idempotent Commutative Gamma Semigroup and the 

definition of semi gamma regular, semi gamma normal and gamma quasi-normal semigroups. Also it is 

proved that, an idempotent commutative gamma semigroup is gamma left(right) normal if and only if it is 

gamma left(right) quasi normal. Any idempotent commutative gamma semigoup is gamma regular if and 

only if it is gamma normal and gamma left(right) seminormal if and only if it is gamma left(right) semi 

regular. And any gamma quasi normal is both gamma semi regular, gamma semi normal and converse is 

also proved as a characterization theorem. 

Keywords: Idempotent element, commutativity, normal, gamma quasi -normal, gamma semi  normal, 

gamma regular, gamma quasi - regular, gamma semi- regular. 

1.Introduction 

Г-Semigroup was introduced by Sen and 

Saha[15]  as a generalization of semigroup. The 

formal study of semigroups began in the early 20th 

century. Early results include a Cayley theorem for 

semigrops  realizing any semigroup 

as transformation semigroup, in which arbitrary 

functions replace the role of bijections from group 

theory. Other fundamental techniques of studying 

semigroups like Green's relations do not imitate 

anything in group theory though.  In other  areas of 

applied mathematics, semigroups are fundamental 

models for linear time-invariant systems.  As a 

generalization of a semigroup Sen[15 ] introduced 

the notion of  Г-semigroup in 1981 and developed 

some theory on  Г-semigroup. Dutta.T.K, 

Chatterje[11] generalized the green’s relations in 

semigroups to Г-semigroups. Lee[12] in 1996, and 

it has been studied by several authors.  In this 

paper we introduce the notions of idempotent 

commutative Г-semigroup and characterization 

theorems. 

Let S and Г be two non-empty sets. Then S 

is called a Г-semigroup if there exists a mapping 

from S×Г×S to S which maps (a,α,b) aαb 

satisfying the condition: (aγb)μc = aγ(bμc) for all 

a,b,c ϵS  and γ,μϵГ. It is denoted by (S,Г). In this 

paper we have proved that  Idempotent Gamma 

Semigroup satisfies some properties. 

2. Structure of Idempotent Commutative Г- 

Semigroup 

In this section, we see some basic definition 

on Г-Semigroup and we have showed that 

idempotent commutative semigroup satisfies some 

properties. 

Definition:2.1 

          A Г-semigroup S is said to be commutative 

provided aγb= bγa for all a,bϵS and γϵГ. 

Definition:2.2 

          An element a of  Г-semigroup S said to be an 

idempotent or Г-idempotent if aαa=a for all αϵГ. 

Definition:2.3 

           A Г-semigroup (S,Г) is said to be left(right) 

gamma singular if it satisfies the identity 

aαb=a(aαb=b) for all a,bϵS and for all αϵГ. 

Definition:2.4 

http://www.jetir.org/
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A Г-semigroup (S,Г) is gamma rectangular 

if it satisfy the identity aαbβa=a for all a,bϵS for all 

α,βϵГ. 

 Definition:2.5 

 A Г-Semigroup (S, Г) is called gamma  

regular if it satisfies the identity a𝛾1b𝛾2c𝛾3a =

a𝛾1b𝛾2a𝛾3c𝛾4a  for all a,b,c in S, for all 

𝛾1, 𝛾2, 𝛾3 , 𝛾4𝜖Г. 

 Definition:2.6 

 A Г-Semigroup (S, Г) is said to be gamma 

total if every element of S can be written as the 

product of two elements of S. i.e, SαS = S for all 

αϵГ.  

 Definition:2.7 

A Г-Semigroup (S, Г) is said to be gamma 

left(right) normal if aαbβc = aαcβb(aαbβc =

bαaβc) for all a, b, c in S and for all α,βϵГ. 

 Definition:2.8 

A Г-Semigroup (S, Г) is said to be gamma 

normal if it satisfies the identity a𝛾1b𝛾2c𝛾3a =

a𝛾1c𝛾2b𝛾3a  for all a, b, c in S and for all 

𝛾1, 𝛾2, 𝛾3𝜖Г. 

 Definition:2.9 

A Г-Semigroup (S, Г) is said to be gamma 

left(right) quasi-normal if  it satisfies the identity 

a𝛾1b𝛾2c = a𝛾1c𝛾2b𝛾3c(a𝛾1b𝛾2c = a𝛾1b𝛾2a𝛾13c)  

for all a, b, c in S and for all 𝛾1, 𝛾2 , 𝛾3𝜖Г. 

Definition:2.10 

 A Г-Semigroup (S, Г) is said to be 

gammaleft(right) semi-regular if  it satisfies 

the a𝛾1b𝛾2c𝛾3a =

a𝛾1b𝛾2a𝛾3c𝛾4a𝛾5b𝛾6c𝛾7a(a𝛾1b𝛾2c𝛾3a =

a𝛾1b𝛾2c𝛾3a𝛾4b𝛾5a𝛾6c𝛾7a) for all a, b, c in S and 

for all 𝛾1, 𝛾2,𝛾3, 𝛾4, 𝛾5, 𝛾6, 𝛾7𝜖Г. 

Theorem: 2.11 

 An Idempotent Commutative Г-

Semigroup(S,Г) is gamma left(right) normal iff it 

is gamma left(right) quasi-normal 

Proof: 

Let (S, Г ) be an Idempotent Commutative Г-

Semigroup. Now let (S, Г) be gamma left normal, 

then a𝛾1b𝛾2c = a𝛾1c𝛾2b ⟹ a𝛾1b𝛾2c𝛾3c =

a𝛾1c𝛾2b𝛾3c ⟹ a𝛾1b𝛾2c = a𝛾1c𝛾2b𝛾3c ( c𝛾3c =

c) ∀ 𝛾1, 𝛾2, 𝛾3𝜖Г.  Therefore (S, Г) is gamma left 

quasi-normal. Conversely. Let (S, Г) be gamma 

left quasi-normal, then a𝛾1b𝛾2c = a𝛾1c𝛾2b𝛾3c ⟹

a𝛾1b𝛾2c = a𝛾1c𝛾2c𝛾3b (b𝛾3c = c𝛾3b) ⟹

a𝛾1b𝛾2c = a𝛾1c𝛾1b(c𝛾2c = c) ∀𝛾1, 𝛾2, 𝛾3𝜖Г.  

Theorem 2.12 

An idempotent commutative Г- semigroup (S,Г) is 

gamma regular iff it is gamma normal 

 

 

Proof: 

Let (S, Г) be an idempotent Commutative Г- 

Semigroup.Assume that (S, Г) is gamma regular 

then a𝛾1b𝛾2c𝛾3a = a𝛾1b𝛾2a𝛾3c𝛾4a ⟹

a𝛾1b𝛾2c𝛾3a = a𝛾1b𝛾2c𝛾3a𝛾4a (a𝛾3c = c𝛾3a) ⟹

a𝛾1b𝛾2c𝛾3a = a𝛾1b𝛾2c𝛾3a ⟹ a𝛾1b𝛾2c𝛾3a =

a𝛾1c𝛾2b𝛾3a (b𝛾1c = c𝛾2b) 

∀ 𝛾1, 𝛾2, 𝛾3, 𝛾4𝜖Г. Conversely, assume that (S, Г) is 

gamma normal then, a𝛾1b𝛾2c𝛾3a =

a𝛾1c𝛾2b𝛾3a ⟹ a𝛾1b𝛾2c𝛾3a = a𝛾1b𝛾2c𝛾3a 

 (c𝛾2b = b𝛾2c) ⟹ a𝛾1b𝛾2c𝛾3a =

a𝛾4a𝛾1b𝛾2c𝛾3a (a = a𝛾4a) ⟹ a𝛾1b𝛾2c𝛾3a =

 a𝛾4b𝛾1a𝛾2c𝛾3a (𝑎𝛾1b = b𝛾1a)∀ 𝛾1, 𝛾2, 𝛾3, 𝛾4𝜖Г.  

Hence (S, Г) is gamma regular. 

Theorem 2.13 

An Idempotent Commutative Г-Semigroup S is 

gamma left(right) semi-normal iff it is gamma 

left(right) semi-regular. 

Proof: 

Let (S, Г) be an idempotent Commutative Г- 

Semigroup. Assume that (S, Г) is gamma left semi-

normal then, a𝛾1b𝛾2c𝛾3a = a𝛾1c𝛾2b𝛾3c𝛾4a ⟹

a𝛾1b𝛾2c𝛾3a = a𝛾5a𝛾1c𝛾2b𝛾6b𝛾3c𝛾4a(a𝛾5a =

a & 𝑏𝛾6𝑏 = 𝑏) ⟹ a𝛾1b𝛾2c𝛾3a =

a𝛾5a𝛾1b𝛾2c𝛾6b𝛾3c𝛾4a (b𝛾2c = c𝛾2b) 

⟹ a𝛾1b𝛾2c𝛾3 = a𝛾5b𝛾1a𝛾2c𝛾6b𝛾3c𝛾4a 

 (a𝛾1b = b𝛾1a) ⟹ a𝛾1b𝛾2c𝛾3a = a𝛾5 

b𝛾1c𝛾2a𝛾6b𝛾3c𝛾4a (c𝛾2a = a𝛾2c) ⟹ a𝛾1b 

𝛾2c𝛾3a = a𝛾7a𝛾5b𝛾1c𝛾2a𝛾6b𝛾3c𝛾4a (a𝛾7a = a)

⟹ a𝛾1b𝛾2c𝛾3a = 

a𝛾7b𝛾5a𝛾1c𝛾2a𝛾6b𝛾3c𝛾4a 

(a𝛾5b = b𝛾5a)∀𝛾1, 𝛾2, 𝛾3 , 𝛾4, 𝛾5, 𝛾6, 𝛾7𝜖Г. 

http://www.jetir.org/
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Hence (S, Г) is gamma left semi-regular. 

Conversely, assume that (S, Г) is gamma left semi-

regular then, a𝛾
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𝜖Г . Hence (S, Г) isgamma 

left semi-normal. 

Theorem:2.14 

An Idempotent Commutative Г- Semigroup (S,Г)  

is gamma left(right) quasi-normal iff it is gamma 

left(right) semi-regular. 

Proof: 

Let (S, Г) be an idempotent Commutative Г 

Semigroup. Assume that (S, Г) isgamma  left 

quasi-normal then, a𝛾1b𝛾2c = a𝛾1c𝛾2b𝛾3c ⟹

a𝛾1b𝛾2c𝛾4a = a𝛾1c𝛾2b𝛾3c𝛾4a ⟹ a𝛾1b𝛾2c𝛾4a =

a𝛾5a𝛾1c𝛾2b𝛾6b𝛾3c𝛾4a (a𝛾5a = a & 𝑏𝛾6𝑏 = 𝑏) ⟹

a𝛾1b𝛾2c𝛾4 = a𝛾5a𝛾1b𝛾2c𝛾6b𝛾3c𝛾4a (b𝛾2c =

c𝛾2b) 

⟹ a𝛾
1
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Hence (S, Г) is gamma left semi-regular. 

Conversely, assume (S, Г) is gamma left semi-
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Hence (S, Г) is gamma left quasi-normal. 

Theorem:2.15 

An Idempotent Commutative Г- Semigroup (S, Г) 

is gamma  left(right) quasi-normal iffgamma 

left(right) semi-normal. 

Proof: 

Let (S, Г) be an idempotent Commutative Г- 

Semigroup. Assume (S, Г) is gamma left quasi-

normal then, 𝑎𝛾
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Hence (S, Г) is gamma left quasi- normal.  

Theorem:2.16 

An Idempotent Commutative Semigroup (S, Г) is 

gamma left(right) quasi-normal iff it is gamma 

right(left) semi-normal. 

Proof: 

Let (S, Г) be an idempotent Commutative Г- 
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Hence (S, Г) is gamma left quasi-normal. 
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