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Abstract: Let G = (V, E) be a connected graph. A subset D of V is called a dominating set of G if
N[D] = V. The minimum cardinality of a dominating set of G is called the domination number of G
and is denoted by y(G). A tree dominating set D of a graph G is a nonsplit tree dominating set (nstd -
set) if the induced subgraph (V — D) is connected. The nonsplit tree domination number ynstd(G) of G
is the minimum cardinality of a nonsplit tree dominating set. The connectivity k(G) of G is the
minimum number of vertices whose removal results in a disconnected or trivial graph. A partition
{V1, V2, V3, ... ,Vn} of V(G), in which each V; is a nstd - set in G is called a nonsplit tree domatic
partition of simply nstd - partition of G. The maximum order of a nstd - partition of G is called the
nonsplit tree domatic number of G and is denoted by dnstd(G). In this paper, bounds for ynsta(G) and
its exact values for some particular classes of graphs and some special graphs are found and an upper
bound for the sum of the nonsplit tree domination number and connectivity of a graph and bounds

for dnsta(G) and its exact value for some particular classes of graphs are obtained.
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1. INTRODUCTION

The graph G = (V, E), we mean a finite, undirected, connected simple graph. The order and
size of G are denoted by n and m respectively. If D <V, then N(D) :vLeJD N(v) and N[D] = N(D)uD

where N(v) is the set of vertices of G which are adjacent to v. The connectivity k(G) of G is the
minimum number of vertices whose removal results in a disconnected or trivial graph. A subset D of
V is called a dominating set of G if N[D] = V. The minimum cardinality of a dominating set of G is
called the domination number of G and is denoted by y(G). An excellent treatment of the
fundamentals of domination is given in the book by Haynes et al. [2]. A survey of several advanced
topics in domination is given in the book edited by Haynes et al. [3]. Sampathkumar and Walikar [8]

introduced the concept of connected domination in graphs.
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A dominating set D of G is called a connected dominating set, if the induced subgraph (D) is
connected. The minimum cardinality of a connected dominating set of G is called the connected
domination number of G and is denoted by yc(G). Cockayne et al. Xuegang Chen, Liang Sun and
Alice McRac [9] introduced the concept of tree domination in graphs. A dominating set D of G is
called a tree dominating set, if the induced subgraph (D) is a tree. The minimum cardinality of a tree
dominating set of G is called the tree domination number of G and is denoted by y«(G). A
dominating set D of a graph G is a split dominating set if the induced subgraph (V-D) is
disconnected. The split domination number ys¢(G) of G is the minimum cardinality of a split
dominating set. A tree dominating set D of a graph G is a split tree dominating set if the induced
subgraph (V-D) is disconnected. The split tree domination number ys(G) of G is the minimum
cardinality of a split tree dominating set. A dominating set D of a graph G is a non split dominating
set if the induced subgraph (V-D) is connected. The non split domination number ynsd(G) of G is the
minimum cardinality of a non split dominating set. A tree dominating set D of a graph G is a split
tree dominating set if the induced subgraph (V-D) is disconnected. The split tree domination number
vstd(G) of a graph G equals the minimum cardinality of a split tree dominating set. A domatic
partition of G is a partition {V1, V2, V3, ... ,Va} of V(G), in which each Vi is a dominating set of G.
The maximum order of a domatic partition of G is called the domatic number of G and is denoted by
d(G).

In this paper, nonsplit tree domination number ynsta(G) 0Of a connected graph is defined and
bounds for ynsta(G) and its exact values for some particular classes of graphs and some special graphs
are found and an upper bound for the sum of the nonsplit tree domination number and connectivity
of a graph and bounds for dnsta(G) and its exact value for some particular classes of graphs are
obtained.

2. PRIOR RESULTS

Theorem 2.1: [2] For any graph G, k(G) < 8(G).

Theorem 2.2: [9] For any connected graph G with n > 3, y(G) > n — 2.

Theorem 2.3: [9] For any connected graph G with yt(G) > n — 2 iff G = Py, (or) Ch.
Theorem 2.4: [6] If T is a tree which is not a star, then, yns(G) <n — 2.

3. MAIN RESULTS

In this section, a new parameter called nonsplit tree domination number is defined, bounds
and some exact values of this parameter are found.
Definition 3.1:

A tree dominating set D of a graph G is a nonsplit tree dominating set if the induced subgraph
(V-D) is connected. The nonsplit tree domination number ynstd(G) of a graph G equals the minimum

cardinality of a nonsplit tree dominating set.
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The nonsplit tree domination number does not exist for some graphs. If the nonsplit tree

domination number does not exist for a given connected graph G, then ynstd(G) is defined to be zero.

Example 3.1:

V2 V3

V4
Vi Vs
Figure 3.1.
In the graph given in Figure 3.1, minimum nonsplit tree dominating set is {vs, va} and

Ynstd(G) =2.
Remarks 3.1:

1. Since (D) is a tree for any nstd - set D of a connected graph G, ID|>1.
2. For any connected graph G, y(G) < ynsta(G), Since every nstd - set is a dominating set. Further,
every nonsplit tree dominating set D with ID|>1isa nonsplit connected dominating set.
3. The non split tree dominating set does not exists, when G is a path and corono graph of any
connected graph.
Bounds and some exact values of nonsplit tree domination number:
Observation: 3.1
For any connected graph G, y(G) < ynstd(G).

Example: 3.2
Vi

(@)
v () . 2

Vy

Ve A Va
Figure 2.2

In the graph given in Figure 2.2(a), D1 = {vs, v4} is a y - set and a ynstd - Set and (V—D1) = Pa.
Y(G) = Ynsa(G) = 2.

In the graph given in Figure 2.2 (b), D2 = {v1, v3} is a ynsta - Set and D3 = {v3} is a y - set
(V-D2) = P3.y(G) = | and

Ynstd(G) = 2. Therefore, Y(G) < Ynstd(G).
Observation: 3.2

For any spanning subgraph H of G, vnsta (G) < ynsa(H). This is illustrated by following

examples.
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Example: 3.3 Vi

v, Vi V2
7 v
Va Vs Va Vs

Figure 2.3

In the graph given in Figure 2.3, H is a spanning subgraph of G, vnstd (G) < ynsta(H).
Example: 3.4

Vi \ Vi V2
G: @ H: 17‘
Va Vs Vs
Figure 2.4

In the graph given in figure 2.4, ynstd(G) = 1 and ynsta(H) = 1
Remarks 3.2:
1. For any graph G, y(G) < yns(G) < Vnstd(G).
2. For any graph G, y(G) < v(G) < ynsta(G). There are illustrated by following examples.
Example: 3.5

Vi Vs V3 Vg
Vg Vs
Figure 2.5
In the graph given in Figure 2.5, y(G) = yns(G) = 1t(G) = Ynstd(G) = 2.
Example: 3.6
Vi V2
oVs
3 Vs
Figure 2.6

In the graph given in Figure 2.6, y(G) = 2, yns(G) = 3, 7t(G) = 2, vnstd(G) = 3. Here y(G) <
¥ns(G) and yir(G) < ynstd(G).

Theorem 3.1: For any connected graph G with n vertices, ynsta(G) = 1if and only if G = H+K3, where
H is a connected graph with (n—1) vertices.
Proof:

Assume G = H+K1. Then D = V(K1) is a nonsplit tree dominating set of G. Thus ynsta(G) = 1.
Conversely, if ynstd(G) = 1, then there exist a nonsplit tree dominating set D of G, with ID|=1.
Since (V-D)is a connected graph and each vertex in (V-D)is adjacent to v in D. Therefore, G = (V-D)
+ K. If the graph (V-D) is denoted by H, then G = H+K.
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Remarks 3.3:

If G is one of the following graphs, then ynstd(G) = 1.

(1) The Diamond graph is a planar undirected cubic graph with 4 vertices and 5 edges. It

contains of a complete graph K4 minus one edge. For this diamond graph, nonsplit tree

domination number is 1.

(2) For any wheel Wi (n > 3), ynsta(Wh) = 1.

(3) For the complete graph K, with n vertices, ynstd(Kn) = 1.

Theorem 3.2: For any cycle Cy on n vertices, ynstd(Cn) =n—2,n > 3.
Proof:

Let V(Cn) = {Vv, v, V2, ...., Va}. Then D = V(Cy) — { Vn-1, Vn } is a nonsplit tree dominating set
of Cn. The induced subgraph (D) is a tree and (V-D) = P2. Therefore, ynsta(Cn) = | DI = V(Cn) = { Va1,
Vn } = n — 2. Also a subset of V(Cy) containing less than n — 2 vertices is not a nonsplit tree
dominating set. Therefore, ynsta(Cn) =N — 2.

Theorem 3.3: ynsta(C,, ) = 2, for n > 5, where C,, is the complement of Cn.
Proof:

Let V(C,) = { V1, V2, ..., Va}. In C,, the set { vi, viss }, 1 <i <[n/2], is a nonsplit tree

dominating set. Thus, ynsw(C, ) = ID|= 2.
Remark 3.4:

If n=5, G = C; = Cs, then Ynst(Cs ) = 3.

Theorem 3.4: ynsta( P, ) = 2, for n > 5, where P, is the complement of P,

Proof:

Let V(P,) = { V1, V2, ..., Vn}. In P, there exists two adjacent vertices { vi, vn }(n > 5) is a
nonsplit tree dominating set and (D) is a tree and (V-D) is connected graph. Thus, ynswa(P, ) = ID|=
2.

Remark 3.5:

If G = Py o Ky, then D = V(Py) is a tree dominating set of G and (D) = P, and (V-D) = nKj.
Since (V-D) is a disconnected graph. Therefore, the non split tree dominating set does not exist.
Theorem 3.5: ynstd(Krs) =2, 1, 5> 2.

Proof:

Let G = Krs. Let V1, V2 be a bipartition of G, such that | Vil = r and | V2 = s. A non split tree
dominating set is D = {us, vi}. Also V- D = {uy, u, ..., Um, V1, V2, ..., Vn}. Here the induced sugraph
(V-D) is connected. Therefore, ynsta(Krs) =| Dl = 2.
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The nonsplit tree domination number of some special graphs:
Definition 3.2: Frucht graph:

The Frucht graph is a 3- regular graph with 12 vertices and 18 edges and no non trivial

symmetries.
Figure 3.7
Theorem 3.6: If G is a Frucht graph, then ynsta(G) = 5.
Proof:
Let V(G) = {v1, V2, V3, ....., V12}, the set D = {vgz, v, Vs, Vs, V7} IS a dominating set and the

induced subgraph ( V-D ) = Cy. Therefore, the set D is a non split tree dominating set of G. Hence,
'Ynstd(G) =5.
Definition 3.3: Durer graph

The Durer graph is an undirected cubic graph with 12 vertices and 18 edges.

Figure 3.8

Theorem 3.7: If G is a Durer graph, then ynstd(G) = 6.
Proof:

Let V(G) = {v1, V2, V3, ....., V12}, the set D = {v1, v2, V4, Vs, Vg, V1o} IS @ dominating set and
the induced subgraph ( V-D ) = Pn. Therefore, the set D is a non split tree dominating set of G.
Hence, ynstd(G) = 6.
4. NONSPLIT TREE DOMINATION NUMBER AND CONNECTIVITY OF GRAPHS:
Theorem 4.1: Let G be a connected graph. Then ynsta(G) + k(G) = 2n — 3 (n > 3) if and only if G is
isomorphic to Cs.
Proof:

By Theorem 2.1 and 3.2, ynstd(G) + k(G) <n—-2+86(G)< n—-2+n-1=2n-3.
If G = Cs, then ynstd(G) = 1 and «(G) =2 and ynstd(G) + k(G) =3 =2n — 3.
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Conversely, assume ynstd(G) + k(G) = 2n  — 3, for n > 3. Then the following cases are to
considered.
(1) Ynstad(G) =nand kK(G)=n -3
(i) ynstd(G) =n -1 and K(G) =n -2
(iii)ynstd(G) =n— 2 and k(G) =n — 1.
Since ynstd(G) < n — 2, the case (iii) alone be considered. ynstd(G) =n — 2 and k(G) =n — 1.
vnstd(G) = n-2 if and only if G = Cnand «(Cn) =2 =n - 1. Therefore G = Ca.
Theorem 4.2: Let G be a connected graph. Then ynstd(G) + k(G) = 2n — 4 (n > 4) if and only if G is
isomorphic to C4 and Ka.
Proof:
Assume Vnstd(G) + k(G) = 2n — 4, n > 4. Then the following cases are to be considered.
(1) ynsta(G)=nand x(G)=n-4
(ii) ynsta(G) =n —1 and k(G) =n -3
(i) ynsta(G) =n — 2 and k(G) =n -2
(iV)ynstd(G) =n =3 and k(G) =n-1
There is no connected graph G with ynstd(G) = n, K(G) =n — 4 and ynsta(G) =n — 1, k(G) =n - 3.
Case(i): ynstd(G) =n — 2 =x(G)
ynstd(G) =n—2if and only if G = Cpand «(Cn) =2 =n— 2, implies n = 4. Therefore, G = Ca.
Case(ii): ynstd(G) =n—3 and x(G)=n -1
If «(G) =n -1, then G = Kp, n > 3. But ynstd(Kn) = 1=n — 3, implies n = 4. Therefore G =
Ka.
Theorem 4.3: Let G be a connected graph. Then ynstd(G) + k(G) = 2n — 5 (n > 5) if and only if G
=Cs, Ks and Ky —e.
Proof:
Assume Vnstd(G) + k(G) = 2n — 5, n > 5. Then the following cases are to be considered.
(i) ynst(G)=nand k(G)=n-5
(i) ynsta(G) =n—1 and x(G) =n -4
(i) ynsta(G) =n — 2 and k(G) =n -3
(IV)ynsta(G) =n—3 and k(G) =n—2
(V) ynstd(G) =n—4 and x(G)=n-1
There is no connected graph G with ynstd(G) = n, K(G) =n — 5 and ynstd(G) = n — 1, kK(G) =n — 4.
Case(i): ynstd(G) =n—2 and x(G) =n—3
ynstd(G) = n-2 if and only if G = C, and k(Cn) = 2 = n — 3, implies n = 5. Therefore G is
isomarpic to Cs.
Case(ii): ynstd(G) =n—3 and k(G) =n — 2
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Since k(G) < 8(G), 6(G) > n— 2. If §(G) > n — 2, then G = K, n > 3. Therefore ynsta(G) = 1 =
n — 3, which gives n = 4. Thus G = K4. But «(G) =3 #n — 2. Assume 6(G) = n—2. Then G is
isomorphic to K, — Y where Y is a matching in Kn, n > 3 and ynsta(G) < 2.

If ynstd(G) =2 =n — 3 then n = 5. Therefore G = Ks—¢, Ks-2¢. If G = Ks ¢, then ynsta(G) = 1
n—3. If G = Ks -2, then ynstd(G) = 1# n — 3. If ynsta(G) < 2, then n = 4.

Therefore G = Ks-¢, Ca. If G = Ks—¢, then ynstd(G) =1=n—-3 and x(G) =2=n-2. If G =
Cs, then ynsta(G) =2 #n - 3.

Case(iv): ynstd(G) =n —4 and x(G) =n -1
If K(G) =n -1, then G = K, n > 3. Therefore ynsta(G) = 1 = n — 4, which givesn = 5.
Thus G = K.

5. NONSPLIT TREE DOMATIC NUMBER

In this section a new parameter known as nonsplit tree domatic number of a connected graph
is defined and studied.
Definition 5.1:

A partition {V1, V2, V3, ... ,Va} of V(G), in which each V;j is a tr - set in G is called a tree
domatic partition of simply tr- partition of G. The maximum order of a tr- partition of G is called the
tree domatic number of G and is denoted by di(G).

Definition 5.2:

A partition {V1, V2, V3, ... ,Vn} of V(G), in which each Vi is a nsd - set in G is called a
nonsplit domatic partition of simply nsd - partition of G. The maximum order of a ns - partition of G
is called the nonsplit domatic number of G and is denoted by dnsa(G).

Definition 5.3:

A partition {V1, V2, V3, ...,Vi} of V(G), in which each Vi is a nstd -set in G is called a

nonsplit tree domatic partition of simply nstd - partition of G. The maximum order of a nstd -

partition of G is called the nonsplit tree domatic number of G and is denoted by dnstd(G).
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Example 5.1:
Vi V2

V
4 Vs

Figure 5.1

In the graph given in Figure 5.1, D1 = {v1}, D2 = {v2}, D3 = {vs}, D4 = {va} and dnsta(G) = 4.
Remarks 5.1:

1) Since any nonsplit tree domatic partition of G is also a nonsplit domatic partition of G,

dns(G) < d(G) and dnsta(G) < d(G) and dns(G) < dnsta(G) < d(G).

2) Let ueV(G) and d(u) = 8. Let {V1, V2, V3, ...,V dnsa } be a nonsplit tree domatic partition

of G. Since | Vil > ynsta(G) for each K, ynstd(G) . dnsta(G) < n.
Example 5.2:

1) In wheel graph W, dnst(G) < d(G).

2) In cycle Ca, Ynstd(G) . dnsta(G) = n.

Theorem 5.1: If ynsta(G) > 0, then dpstq (G)SL and the bound is sharp.
Ynstd (G)

Proof:

Let{Di, D2, ... ,D«} is a partition of V(G) into k nonsplit tree dominating sets, such that ,
dnstd(G) = k. Since each ( Dj ) is a nonsplit tree dominating set, it follows that , yntr(G) < |Di| for 1<

i<k

K
Thus, n= Z|D||Z’Yntr (G)k
=1

Gnstd (0% Ynstd (G)
Observation 5.1:
1) dner(Whn) =2, n > 4.
2) dntr(Km, n) = min{m, n}, m,n>1.
3) dnr(Kn) =n—1,n>3.
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