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ABSTRACT 

Length-biased distributions are a special case of the more general form known as weighted distributions. 

The concept of weighted distribution is frequently used in studies related to reliability, survival analysis, 

analysis of family data, biomedicine, ecology, etc. In practice, weighted distributions are used and applied 

when observations from a sample are recorded with unequal probabilities. In this paper a Beta-Length 

Biased Pareto distribution has been proposed. Also, various mathematical properties of the BLBP 

distribution have been presented. 
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1.Introduction 

Size-biased distributions are a special case of the more general form known as weighted 

distributions. The concept of weighted distribution is frequently used in studies related to reliability, 

survival analysis, analysis of family data, biomedicine, ecology, etc. In practice, weighted 

distributions are used and applied when observations from a sample are recorded with unequal 

probabilities. Statistical models that take into account such restrictions are known as weighted 

models. Rao (1965) presented a unified concept of weighted distribution and identified various 

sampling situations that can be modelled by weighted distributions. When observations are selected 

with probability proportional to their length, the resulting distribution is called length-biased. 

Length-biased distributions have been particularly found to be very useful in biometry, wildlife 

studies, and for the analysis of lifetime data. The statistical interpretation of length-biased 

distributions was originally identified by Cox (1969) in the context of renewal theory. Patil and Rao 

(1978) examined some general models leading to weighted distributions and showed how the weight 

w(x) = x occurs in a natural way in many sampling problems.  

The Pareto distribution was first proposed by Wilfred Pareto (1906). This distribution finds 

wide ranged applications in economics, life testing studies, survival analysis, business and industrial 

product management, etc.  A random variable X is said to follow Pareto distribution if its probability 

density function (PDF) is given by:  

𝑓(𝑥) =
𝛼𝛽𝛼

𝑥𝛼+1  ; 𝑥 ≥ 𝛽, 𝛼, 𝛽 > 0                (1.1) 

Where β is the scale parameter and α is the shape parameter of the distribution. The mean of 

this distribution is given by, 

𝐸(𝑋) =
𝛼𝛽

𝛼 − 1
 , 𝛼 > 1 

The probability density function (PDF) of Length Biased Pareto (LBP) distribution is given 

by,  
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ℎ(𝑥) =
𝑥𝑓(𝑥)

𝐸(𝑥)
 

i.e., 

                                      ℎ(𝑥) = (
𝛼−1

𝛽
)(

𝛽

𝑥
)𝛼                          (1.2) 

 

 

The distribution function of LBP distribution is given by, 

𝐻(𝑥) = 𝑃(𝑋 < 𝑥) = ∫ (
𝛼−1

𝛽
)𝛽𝛼𝑥

𝛽
𝑡−𝛼𝑑𝑡                                              (1.3) 

i.e.,  𝐻(𝑥) = 1 − (
𝑥

𝛽
)−(𝛼−1) 

2. Beta- Pareto Distribution  

 Eugene et al. (2002) and Jones (2004) proposed beta-generated distributions. Since 

then, a great variety of beta-generated distributions have been studied by several researchers. The 

beta-generated distribution applies the technique of constructing a univariate distribution function 

by incorporating in the beta distribution, another parent distribution function. The method essentially 

involves beginning with an initial baseline probability density function (PDF) f(x) and the 

corresponding cumulative distribution function (CDF) F(x), the beta generated family of distribution 

has the PDF given by, 

𝑔𝐹(𝑥, 𝑚, 𝑛) =
1

𝐵(𝑚,𝑛)
 𝑓(𝑥)𝐹(𝑥)𝑚−1[1 − 𝐹(𝑥)]𝑛−1                                   (2.1) 

and the CDF of the beta-generated distribution is given by, 

𝐺𝐹(𝑥, 𝑚, 𝑛) =
1

𝐵(𝑚,𝑛)
 ∫ 𝑡𝑚−1(1 − 𝑡)𝑛−1𝐹(𝑥)

0
𝑑𝑡                                          (2.2) 

Recently, Akinsete et al. (2008) proposed the Beta-Pareto distribution. Nanuwong and 

Bodhisuwan (2014) have studied the properties of the Length-Biased Beta-Pareto distribution. In 

this paper a new distribution namely the Beta- Length Biased Pareto distribution is proposed and 

some of its structural properties have been studied. 

 3. Beta- Length Biased Pareto Distribution  

 Here, the Length-Biased Pareto distribution is taken as the baseline distribution 

function with the PDF and the CDF given by equations (1.2) and (1.3) respectively. The CDF of the 

new distribution namely Beta-Length Biased Pareto distribution is given by, 

𝐺(𝑥) =
1

𝐵(𝑚,𝑛)
∫ 𝑡𝑚−1(1 − 𝑡)

𝑛−1𝐻(𝑥)
0 𝑑𝑡            (3.1) 

The corresponding PDF for the Beta-Length Biased Pareto (BLBP) distribution is given by,   

𝑔(𝑥) =
1

𝐵(𝑚,𝑛)
𝐻(𝑥)𝑚−1[1 − 𝐻(𝑥)]𝑛−1𝐻′(𝑥), 𝑚, 𝑛 > 0                         (3.2) 
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From the above equation (3.2), the PDF of the BLBP distribution is obtained as, 

𝑔(𝑥) =
𝛼−1

𝛽𝐵(𝑚,𝑛)
 [1 − (

𝑥

𝛽
)−(𝛼−1)]𝑚−1 (

𝑥

𝛽
)−𝛼𝑛+𝑛−1                                    (3.3) 

It is easily verified that, ∫ 𝑔(𝑥)
∞

𝛽
𝑑𝑥 = 1 and therefore 𝑔(𝑥) is the PDF of the beta generated 

BLBP distribution. Therefore, if a random variable X has the density function as in equation (3.3), 

we shall write X ~ BLBP (𝛼, 𝛽, 𝑚, 𝑛). 

  The CDF of the BLBP distribution; 𝐺(𝑥)  is given by the equation (3.1). It may be re-

expressed as 𝐺∗(𝑥) = 1 − 𝐺(𝑥). Then, we have, 

𝐺∗(𝑥) = ∫
𝛼−1

𝛽𝐵(𝑚,𝑛)
 [1 − (

𝑡

𝛽
)−(𝛼−1)]𝑚−1 (

𝑡

𝛽
)−𝛼𝑛+𝑛−1∞

𝑥
𝑑𝑡, 𝑡 ≥ 𝛽                                      (3.4) 

Let, 𝑧 = (
𝑡

𝛽
)−(𝛼−1), then the equation (3.3) becomes, 

𝐺∗(𝑥) =
1

𝐵(𝑚, 𝑛)
∫ (1 − 𝑧)𝑚−1

𝑧

0

𝑧𝑛−1𝑑𝑧 

 

 

 

That is, we have 

   𝐺∗(𝑥) = 𝐵(𝑧;𝑛,𝑚)

𝐵(𝑚,𝑛)
 , 0 < 𝑧 < 1                                           (3.5)  Where, 

𝐵(𝑧; 𝑛, 𝑚) is an incomplete beta function with 𝑧 = (
𝑡

𝛽
)−(𝛼−1). 

We therefore have, 

𝐺(𝑥) = 1 −
𝐵(𝑧; 𝑛, 𝑚)

𝐵(𝑚, 𝑛)
 

Then by using the infinite series expansion for the incomplete beta function we get, 

𝐺(𝑥) = 1 −
𝑧𝑛

𝐵(𝑚,𝑛)
{

1

𝑛
+

1−𝑚

𝑛+1
 𝑧 +

(1−𝑚)(2−𝑚)

2!(𝑛+2)
 𝑧2 + ⋯ … … … … … . . }                                (3.6) 

When 𝑚 = 1, 𝑛 = 1, the above equation (3.6) gives the CDF of the Length Biased Pareto random variable. 

 

4. Some Structural Properties of BLBP Distribution 

In this section some important structural properties of the BLBP distribution are discussed. These are: 

Case 1:  Taking  𝑚 = 1, 𝑛 = 1, in the PDF of the BLBP distribution as given by equation (3.3), we obtain, 

𝑔(𝑥) = (𝛼−1

𝛽
)(𝛽

𝑥
)

𝛼
          (4.1) 

Which is the PDF of the Length Biased Pareto distribution. 

Case 2: Taking 𝑚 = 1 in the PDF of the BLBP distribution as given by equation (3.3), we obtain, 
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𝑔(𝑥) =
𝑐𝛽𝑐

𝑥𝑐+1 , where 𝑐 = 𝑛(𝛼 − 1)       (4.2) 

Therefore, it follows that when 𝑚 = 1, the BLBP distribution reduces to Pareto distribution with parameters 

𝑐 = 𝑛(𝛼 − 1) and 𝛽. 

Case 3: If a random variable X ~ BLBP(𝛼, 𝛽, 𝑚, 𝑛) then the random variable Y=−(
𝑋

𝛽
)−(𝛼−1), has the arcsine 

distribution when 𝑚 =
1

2
 , 𝑛 =

1

2
 , and 𝛼 = 4𝑛 − 1, 𝑛 ∈ 𝑁. 

 Using the transformation method, it is easy to show that the random variable Y has the arcsine 

density function given by, 

𝑓(𝑦) =
1

𝜋√𝑦(𝑦−1)
  where 0 < 𝑦 < 1                                                                             (4.3) 

Case 4: If a random variable X ~ BLBP(𝛼, 𝛽, 𝑚, 𝑛) then the random variable, 𝑌 = 𝑛𝑙𝑛(
𝑋

𝛽
) has the logbeta 

distribution with parameters 𝑚, 𝑛 𝑎𝑛𝑑 𝛼. That is 𝑌~𝑙𝑜𝑔𝑏𝑒𝑡𝑎(𝑚, 𝛼 − 1,
𝛼−1

𝑛
).   

 Using the transformation method, it can be easily proved that if a random variable  

X ~ BLBP(𝛼, 𝛽, 𝑚, 𝑛) then the random variable, 𝑌 = 𝑛𝑙𝑛(
𝑋

𝛽
) has the logbeta distribution with the PDF of Y 

given as, 

𝑓𝑌(𝑦) =
𝛼−1

𝑛𝐵(𝑚,𝑛)
[1 − 𝑒−(

𝛼−1

𝑛
)𝑦](𝑚−1)𝑒−(𝛼−1)𝑦                (4.4) 

In the above equation (4.4) if 𝑚 = 1, is taken the PDF of the random variable Y becomes, 

𝑓𝑌(𝑦) =
𝛼−1

𝛽𝐵(1,𝑛)
 𝑒−(𝛼−1)𝑦 = (𝛼 − 1)𝑒−(𝛼−1)𝑦                                                                      (4.5)  

Therefore, it follows from equation (4.5) that if random variable X ~ BLBP(𝛼, 𝛽, 1, 𝑛) then the random 

variable 𝑌 = 𝑛𝑙𝑛(
𝑋

𝛽
) follows the exponential distribution with mean 

1

𝑘−1
 . 

Case 5: If a random variable X ~ BLBP(𝛼, 𝛽, 𝑚, 𝑛) then the random variable 𝑌 = 𝑛𝑙𝑛(
𝑋

𝛽
) follows the Beta-

Weibull distribution given that;  𝛼 − 1 = 𝑛, and the PDF of the random variable is given as, 

𝑓𝑌(𝑦) =
1

𝐵(𝑚,𝑛)
[1 − 𝑒−(𝑚−1)𝑦]𝑒−𝑛𝑦                                                                                   (4.6) 

Which is a special case of Beta-Weibull distribution.  

 

5. Conclusion: 

This paper discusses the genesis of Beta generated probability distributions. First this paper 

begins with the derivation of Length Biased Pareto Distribution and then using the beta 

generator technique a new probability distribution named Beta Length Biased Distribution 

is proposed. Various structural properties of the new distribution are considered in the paper. 

The new distribution is found to contain in it various other distributions under certain 

conditions. 
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