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ABSTRACT

A subset D of the vertex set V (G) of a graph G is said to be a dominating set if every vertex
not in D is adjacent to at least one vertex in D. A dominating set D is said to be an eccentric
dominating set if for every v € V — D, there exists at least one eccentric point of v in D. An
eccentric dominating set D of G is a nonsplit eccentric dominating set if the induced sub graph
<V —D > is connected. The minimum of the cardinalities of the nonsplit eccentric dominating
sets of G is called the nonsplit eccentric domination number ynsed(G). In this paper, we have
studied the changing and unchanging of Nonsplit eccentric domination number in graphs.
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1 Introduction

Let G be a finite, simple, undirected graph on n vertices with vertex set V (G) and edge set
E(G). For graph theoretic terminology refer Harary [5], Buckley and Harary [1]. The concept of
distance in graphs plays a dominant role in the study of structural properties of a graph in
various angles using related concept of eccentricity of vertices in graphs. The study of
structural properties of graphs using distance and eccentricity started with the study of center of
tree and propagated in different directions in the study of structural properties of graph such as
unique eccentric point graphs. K-eccentric point graphs, self centered graphs. Let G be a
connected graph and u be a vertex of G. The eccentricity e(v) of v is the distance to a vertex
farthest from v. Thus e(v) = max{d(u, v) : u € V }. The radius r(G) is the minimum eccentricity
of the vertices, whereas the diameter diam(G) is the maximum eccentricity. For any connected
graph G, r(G) < diam(G) < 2r(G). The vertex v is a central vertex of G if e(v) = r(G). The center
C(G) is the set of all central vertices of G. The central subgraph < C(G) > of a graph G is the
subgraph induced by the center. The vertex v is a peripheral vertex if e(v) = diam(G). The
periphery P(G) is the set of all peripheral vertices of G. For a vertex v, each vertex at a distance
e(v) from v is an eccentric vertex of v. Eccentric set of a vertex v is defined as E(v) = {u € V
(G) : d(u, v) = e(v)}. The open neighborhood N(u) of a vertex u is the set of all vertices
adjacent to v in V. N[u] = N(u) U {u} is called the closed neighborhood of u. For a vertex u €
V (G), Ni(u) ={u € V (G) : d(u, v) = i} is defined to be the i th neighborhood of u in G. The
concept of domination in graphs was introduced by Ore [8] and Cockayne et al. studied various
bounds and results to domination in [4]. A set D € V is said to be a dominating set of G, if
every vertex in V — D is adjacent to some vertex in D.
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In 2010, Janakiraman, Bhanumathi and Muthammai defined eccentric domination in graphs [6]
and studied eccentric domination in trees [2] and various bounds of eccentric domination in
graphs. V.R. Kulli and Janakiram introduced the concept of split and nonsplit domination
number of a graph in 1997 [10] and in 2000 [11] Motivated by these, we have defined split and
nonsplit eccentric domination number of graphs.The changing and unchanging terminology
was first suggested by Harary [5]. It is useful to partition the vertex set or the edge set of a
graph G into three sets according to how the addition of vertex (or edge) or removal of addition
(edge) affects the domination number.

A set D € V (G) is an eccentric dominating set if D is a dominating set of G and for every v €
V — D, there exists atleast one eccentric vertex of v in D. If D is an eccentric dominating set,
then every superset D" 2 D is also an eccentric dominating set. But D" < D is not necessarily
an eccentric dominating set. An eccentric dominating set D is a minimal eccentric dominating
set if no proper subset D" < D is an eccentric dominating set. The eccentric domination
number yed(G) of a graph G is the minimum cardinality of an eccentric dominating set. An
eccentric dominating set D of G is a nonsplit eccentric dominating set if the induced subgraph <
V — D > is connected

The nonsplit eccentric domination number ynsed(G) Of a graph G equals the minimum
cardinality of a nonsplit eccentric dominating set. That is ynsed(G) = min |D|, where the
minimum is taken over D in D, where D is the set of all minimal nonsplit eccentric dominating
sets of G.

In this paper, we have studied the changing and unchanging of the Nonsplit eccentric
domination number in graphs.

2 Prior Results
Theorem 2.1

1. Yed (Kn)=1,n>3.
2. Yed (K1) =2,1n>2.
3.ved(Wn)=3,n>7

. 4 'Yed (Km,n) = 2, n 2 2

(ﬂw Cif n=3k+1

5. "{ed(Pn) =
(%W+1Jf=3kor3k+2
n . .
3 , If n=3mand is odd
6. ved(Cn) = 1 , if n=3m+1and is odd

|
|

w|ls w|l>o

1+1,if =3m+2and is odd
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Theorem 2.2
(i) 7ynsed (Kn) =1, forn> 3.
(11) Ynsed (Kmn) = 2, for m, n > 2.
(iii) ynsed (Cn) =n — 2, for n > 3.
(1v) ynsed (Wn) = 3, for n > 4.
(V) Ynsed (T) = yns (T) for any tree T.
(vi) Ynsed (Cn °© K1) =n for n > 3.
(vii) Ynsed (K1,n) =n, forn > 2
(viii) ynsed (Pn) =n — 2, for n > 3.
Theorem2. 3.

Let G be a connected graph obtained from a complete graph K, by attaching pendant edges
at at least one of the vertices of the complete graph and not all the vertices of the complete
graph then ynsed(G) = s + 1 for n > 3, here S is the set of all pendant vertices of G and |S| =s.

Theorem 2.4

If G is a spider, then ynsed(G) = € + 1, where e is the number of pendant vertices of G.

Theorem2. 5

If G is a caterpillar such that each non pendant vertex is of degree three then ynsea(G) = €, where
e is the number of pendant vertices of G.

Theorem 2.6

If G is a wounded spider, then ynsed(G) = S + € where s is the number of pendant vertices of non
wounded legs, and e is the number of pendant vertices of wounded legs.

Theorem?2. 7

If G is a unicyclic graph with p vertices and if G has an induced cycle of length (p — 1) then
Ynsed(G) =p — 2.

Theorem?2. 8

If G is a graph obtained from a path Pp-1 by attaching one pendant vertex with any vertex of
degree 2 of a path Py-1 then ynsed(G) = p—2.
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Theorem 2.

Let n be an even integer. Let G be obtained from the complete graph Kn by deleting edges of a
linear factor. Then Yed(G) = g

3 Changing and Unchanging of Nonsplit Eccentric

Domination Number in Graphs

In this section, a study of changing and unchanging of nonsplit eccentric domination number in
connected graphs is initiated.

3.1 Changing and unchanging of ynsed due to vertex removal

If a vertex is removed from G, then the vertex lies in one of the following three

sets. There are vertices whose removal will maintain the nonsplit eccentric

domination number.

Define,

V E%s = {V € V (G)/ynsed(G — V) = Ynsed(G)}

V E ns = {V € V (G)/Ynsed(G — V) < ynsed(G) }

V E*ns = {V € V (G)/Ynsed(G — V) > ynsed(G) }

Theorem 3.1.1.

1 If G is a complete graph with atleast three vertices then V = V EC%.

2. Let G be a star Kin,n >3,

(i) If v is a pendant vertex thenv € V E ns

(i) If v is a central vertex then v € V E%s.

3. If G is a complete bipartite graph then V =V E%; for m, n > 3.

4. Let G be a path on atleast four vertices.

(i) If v is a pendant vertex,thenv € V E ns,

(i) If v is a support vertex, then v € V E s,

(i) If v is not a pendant vertex and not a support vertex, thenv € V E s,

5.IfGisacycle Ch,n>3,thenv €V Eps.

6. If G is a wheel and v is not a central vertex of G, then v € V E%; forn > 3.
If G is a wheel and v is a central vertex of G then v € V E*s for n > 10.

7. 1f Gis acorona Cn ° Ki (n > 3), and if v is a pendant vertex of G, then v € V E° ps.
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Proof.

(1) G = Ky, n >3 by Theorem 2, ynsed(Kn) = 1. Let v € V (G). Then G — v = K1 and Vnsed(G
—v) = 1 = Ynsed(G). Therefore v € V E? ns and hence V =V E? .

(2) Let G = Kup, for n > 3. By Theorem 2, ynsed(K1n) = n. Let v € V (G) be the central vertex
then G—v = nK{, totally disconnected. Therefore Ynsed(G — V) = ynsed(G). Thus v € V E? ns. Let v
€ V (G) be a pendant vertex. Then G — v = Kiy1 and Ynsed(G — v) = n — 1 < ynsed(G) = n.
Therefore v € V E ..

(3) Let G be a complete bipartite graph Km,n, where m, n > 3. By Theorem 2, ynsed(Km,n) = 2.
Let v € V (G). Then ynsed(G—v) = 2 = ynsed(G). Therefore v € V E%s and hence V =V E%;

(4) Let G = Pn,n>4. By Theorem 2, ynsed(Pn) =n — 2.

0] If v is a pendant vertex of G, then G—v = Pp-1, Ynsed(G—V) = n—3 < Vnsed(G).
Therefore v € V Eps,

(i)  If v is support vertex then ynsed(G — v) = 1 + (n — 2) — 2 =n — 3. Therefore Ynsed(G —
V) < Ynsed(G). Hence v € V E s,

(iii)  If vis not a pendant and not a support vertex then Py and Pn2 be the component of
G—v with n1+n2=n—1 and n1 > n2 > 2 then Ynsed(G —v) = (m1 —2) +n2=nN1 + N2 — 2
=n— 3 < Ynsed(G). Therefore v € V E s,

(5) LetG = Ch, n> 3. By Theorem 2, ynsed(Cn) =n—2. Let v € V (G). Then G —v = P, and
Ynsed(G — v) =n — 3 < ynsed(G). Therefore v € V E nsand hence V (G) =V E rs..

(6)Let G be a wheel on (n + 1) vertices, where W, = C, + K1, n > 10. Then by Theorem 2,
vnsed(Wn) = 3. Let v be a vertex of Wh.

(@ LetveV (Cn). Then G-V = K1 +Pp1  and ynsed(G — V) = 3 = ynsed(G) for n > 3. Thus v
eVE’ns

(b) Let v be the central vertex of Wn. Then G — v = Cpand ynsed(G — v) > ynsed(G). Therefore
VEVE" .

(7) Let G be the corona Cy, ° Ky and v be a pendant vertex of G. By Theorem 2, ynsed(Cn © K1) =

n. Now, G — v is a graph obtained by attaching exactly one pendant edge at each of (n — 1)
vertices of Cn. Then a minimum nonsplit eccentric dominating set of G—v contains all the (n —
1) pendant vertices and a vertex of degree 2 of Cy, and hence Ynsed(G — V) = n = Ynsed(G).
Therefore v € V E%s

Theorem 3.1.1.

Let T be a tree such that each vertex of degree atleast 2 is a support. Then ynsed(T) = e, where
e is the number of pendant vertices in T. Also if v is a pendant vertex then v € V E ns U V E%s .

Proof. T is a tree with each vertex of degree atleast 2 is a support, where e is the number of
pendant vertices in T. The set of all pendant vertices forms a minimum non split eccentric
dominating set. Thus ynsed(T) = €. Let v be a pendant vertex of T. When we remove v from T,
Ynsed(T —V) < ¥nsed(T). Therefore v € V Ens U V E%s.
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Theorem 3.1.2.

Let G be a spider. Then V =V E%s U V E s
Proof.

Let G be a spider, then by Theorem 2.4 ynsea(G) = s + 1, where s is the number of pendant
vertices of G. When we remove a pendant vertex v from G, G — v is a wounded spider with one
wounded leg, then Ynsed(G — v) = s < ynsed(G), using Theorem 2.6. Therefore v € V E ns. When
we remove a vertex from G which is not a pendant vertex, then G—v is disconnected. G — v =
G1 U K1 where Gz is a spider with (s — 1) pendant vertices and ynsed(G1) = (s — 1) + 1. Hence
Ynsed(G — V) =((s — 1) + 1) + 1 =s + 1 = ynsea(G). Therefore v € V E%. Thus V=V E%s U V
E_ns
Theorem 3.1.3.

Let G be a caterpillar such that each non pendant vertices is of degree 3. Then V=V E%s U V
E+ns U V E_ns .

Proof.

Let G be a caterpillar such that each non pendant vertices is of degree 3. Then ynsed(G) = € = §+

1, where e is the number of pendant vertices in G.

Case (i): When we remove a pendant vertex v which is peripheral, Ynsed(G — v) = ¢ — 1 <
Ynsed(G)-

Case (ii): When we remove a pendant vertex v which is not peripheral, ynsed(G — V) =e¢ — 1 <
Ynsed(G)-

Case (iii): When we remove a vertex v of degree 3, which is not a pendant vertex, G — v is
disconnected.

Subcase (a): deg(v) = 3 and v is adjacent to two pendant vertices. G—v has 3 components with
two isolated vertices. Ynsed(G — V) = p—T?)-I-1+ 2= pT-I-Z = g + 1 = ynsed(G). Therefore v € V E%s
Subcase (b): deg(v) = 3 and v is adjacent to only one pendant vertex. G—v has 3 components
Gi1, G2 and G3 with one isolated vertex. Let the pendant vertices of G1 be e; and the pendant
vertices of G2 be ez Then e = e; +e2 +1. Let e1 < e2. Then Gy has (e1+e1—1) vertices and Gz has
e+(ex—1) vertices. Hence Ynsed(G — V) =1+ (e1+te2—1)+tex=2e1+ex=er+(e1+e)=er+
(e—1)>2+e—1=e+1>e=ynsed(G). Therefore v € V Es.

Hence in general V=V E%s UV E*s UV E ps .
Theorem 3.1.4.

Let G be a connected graph obtained from a complete graph by attaching pendant edges at
atleast one of the vertices of the complete graph but not all the vertices of a complete graph
then V.=V E%;s UV E s
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Proof.

Let G be a graph obtained from a complete graph K, by attaching pendant edges at at least one
of the vertices of the complete graph but not attached to all the vertices of a complete graph. By
Theorem 2.3 ynsed(G) = s + 1 where s is the set of all pendant vertices of G and |S| = s.

Case (i): If deg(v) = 1 and v is the only one pendant vertex of G. Then G — v = K, and ynsed(G
- V) = 1 < 'Ynsed(G). Hence V E V Eins

Case (ii): Ifv is a support vertex of G. Then G — v is a disconnected graph.

Subcase (a): G—v has Ky-1 as a component. Then ynsed(G—v) = y(G—v) = 2. Also Ynsed(G) = 2.
Therefore Ynsed(G - V) = 'Ynsed(G). Hencev eV Eons

Subcase (b): G — v has a pendant vertex, s > 2. In this case G — v =K1 U G1, where Gz has (s —
1) pendant vertices and Ynsed(G) = s + 1. Therefore ynsed(G — v) = (s — 1) + 1 = s < Vnsed(G).
Hencev € V E ns.

Case (iii): Let dege(v) = 1 and let there exist t (t > 2) vertices of degree 1 in G. Then G —visa
graph with (p — 1) vertices obtained from a complete graph by attaching (s — 1) pendant edges
at atleast one of the vertices of the complete graph. Then ynsed(G—Vv) = (s—1) + 1 < Vnsed(G).
Hencev € V Es

Case (iv): Let v be a vertex of the complete graph and be not a support vertex of G. Then
degG(v) =n — 1 when n (n < p) is the number of vertices of the complete graph Kn. Since G — Vv
has (p — 1) vertices and Ynsed(G — v) = s + 1 = ynsed(G). Hence v € V E%;

From the above cases V =V E%s U V E s

3.2 Changing and unchanging of ynseq due to edge removal

Here, the edge set of a graph G is classified in such a way that removal of an edge affect or
does not affect the non split eccentric domination number of G.

Define,

EE®ns = {& € B(G)/ynsed(G — €) = ynsed(G)}

EE ns = {€ € E(G)/ynsed(G — €) < Ynsed(G)}

EE"ns = {€ € E(G)/ynsed(G — €) > Vnsed(G)}

Clearly, E = EE%s U EE*ys U EE Ty

The following are the results of some special classes of graphs.
Theorem 3.2.1

(i) If G is a complete graph then E = EE*xs
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(ii) If Gis astar Ki,n, n > 2, then E =EE s

(iii) Let G be a complete bipartite graph Km,n, n >m > 2. Then E = EE.
(iv) If G is a path and e is a pendant edge then e € EE%s

(v) If G is a wheel Wn, then E = EE%s

(vi) If G is a cycle then E = EE

Proof.

()Let G = K. Let e € E(G). Then G — ¢ is Kn — e. Therefore ynsed(G — €) = 2 > ynsed(G) = 1.
Hence e € EE+n3 and E= EE+ns,

(ii) Let G = Kyi,n, n> 2. Lete € E(G). Then G — e is a disconnected graph. Therefore ynsed(G —
e) =n = Ynsed(G). Hence e € EE%. Therefore E = EE%s

(iii) Let G be a complete bipartite graph Kmn. Let e € E(G). Then G — e = Kmn — e. Therefore
'\{nsed(G - e) =2= 'Ynsed(G). Hence e € EEOns and E = EEOns

(iv) Let G be path Pn, n > 4. Let e be a pendant edge of Pn, n > 4. Then G — e = Py, U Ky and
also disconnected. By Theorem 2.2 ynsea(G—¢) = ((n—1)-2)+1 = n—2. Hence e € EE%s and E =
EE s

(v) Let G be a wheel Wh, n>7 and Wy = Cy + K1. By Theorem 2.2 ynsed(G) = 3.

Case (i): Let e = xy € E(Cn). Then G—e = Ki +Pn. D = {xzy} is a nonsplit eccentric
dominating set of G — e, where z is the central vertex of G. Therefore ynsed(G — €¢) = 3 =
Ynsed(G). Hence e € EEs

Case (ii): Let e = xy € E(G) be an edge joining the vertex of K; and a vertex of Cn. Then G — ¢
is a graph with radius 2 and diameter 3. Also G — e is a graph with 8(G) =2 and A(G) =n— 1
and Ynsed(G — €) = 3 = ynsed(G). Hence e € EE%

From cases (i) and (ii) E = EE%s.

(vi) Let G be acycle Cn,n>3. Let e € E(C). Then G — e = Pn. By Theorem 2.2 ynsea(Pn) = n
— 2 and ynsed(Cn) = n — 2. Therefore ynsed(G — €) =1 — 2 = Ynsed(G). Hence e € EE%s and E =
EE s

Theorem 3.2.2

If G is a unicyclic graph with p vertices and G has an induced cycle of length p — 1 then
E = EE®U EE*ns

Proof.

Let vi, V2, . . ., Vp-1 be the vertices of G and let x be the pendant vertex of G. ynsed(G) = p — 2.
Then by Theorem 2.7. Let us remove an edge e =uv € V (G).

Case (i): If d(u) = 3 and d(v) = 2. Then G — e is a path Pp. By Theorem 2.2 ynsed(Pp) = p — 2.
Therefore Ynsed(G — €) = p — 2 = Ynsed(G). Hence e € EE .
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Case (ii): If d(u) = 2 and d(v) = 2. Then G — ¢ is a graph obtained from a path Pp—1 by
attaching one pendant vertex with any vertex of degree 2 of a path Pp—1. By Theorem 2.8
Ynsed(G—€)=p—2= ’Ynsed(G). Hence e € EEOns.

Case (iii): If d(u) = 1 and d(v) = 3. Then G — ¢ is a disconnected graph. Therefore ynsed(G—€) =
p—2+1 = p—1 > Ynsed(G) = p—2. Hence e € EE*ps. From the above cases E = EE%s U EE*ns
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