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Abstract: In this paper the parameterised complexity of three asymptotically  optimal  sorting algorithms,  namely  

quick sort, k-sort and heap Sort(exhibiting same average case complexity O(Nlog 2N)) has been examined , while 

subjecting these algorithms to randomly generated array from Binomial distribution  where the probability of 

success (p) follows beta distribution with shape parameters  (a=2,b=2). The complexity of these algorithms have  

further been compared with the parameterised comple xity for binomial inputs with p following U(0,1).  

 
Index Terms -Parameterized complexity, Beta distribution, Empirical-O analysis, Factorial Experiment. 

 

 

I. INTRODUCTION 

Traditional definition of complexity of an algorithm defines complexity as a function of input size only. The modern definition of 

complexity expresses complexity as a function of some other factors such as the parameters of input probability distribution and is called as 

parameterised complexity. The true potential of an algorithm can be judged only by studying the behaviour of execution time as a function 

of parameters of the probability distribution from which the array is randomly generated. Proper selection of the parameters has rewarding 

effect on the complexity of an algorithm. A comprehensive literature is found to exist on the parametric complexity. To name the few are the 

works by Anchala and Chakarborty([1], [2], [4]), Sudararajan and Chakarborty([11]),  Chakarborty and Saurabh([13]).  

 

The methodology used is to perform average case analysis of the proposed algorithms by obtaining statistical bound estimates using 

Empirical-O analysis. Some statistical techniques such as three square factorial experiments have also been used to evaluate the effect of the 

parameters of input distribution on algorithm complexity. 

 

 quick sort and heap sort are the two standard sorting techniques used in literature for sorting large data sets. These two methods exhibit 

the same average case complexity of O(Nlog2N), where N is the size of input to be sorted. k-sort[15], which is a further improvement over 

the New sort [11] by removing the concept of auxiliary array from it, for typical inputs, on an average has O(Nlog2N)  time complexity.  

 

The three sorting algorithms namely,  quick sort, heap sort and k-sort have been compared by obtaining the corresponding statistical 

bounds and performing empirical analysis of the results obtained by applying these algorithms over the randomly generated array from 

binomial distribution where the probability of success (p) follows (i) beta distribution with shape parameters (a=2, b=2) and (ii) uniform 

distribution U(0,1). 

 

In order to compare the performance of the various sorting algorithms , we used a laptop computer (Intel (R) Core ™ i3-4005U 

Processor @ 1.70GHz, 4GB RAM, Windows 7 operating system) to do a serial experiments. . The codes are written in Dev C++ to compute 

the execution time of the algorithms and 3
2
-factorial experiments were performed using Minitab Statistical Package. The array size varied 

from 1 lac-10 lac which may be considered large enough for practical data set. 

 

The response (CPU time to run the code) , the mean  time in seconds for different algorithms is given in the tables1-3 and the relative 

performance plots for binomial distribution with varying p, probability of success under different algorithms are presented in figures1-3. 

Average case analysis is performed directly on program run time to estimate the weight based statistical bounds over a finite range by 

running computer experiments.[4] This estimate is called empirical-O. Time of an operation is taken as weight. Weighing permits collective 

consideration of all operations into a conceptual bound  called as statistical bound in order to distinguish it from the count based 

mathematical bounds that are operation specific. 

 

II. RELATIVE PERFORMANCE ANALYSIS OF DIFFERENT ALGORITHMS  

The Binomial distribution has two parameters m and p, m being the number of independent Bernoulli trials and p the probability of 

success in each trial. The mean execution time under different algorithms by varying N and fixing m at 1000 is given in tables to follow. 
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From the input data (table 1) and the relative performance plot (figure 1), a slight difference is observed in execution times for the two 

distributions for N≤ 30000, but the difference in the execution time  widens  as the number of elements  to be sorted is made to increase. 

However for each value of N, the quick-sort exhibits higher complexity when the probability of success has beta distribution as compared to 

the situation when p follows uniform distribution, for fixed number of trials. 

 

 
 

From Table 2 and relative performance plot (Figure 2), it is noted that for N≤ 500000, the performance of k-sort is almost same for p ~ 

B(2,2) and p~ U(0,1).But  for N > 50000, the complexity differences in two cases get widen with increase in the number of elements to be 

sorted, the execution time being greater for  Beta distribution than uniform distribution U(0,1). 

 
 

Table1:  Data for quick-sort 

N P~Beta(2,2) P~U(0,1) 

100000 0.4886 0.4602 

200000 1.9258 1.7550 

300000 4.3220 3.8907 

400000 7.7016 6.8906 

500000 11.941 10.7875 

600000 17.348 15.4221 

700000 23.3942 20.9758 

800000 30.415 27.2735 

900000 38.8462 34.5744 

1000000 47.6844 42.6348 

Table 2:  Data for k-sort 

N P~Beta(2,2) P~U(0,1) 

100000 0.9968 0.9470 

200000 3.9531 3.7519 

300000 8.8623 8.4488 

400000 15.7153 14.8729 

500000 24.6479 23.3596 

600000 35.4312 33.4651 

700000 48.3577 45.6754 

800000 62.9522 59.6091 

900000 79.6173 75.4795 

1000000 98.7505 92.9328 

Table 3:  Data for heap sort 

N P~Beta(2,2) P~U(0,1) 

100000 0.7486 0.7206 

200000 1.5976 1.4695 

300000 2.4757 2.2854 

400000 3.3916 3.1138 

500000 4.3148 4.0076 

600000 5.2682 4.8922 

700000 6.2213 5.7877 

800000 7.1776 6.6441 

900000 8.2718 7.5676 

1000000 9.2753 8.4723 
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Table 3 and corresponding Fig-4, again reveals that the performance of heap sort when p, the probability of success follows uniform 

distribution is better than when p~Beta(2, 2). 

 

.  

 

 

 

 
 

The relative performances of the three algorithms (Figure 4 & Figure 5) reveal that irrespective of the distribution of p whether p 

~U(0,1) or p~B(2,2) , heap sort over performs the other two algorithms. K-sort gives the worst performance as it consumes more time for 

sorting an array of same size for fixed number of trials. 

 

III. PARAMETRIC COMPLEXITY  

The study of parameterized complexity analysis which includes the study of the behavior of execution time as a function of 

parameters of input distribution, admits the true potentiality of an algorithm. The complexity of an algorithm can be effectively reduced by 

selecting appropriate input parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table-4:  Data for different algorithms 

for p~Beta(2,2) 

 N QS HS KS 

100000 0.4886 0.7486 0.9968 

200000 1.9258 1.5976 3.9531 

300000 4.3220 2.4757 8.8623 

400000 7.7016 3.3916 15.7153 

500000 11.941 4.3148 24.6479 

600000 17.348 5.2682 35.4312 

700000 23.3942 6.2213 48.3577 

800000 30.415 7.1776 62.9522 

900000 38.8462

5 

8.2718 79.6173 

100000

0 

47.6844 9.2753 98.7505 

Table-5:  Data for different algorithms 

for p~U(0,1) 

 N QS HS KS 

100000 0.4602 0.7206 0.947 

200000 1.755 1.4695 3.7519 

300000 3.8907 2.2854 8.4488 

400000 6.8906 3.1138 14.8729 

500000 10.7875 4.0076 23.3596 

600000 15.4221 4.8922 33.4651 

700000 20.9758 5.7877 45.6754 

800000 27.2735 6.6441 59.6091 

900000 34.5744 7.5676 75.4795 

100000 42.6348 8.4723 92.9328 

Table 6: 3
2
 Factorial Experiment results with factors N and m each at three 

levels 

Probability of success (p~U(0,1)) 

 heap Sort k-sort  quick sort 

Sources D.f.     F P     F P     F P 

N 2 58812.06 0.000 346053.78 0.000 232210.64      0.000 

M 2 2.55 0.094 70837.89 0.000 47250.64      0.000 

NM 4 2.65 0.051 9332.41 0.000 6216.33      0.000 

Probability of success (p~Beta(2,2)) 

 heap Sort k-sort  quick sort 

Sources D.f.     F P     F P     F P 

N 2 45483.21 0.000 411463.06 0.000 153196.52  0.000 

M 2 0.32 0.725 83975.28 0.000 31525.15  0.000 

NM 4 0.26 0.899 11130.77 0.000 394065  0.000 

http://www.jetir.org/


© 2018 JETIR July 2018, Volume 5, Issue 7                                                           www.jetir.org  (ISSN-2349-5162)  

  

JETIR1807424 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 494 

 

 

Table 6 provides some of the interesting results emerging out from the analysis of 3
2
 factorial experiment, conducted using Minitab 

Statistical Package. The two factors being considered are Input size,  N at three levels (100000, 150000,200000) and number of trials m at 

three levels (500, 1000, 1500) Significant points of F and p  reveal that irrespective of the distribution of p  

( whether it is U(0,1)  or B(2,2)), besides N(the array size), m singly or interactively is highly significant in explaining the complexity of k-

sort and  quick sort .But as far as heap sort is considered., in both the cases whether p follows U(0,1) or  B(2,2), m  has no effect on sorting 

time but the joint effect of m and n for B(2,2) is highly non-significant as shown by small value of  

F =0.26 for probability of success following beta distribution, whereas interaction mn has marginal effect in case probability of success 

following uniform distribution as shown by F =2.65. 

 

Now we try to find the optimal value of m for which the sorting time is minimum. We find the optimal value of m for k-sort and  quick 

sort for each of the algorithms. As we find from the table above that m has no effect on sorting complexity, there is no sense in finding the 

optimal m in case of heap sort. 

 

  
                                Figure 6 Figure 7 

                               

From the above graphs we can interpret that the irrespective of the distribution of P((whether it is U(0,1) or B(2,2)) and sorting 

algorithm ,the execution time shows a decreasing trend   as the value of m is increased from 1000 to 5000. For the values of m> 5000, the 

execution time is almost stable. The stability is observed more in case of  quick sort than in case of k-sort. We may conclude that after 

m=5000 any value of m is preferable. 

 

IV. CONCLUSIONS 

 

We have evaluated the performance of k-sort, heap sort, and quick-sort techniques by finding empirical estimate of the statistical bound 

over a finite range by performing computer experiment. A computer experiment is a series of runs of a code for various inputs.[9] As far as 

the empirical analysis is considered, all the three algorithms show better performance when p has uniform distribution. However irrespective 

of the distribution of p, heap sort is faster than the other two algorithms and k-sort gives the worst case performance.  

 

Though theoretically, average case complexity of all the algorithms confirm to O(N log2N), but as far as empirical O analysis is 

considered empirical estimate of average complexity  for each of the  quick sort and k-sort algorithms exhibits  Oemp(N
2
)  complexity(worst 

case complexity of  quick sort and k-sort algorithms),  whereas complexity of heap sort is considered , it is Oemp(NlogN) which  confirms to 

its  worst case complexity and is less than the  other two algorithms as we have the relation O(NlogN) < O(N
2
). Interestingly in all the 

situations heap sort complexity is found to be stable. This may be interpreted due to the fact that input parameters have insignificant effect 

on the complexity. It is also true when probability of success is fixed [4].  

   

Parametric complexity analysis exhibits that m, the number of trails plays a significant role in explaining the complexity of an 

algorithm. It has highly significant and monotonically decreasing   effects on k-sort and  quick sort algorithms, where as it has no effect on 

heap sort complexity. Moreover a high value of m is preferable in case of  quick sort and k-sort algorithms and in case of heap sort any value 

of m is preferable.  
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