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Abstract: It is well known that measures play an important role in the study of function algebras, e.g., representing
measures, annihilating measures etc. We have studied annihilating measures for the Cartesian product of two function
algebras in detail. Here we discuss representing measures for the Cartesian product. We also discuss some applications
of these two measures on the Cartesian product.
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1. INTRODUCTION
Let A and B be function algebras on compact Hausdorff spaces X and Y respectively. Then Ax B is a function algebra

on X + Y with respect to the norm |( f,g)|= max{|| fl, ||g||w} [4]. In general, (AxB) = A"xB", for any two Banach
spaces A and B, where the norm on AxB is the maximum norm (as above), the norm on A"xB" is
|¢] = H(¢A'¢B )H =|\@a[| +[|#s|| and A"isthe dual of A. As a consequence we get M (X +Y )= M (X )xM (Y ), where M(X)
denotes the Banach space of all regular complex Borel measures on X, because C(X +Y)=C(X)xC(Y) and
C(X) =M(X). The association of measures is given by n(EUF)=u(E)+v(F), where xeM(X) and
veM (Y)(Ec X, F CY).

Definition 1.1. [3] A measure xeM (X ) is said to be global if supp x= X, where supp u denotes the support of a

measure « . It is easy to check the following.
Proposition 1.2. Let 7=(x,v)eM (X +Y). Then

(1) supp 77=supp x wsupp v.
(2) n is a global measure if and only if zand v are.

Definition 1.3. [1] Let A be function algebra on X. A measure x e M (X) is said to be an annihilating measure for A,

ifj fdz=0,vf € A. The set of all annihilating measures for A is denoted by A*. The characterization of (AxB)" is
X

discussed in detail in [5]. The result that we need is as follows.
Proposition 1.4. Let A and B be function algebras on X and Y respectively. Then ( Ax B)L =A"xB",

2. Representing measures
In this section, we relate the representing measures for function algebras A, B with that of AxB. Let A(A)denotes

the maximal ideal space of A. Note that A(AxB)=A(A)+A(B) with the Gelfand topology [6]. For if ¢ € A(AxB),
then ¢=¢,cA(A) or ¢=¢,cA(B), where ¢, and ¢, are defined as ¢,(f)=g¢,(f,0),vfeAand
#:(9)=¢,(0,9),vgeB. On the other hand, If ¢, eA(A)(d cA(B)), then peA(AxB) is defined as
#(1.9)=4s(1).(4(.9)=4(9)).V(f . g)c AxB.

Definition 2.1. [1] Let A be a function algebraon X and ¢ A(A) . A representing measure for ¢ is a positive measure
pon X such that ¢( f)=[ fdu,vf € A.
X
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Theorem 2.2. Let 7 =(,v) be a representing measure for ¢ € A(AxB) on X +Y. Then x is a representing measure
for ¢,, if ¢=¢,eA(A) andv is a representing measure for ¢,, if ¢=¢, €A(B). On the other hand, if
peM(X)(veM(Y)) is a representing measure for ¢, e A(A) (4, €A(B)), then 5 =(u,0)(n=(0,v))is a
representing measure for ¢ =¢, € A(Ax B)(¢ =y € A(Ax B))

Proof. Let ¢ =4, € A(A). Since 7 is a representing measure for ¢ , we have ¢( f,g)= j (f,g)dn,V(f,g)e AxB

X+Y

. But 7=(u,v) with ge M (X )and veM(Y)andas g=¢,€A(A), ¢4 =0[6]and  so #u(f)=9¢(f,0).
Therefore ¢,(f)= j (f,0)d(u J'fdy+_|'0dv _[fd,u,Vf e A. Also since 7 is positive, u is positive.

X+Y
Therefore y is a representing measure for P - Slmllarly, if p=¢ €A(B) ,then v isa representlng measure for ¢, .

Conversely, assume that x is a representing measure for ¢, € A(A). Then ¢A jfdy,Vf e A and since

1eM(X) is positive, 7=(,0)e M (X +Y)is also positive. Note that ¢—¢A e A(Ax B) and so ¢, = 0. Now let
h=(f,g)eAxB. Theng(h)=¢,(f)+¢ (9)=4,(f)= [ (f.9)d(«0)= [ hdy. Thus

X+Y X+Y

= j hdrn,Vh e AxB. Hence 7 is a representing measure for ¢ € A(AxB). Similarly, if v is a representing

X+Y
measure for ¢ =¢, € A(AxB), then (0,v ) is a representing measure for¢ = ¢, € A(AxB).

Definition 2.3. [1] The Choquet boundary of A, denoted by ch (A), is the set of all x € X such that ¢, admits a unique
representing measure, where ¢, is the point evaluation at x.
Corollary 2.4. ch(AxB) =ch (A) + ch (B).

There are some special types of representing measures associated with function algebra.
Definitions 2.5. [1] Let A be a function algebra on X andg e A(A).

(1) A Jensen measure for ¢ is a positive measure x in M(X) such that Iog‘¢( f )‘ Sjlog| f |dy,Vf eA.
X

(2) An Arens-Singer measure for ¢ is a positive measure x in M(X) such that
Iog\¢( f )‘ = .[ log| f|d, Vf e A™, where A™ is the set of all invertible elements in A.
X

Theorem 2.6. If 4 is a Jensen measure (Arens-Singer measure) for ¢, e A(A), then 7 =(,0) is a Jensen measure
(Arens-Singer measure) for ¢ = ¢, € A(AxB). Also if v is a Jensen measure (Arens-Singer measure) for ¢, € A(B),
then 7 =(0,v) is a Jensen measure (Arens-Singer measure) for ¢ = ¢, € A(AxB).

On the other hand, if 77 =(x,v) is a Jensen measure (Arens-Singer measure) for ¢ € A(AxB), then 4 is a Jensen
measure (Arens-Singer measure) for ¢, , if ¢=¢, € A(AxB)andyv is a Jensen measure (Arens-Singer measure) for
s, if p=¢, € A(B)

Proof. Suppose u is a Jensen measure for ¢, € A(A). Then Iog\¢( f )\ < jlog|f|dy, vf € Aand since xeM (X) is
X

positive, 7=(x,0)eM(X+Y) is positive. Also ¢=¢,eA(AxB). Now for h=(f,g)eAxB,
Iog‘qﬁ(h)‘:logm(f)‘sj.log|f|d/,¢. Thus log|¢(h)| < j log|n/d7, Vh e AxB. Therefore » is a Jensen
X

X+Y

measure forg € A(AxB).

Using similar arguments as above and the fact that ( Ax B)_l = A'xB™ [6], one can show that 7 = (1, O) IS an Arens-
Singer measure for g =¢, A(Ax B), whenever 4 is an Arens-Singer measure for ¢, A(A) .
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Similarly, if v is a Jensen measure (Arens-Singer measure) for ¢, € A(B), then 7 =(0,v) is a Jensen measure
(Arens-Singer measure) for ¢ =g, e A(AxB).
Conversely, assume that 7 is a Jensen measure for ¢ € A(AxB). Then Iog\¢(h)\ < j log|h|dn, vh=(f,g)e AxB

X+Y

and 7=(x,v)eM (X +Y) with e M (X) and v e M (Y). Further, since 4 is positive, x and v are also positive.

Sincege A(AxB), either ¢eA(A) orgeA(B). SupposegeA(A). Then ¢=¢,. Now forfeA,

log|g, ()= Iog‘¢(f,0)‘£jlog|f|dy. Thus log|g, (f)|< Ilog|f|dy, vf e A. Therefore 4 is a Jensen measure for
X X

¢=¢,A(A). If 5 is an Arens-Singer measure for ¢=¢, e A(AxB), then by taking the function

h=(f,1)e(Ax B)f1 and using similar arguments as above, one can show that 4 is an Arens-Singer measure for ¢,
if ¢, € A(A). Similarly, if e A(B), then v is a Jensen measure (Arens-Singer measure) for ¢ =g, € A(B).

3. Applications of measures

There is a hierarchy of function algebras such as Dirichlet algebras, logmodular algebras, URM algebras etc. which
are related with representing and annihilating measures. Here we discuss their Cartesian product. Since p-set is defined
in terms of annihilating measures, we also discuss it for the Cartesian product. Recall that a p-set for a function algebra

A on X is a closed subset E of X such that g € A", whenever ;e A*. Here . is the restriction of x to E [2].
Proposition 3.1. A p-set for A (for B) is a p-set for Ax B. On the other hand, if K< X +Y is a p-set for AxB, then
KN X and KNY are p-sets for A and B respectively.

Proof. Let K = X be ap-set for Aand 7 = (u,v)e(AxB) . Then ue A*and v e B*, by Theorem 1.4. So 1, € A*.

Hence n, =(,u,v)‘K =(14¢,0) e (Ax B)L. Therefore K is a p-set for Ax B. Similarly, a p-set for B is also a p-set for
AxB.
Conversely, let K < X +Y be a p-set for AxBand ue A*. Then by Theorem 1.4, 1 =(x,0)e(AxB)" and so

7 €(AxB) . Note thatn, = (s, «,0)and hence s, € A*. Therefore K~ X is a p-set for A. Similarly, K Y is

a p-set for B.

Remark 3.2. The above proposition can be proved for peak sets and weak peak sets directly also. For function algebras
weak peak sets and p-sets are the same.

Definitions 3.3. [1] A function algebra A on X is said to be

(1) a Dirichlet algebra, if Re(A) is dense in Cr(X).

(2) alogmodular algebra, if log|A™|={log|f|: f € A™}is dense in Cr(X).

Proposition 3.4. (1) AxB is a Dirichlet algebra if and only if A and B are Dirichlet algebras.

(2) AxB isalogmodular algebra if and only if A and B are logmodular algebras.

Proof. It can be easily verified that Re(AxB)=Re(A)xRe(B)and Iog‘(Ax B)71‘= log|A™|xlog|B™*|. Hence the

result follows.
Remark 3.5. Proposition 3.4 (1) can also be proved using the characterization of Dirichlet algebras, viz. ~ A function
algebra A is a Dirichlet algebra if and only if the only real annihilating measure of A is zero.'

Definition 3.6. [1] A function algebra A on X is said to be a URM algebra, if every ¢ € A(A) has a unique representing
measure.

Proposition 3.7. AxB isa URM algebra if and only if A and B are URM algebras.

Proof. It follows from Theorem 2.2 and the fact that A(Ax B)=A(A)+A(B).

Proposition 3.8. [3] A function algebra A is pervasive if and only if every nonzero annihilating measure of A is global.

There is a class of algebras intermediate to pervasive algebras and antisymmetric algebras, as follows.
Definitions 3.9. Let A be a function algebra on X. Then

(1) A is said to have global measures if every ¢ € A(A)— X has a representing measure which is global.
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(2) Ais said to be a maximum modulus algebra, if X = A(A) and if f € A and f assumes its maximum modulus at
a point of A(A)— X, then f is constant.

The function algebra C(X) has no global measures and the disk algebra on the circle, A(T") has global measures.

Let A be a function algebra on X. Then
A has global measures and X = A(A) = A is a maximum modulus algebra = A is antisymmetric [3].

Remarks 3.10. (1) Since AxB can never be an antisymmetric algebra, even if A and B are [4], AxB can't be a
maximum modulus algebra even if A and B are. Also AxB can't have any global measure, even if A and B have

(assuming X =A(A),Y =A(B)).

(2) Note that every proper pervasive function algebra is analytic and every analytic function algebra is antisymmetric.
Hence AxB can't be pervasive or analytic even if A and B are.
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