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We have demonstrated a simple theoretical model, involving the pseudo bosons within the second
derivative supersymmetric (SSUSY) framework, which under certain suitable constraint produces a triplet of super
partner Hamiltonians, that depict polynomial supersymmetry (PSUSY) for pseudo bosonic systems. A class of non
singular oscillators have found, as a pseudo bosonic system using SSUSY and PSUSY representations of our choice.
From the zero mode states of their corresponding quasi Hamiltonian, we have calculated the Witten index that
reveals, the underlying supersymmetry (SUSY) is unbroken in nature.
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1 Introduction
Over the past few years, research in non-Hermitian quantum mechanics has opened up new directions
of enquiry. In this regard, different existing formulations have been reanalyzed and certain aspects actively
developed in the area of the system of pseudo bosons. The concept of pseudo bosons arise from the modification
of canonical commutation relation for the operators acting in a bosonic system
[a,af] =1 (1.1)
by replacing the commutation relation
[a,b] =1 (1.2)
where b is not the adjoint of a.

The pseudo bosons are developed in concrete physical models along the years (see the review [1] and
references therein). It appeared in the context of pseudo-hermitian quantum mechanics and particularly in
PT -symmetric cases (for detail see the reviews [2, 3]).

In a recent paper [4] Bagarello discussed a general strategy to construct the pseudo-bosonic systems by
extending ordinary SUSY and studied how these are related to pseudo-hermitian quantum mechanics. In his
work, he constructed a class of shifted oscillators as a pseudo bosonic system. Motivated by this work, in the
following, we study the pseudo bosonic system in the perspectives of second derivative SUSY (SSUSY) formalism
[5]-[15] involving representations of Darboux factorization operators.

SSUSY schemes have many profound applications in the literature. To name a few significant works, such
as coupled channel problems, transparent matrix potential. The SSUSY realisation is controlled by two conserved
2 X 2 matrix superalgebras Q% and a quasi Hamiltonian

K ={Q*Q7},
which is a fourth order differential operator and also the second order of Schrédinger operator, lead us to the
polynomial SUSY (PSUSY) [11, 12, 13] picture.

The organisation of this paper is as follows: in section 2 and 3 we discuss the SSUSY and PSUSY
representations of pseudo bosonic system and illustrating them we construct a class of non singular oscillators; in
section 4 we study the zero states and Witten index for our model and finally in section 5 we present the
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summary of our work.

2 Second Derivative Super Symmetry (SSUSY)
For second order derivative generalization of supersymmetric quantum mechanics we consider the
most general form of supercharges (basically those involving Darboux type factorization) [5, 11]

A =207 + {f(x),0} + (x)
=202 £ 2f(x) 0+ p(x) £ f'(x) (2.1)
where f(x),¢(x) are arbitrary but non-singular real valued functions, d = % and (ANt =A".
Interms of A~ and A7 let us now introduce the corresponding supercharges Q* and Q~ as

0 0 0 At
Q+=<c/l_ 0>, Q‘=<0 0 ) (2.2)

The quasi-Hamiltonian K which is a fourth order differential operator is given by

ATA~ 0
K={Q"Q}=|o0 AAY ). (2.3)
Suppose there exist an another operator H involving Schrédinger like Hamiltonians A and h®) as
M 0
H = (0 h(2)> (2.4)
where we define A and h® in terms of the potential V(1 and V3,
h(2D = 252 4 (D) (2.5)
2
such that H commutes with Q%,
[H,Q*] = 0. (2.6)
From these above equations we obtain the intertwining relations
A hD = DA~ AT = AV AT, (2.7)
Substituting (2.1) and (2.5) in the first intertwining relation of (2.7) we obtain
VO —y@) =4 (2.8)
2f{v@®D —y @} =y — 27" 4 ¢ (2.9)
(¢ _ fl){V(l) _ V(Z)} - _%(d)ll - flll) _ %V(l)ll + va(l)l (210)

while from the second relation of (2.7) we are led to the constraints
VO -y @ =4f" (identicalto (2.8))

2f{vD —y @} =y @7 4 27" 4 ¢ (2.11)
@+ VD = V@) =2(¢" + f") +5V D" + 2V @, (2.12)

Then setting (2.8) into (2.9) and (2.11) we can get respectively
VAD = 4f2 +2f" —p +ay, (2.13)

where a; and a, are constants of integration. As a result
VD — V@ = 4f" + (ay — ay).
On comparison with (2.8) we get @; — a, = 0 and we take each of constants equal to a common constant «.
Now from the relations (2.13) and (2.10) we acquire a first order differential equationin ¢ as

, Zf! , f!”
‘b =8ff L 2.14
whose solution is stated by
_op2 L LN LB
¢ =2f 4f+8(f) + 5 (2.15)

where [ is an arbitrary constant. Note that from the relations (2.13) and (2.12) no new result can be obtained.
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The corresponding potentials V(12) then take the explicit form

" ! 2
VA2 = 2f2 4 2f" +%’%—%(f7) +a —fﬁz. (2.16)

Now, we are turning to the quasi-Hamiltonian K which can be assumed as a polynomial in H. This guides us to
the so-called “polynomial SUSY".

3 Polynomial Super Symmetry (PSUSY)
To address PSUSY we consider the quasi-Hamiltonian K as polynomial in H. In the present case we
take K as quadraticin H. Expressing K as
K = H? +d.
2
Factorization of K requires d to be a perfect square in the form d = i% according as d > or <0.

2
However for the reducible algebra d < 0, in the following we take d = —%. Then K can be written as
@4 < @ _t
(R
K=H"——= @) _\(r@ L\ | (3.1)
F|o (1 =3) (@ +5)

To reconcile (3.1) and (2.3), we consider the following factorization of A%, which is given in (2.1), as
A" =qiq5, A =aqrq1 (3.2)
where the operators qi,q1,q5,q; actingin the Hilbert space are of the form
1 _ 1
q = \/_7(—6 +W1), q1 = \/_i(a + W)

1 _A™
a3 = F(0+Wy), gz =50+ W) (3.3)
with ¢f = (¢1)7,q3 = (¢5)" and W, are real valued potentials. We thus have built up a model of PSUSY
which we are going to use on Pseudo-Bosons system.

3.1 Pseudo-Bosons constraint
For the pseudo-bosons system [1] the canonical commutation relations do not hold. As its consequence
q; # (g9t andso

Wy + W,. (3.1.4)
Furthermore for pseudo-bosons system
lg1,q7]1=1

Now using the constraint relation (3.1.5) into the factorized form of A% we have
AT =2[0% = (2x + 6) 0 + (W, W, — W)
A™=2[0% = (2 + 6) 0 + W, W, + Wy)]
which on comparison with (2.1) gives

f=-7@2x+6) (3.1.6)
;1
p+f = E(Wlwz - W) (3.1.7)
, 1
¢ —f =W, + Wy). (3.1.8)
We now set
Wy =2(W—f)W, ==2(W +f) (3.1.9)
which on substitution into (3.1.5) satisfy the relation (3.1.6) again. Furthermore adding (3.1.7) and (3.1.8) we get
2f2—¢p =2W2 -Ww' (3.1.10)
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3.2 Triplet of Hamiltonians

However going back to the factorization process again, we choose an another constraint
c —

G3az —5=aqrai +3 (3.2.1)
and then at once see that
ATA” = (q7q3)(az291) = a1 (47 92)q1
= (afqr +5+3)@fai +5-3)
that suggests the interpretation
h® = qfqr +=. (3.2.2)
In a similar fashion we can express
A AT = (0703 —5-705 —5+3)
and so
h® = qyqf =~ (3.2.3)
Thus on using (3.3), the explicit form of the Hamiltonians can be obtained from (3.2.2) and (3.2.3), which are
given by

A2 = —252 4 D) (3.2.4)
2
where
VD =2WF 2 - W' F = (3.2.5)
As aresult
VD —y@D = —8Wf +2f +¢
and then comparing with (2.8) we obtain
—2f' eIy 1
w="S o (3.2.6)
8f 2 2x+6
Correspondingly the partner superpotentials (3.1.9) become
_c2f'-8f% ¢+l 5.
W, = Y- E W (x + 2) (3.2.7)
__c2f'+8f% e+l s
W, = Y = (x + 2). (3.2.8)

On the otherhand the constraint relation (3.2.1) leads to
WE+W, +c=W;-W, —c
which is identically satisfied by the results (3.2.7) and (3.2.8).
Note that there exists an intermediate Hamiltonian h, which is superpartner to both A and h(®), such
that

h® =qfqr +3, h=qiaf +3 h® =qfe; -3 (3.2.9)
and it’s explicit form is
__15 2 1yt
h=—302+(WE+w' +5)

This triplet AD,h and h® of Hamiltonians furnishes a model of PSUSY for pseudo-bosonic system.

3.3 Construction of pseudo-bosonic oscillators
First substituting f from (3.1.6) into the equation (2.15) we obtain

_1 Sy, 14328 1
¢ = 2 (e + 2) + 2 (2x46)%

(3.3.1)

Our choice of non-singular ¢ [5] on the whole real line determines the integration constant f = — 3

Consequently V12 take the final form as
vOD =2 (x+9? +aF1
which is also non-singular.
Finally, turning to the constraint relation (3.1.10) and substituting f,W and ¢ therein we find ¢ = +1.
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For c =—1 wecanget W =0 and W; = W, from (3.2.6), (3.2.7) and (3.2.8). But it is a contradiction to the
result (3.1.4), which is required for the pseudo-bosonic system. Thus the only possibility leftis ¢ = 1.

Now we have to calculate the Witten index that gives us a characteristic of SUSY for the system. So we
need to get zero-mode states of the hamiltonian.

4 Zero-mode states
Zero-mode states of the quasi-Hamiltonian K can be obtained from solutions of the equations

ATYF =0
= [0 +4f0+2(¢ £ fPF =0
=Y = (Zuiexp[i %]) exp[i%(x + g)z] {(x + g) - %—} (4.1)

where u*,vE are normalization constants.
8 - - .
But (x+5)2 — 40 for x > t+o0 and so i is inadmissible and correspondingly the number of

zero-modes of K is n, = 0. From the expression for ¥ in (4.1) it is evident that the number of zero-modes is
n_ = 1. As a result the Witten indexis A =n_—n, =1 and therefore the SUSY is unbroken [5].
The normalization constants are found from the normalization equation f_t: |Y5|?dx = 1 and we find

that the constants u~andv™ are related by the equation

N2 g[S O _ 1
(™) exp[4]{1+ 8\/5}_2\/?

5 Conclusion

In this work we have demonstrated a simple second order unbroken SUSY model of the pseudo bosons
which under certain suitable constraint follows PSUSY scheme. As a result we obtain a triplet of Hamiltonians
which are super partners in nature. In our model we have constructed a class of non singular oscillators as a
pseudo-bosonic system. After deriving their zero-mode states we have calculated the corresponding Witten index
that characterizes the unbroken behaviour of SUSY. Our method can be extended to investigate higher order
pseudo-supersymmetric bosonic models also. In near future we are interested to investigate the higher order
problems.
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