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Abstract
In this paper, we introduce Generalized p-k Wright Function Py ! and discuss about its

convergence condition. We obtain functional relation between Generalized p-k Wright
function and generalized Wright function and some special cases have also been discussed.
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1 Introduction

The two parameter pochhammer symbol is recently introduce by [8,9], equation 2.1, in the
form,
1.1 Definition

Let xeC;k,peR*—{0} and Re(x)>0,neN, the p - k Pochhammer Symbol (i.e. Two
Parameter Pochhammer Symbol), ,(x),, is given by

(0ns = CACE+ PICE+2P)ec G2+ (1-1)P). (1)
And the Two Parameter Gamma Function is given by [6],
1.2 Definition
For xeC/kz ;k,peR*—{0} and Re(x)>0,neN, the p - kK Gamma Function (i.e. Two
Parameter Gamma Function), T, (x) as,

1. nlp™(np)*
L (X) = = lim———~. (2)
P K n—e p(x)n+1,k
or

X,
_1 . nlp"™(np)
r,(xX)==—lim—————. 3
plk kan p(X)n,k ( )

The integral representation of p - kK Gamma Function is given by,

¢k

L (x) = J':e_?tx‘ldt. 4)

It is easy to prove following results,
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X

P11 () = (- )F(X) F( )-

O
p(X)n,k _(k) (X)n,k (p) (k)n

oLy (X+nk)

p(X)n,k = pl_,k(x)

X
T (x+K) :?pprk(x).

1
L (0 L (%) = = .
XK sin(”™)
k
00 Lk-x) = 5~
sm(?)

n (X)n lk (X)nk (X_k)n,k'
p(X)n+j,k = p(X)j,k X p(X+ Jk)nk

2 Generalized p-k Wright Function

Generalized p-k Wright function is defined as
2eC, o, p;eR(x, B #0;i=12,...,1;]=12,...,9)
and (a +a;n),(b; + B;n) eC\kZ",

HpF (a, +an)

r

Ppi(2) = Z
n= OHpr (b, + 5, n)

Q)

(6)

(7)

(8)

©)

(10)

(11)

(12)

P for p,keR*—{0};

(13)

We use followmg notations for describing convergence condition,

A:i(&)_i(ﬁ) S= Hl ||kH|_J|T
Sk Fk -

B I Y
1= 20

Theorem 1 For p,keR"—{0}; zeC,q,B; eR(e;, B; #0;i=1.2,...,

r;j=1.2,..,5)
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and (a +a;n),(b; + B;n) eC\kZ",

(@) If A>-1 then series (2.1) is absolutely convergent for all zeC and Generalized
p-k Wright function Pw(z) is an entire function of z.

(b) If A=-1 then series (2.1) is absolutely convergent for all |z|< s

and of |z|=7, Re(,u)>%.

Proof Above theorem can prove easily by using results of Diaz and Pariguan [1], Kilbas [10],
K.S. Gehlot [5,6].

3 Special cases

For some particular values of the parameters, we can obtain certain Wright function and
Mittag-Leffler function defined earlier.
(i) For p=k equation (2.1), reduces in generalized k-Wright Function defined by [5,6].

© Hkrk(ai+ain) 2"
Pyl(z) =) 2 o W (2).
][I (b +pn)
i=1

(i) For p=k and k=1 equation (2.1), reduces in generalized Wright Function defined
by [10].

o ]jlrl(ai+ain) 2
%‘l//sl(z)zz i:l _|: rl//s(z)'
STLL G+ A "

j=1

(iii) Put r=1, s=2; a, =y, o, =gk where qe(0,1)UN; b=, B=a; b=y, B, =0
, iIn equation (2.1) it reduces in p-k Mittag-Leffler Function defined by[8].

L rvakn) 2
L (B+am) L,(7) nl

Yy ()= = Eias(2).
n=0
(iv) Put r=1,s=2; and p=k, a =y, a=0k where qe(0,1)UN; b =4, B =a;
b,=y, B,=0, in equation (2.1) it reduces in generalized k- Mittag-Leffler Function defined
by[3].
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n

-y «Lr+gkn) 27 _ o
_gkrk(ﬂ+an)krk(7) n!

1V (2) GE{ ¢ 4(2)-

(v) Put r=1, s=2 and p=k, a=y, oo=k; b=, B=a; b=y, p,=0, In
equation (2.1) it reduces in k-Mittag-Leffler Function defined by[2].

PR - L (7 +kn) zn
1‘//2(2)—§ T (B+an) L. (7) o kaﬂ()

(vi) Put r=1, s=2; and p=k=1, a =y, o=1; b=4, B=a; b=y, B,=0,In
equation (2.1) it reduces in Mittag-Leffler Function defined by[12].

1 1oy = Ji(y+n) Zn
1%(2)—; (G +an) L) o E. 5(2).
(vii) Put r=1, s=2 and p=k=1, a =1, ¢=1; b=, B =a; b,=1, 5,=0, In

equation (2.1) it reduces in Mittag-Leffler Function defmed by[13].

2 L(L+n) 2" _

W2 (2) = Zor (B+anL(L) !

E,»(2):

(viii) Put r=1, s=2 and p=k=1, a =1, o =1; b=1, B =a; b,=1, B,=0, In
equation (2.1) it reduces in Mittag-Leffler Function defined by[11].

- L(+n) 2" _
§r1(1+an)r1(1) - Ee(2)

W (2) =

4 Properties of Generalized p-k Wright Function

We evaluate the functional relation between Generalized p-k Wright Function and
Generalized Wright Function and we evaluate the recurrence relations of Generalized p-k
Wright Function.

Theorem 2 The functional relation between Generalized p-k Wright function and generalized
Wright function, is given by,
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a Gy .
rs k' k™"
a b
, H-> D S oo o B
(ai!ai)l,r' p; k ; k Z(?)—Z(Tj)
Fl//Sk Z = kr_s rl//s b ﬂ Zp = le (14)
(b, Bissi P Piy .
J J ( k ’ k )1'51
Or the counter part,
s , _(kaivkai)l,r; ]
(8., ,Z:;‘(b j )—;(ai) i(ﬁi )_Zr:(ai)
Vs z|="P e zpi™ (15)
(b;, Bi)is; (kb . kB)1 s

Proof Consider the right hand side of (4.1), and using equation (2.1), we have,

r

(@,

A=y z =i

S

(bj’ﬂj)lys; non prk (bj +ﬂjn)

Using equation (1.5), we have,

H ol (& +;n) 2

i=1

nt’

r |+kain
N p 5 r((ai +kain)) 4,
AEHZ:(; - bj+ﬂjn _|
S CICEI D
Lk k
a— Y b — Y B
e (@ +an ,Z'Z“
p =1 kj—l B HF(( i k i )) (Zp =1 kj—l )n
A= Z i=1
k™ T F((bj +,Bjn)) n!
k
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i a a;, . |
SR G
H->» H L < B
22 S
AE p l// Zpi=1 j=1 .
kr—s r—-s
(ﬁ ﬁ) .
k' k™

Hence.
Similarly we can Prove counterpart, (4.2).

Theorem 3 Let pkeR*—{0}; zeC, &, B €R(x,B; #0;i=12,..,1;j=12,...,5)
and (a +a;n),(b; + B;n)eC\kzZ", then,

(ai,Oli)lr; (ai’ai)ll’;
p, Kk ‘ — bp p,, Kk ’
r¥Wsa z _? r¥sa z
(b, Bi).s, (b, B); (b, B)us: (D +K, B);
(ai'ai)lr;
ﬂZ p,. kK ’
k Erl//sﬂ z : (16)

(b, Bi).s, (b+K, B);

Proof Consider the right hand side of (4.3) and using the definition of Generalized p-k Wright
function (2.1), we have,

Hprk (ai +ain) Zn
i=1

p

n
. L (b, + g;n) T (b +k + pn)
=1

Hpr (a +a;n) z“

Using equation (1.8), we get,

le“ (a +a;n)(b+ Bn) z”

Bzi
n=0 HpF (b; + B;n) F(b+k+ﬁn)

?t|-o

0 I | prk (ai +ain) Zn
— i=1

B=Y .

L oE; + Bn) L (b+ pn)

=
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this immediately leads to,

(a, ai)l,r;
TWea Z|
(bj, Bi)1s: (b, B);
Hence.

Theorem 4 Let pkeR' —{0}; zeC, .8 €R(e, B, 20;i =1,2,..,1; j =1,2,...,5)
and (a; +an),(b; + Bn)eC\kz", then,
(ai’ai)l,r’(a+k!ak);

p k
r+1 l//s+1 z

(b5, 5;)ss (@+k,0);

(@, ) (a,ak);
- rp+1!//sk+1 z

(bj , ,Bj )1,5 ,(a,0);

(ai’ai)l,r’(a+ak1ak);
= p(a+k)a—l,k rp+1[//sk+l Z . (17)
(b; + B;, Bis: (a+ak,0);

Proof Consider the right hand side of (4.4) and using the definition of Generalized p-k Wright
function (2.1),
we have,

(&,a),,,(a+k,ak);
D = r+ll//sk+1 Z
(bj ’ﬂj)l,s'(a—i_ k10)1

(&, )l,r (@, 0k);
- f+lek+l z
(bj, B (a,0);

r

Hprk(ai +a;n) /N

DEi iS:l _I
- nl
"TT,0b,+Bm
j=1
( oL (@+k+akn) B oLy (@+akn) |

L (@+k) 1T (a)
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Using equation (1.11) and (1.12), we get,

B HpF (a +a;n) o
DEZ —( (@+K) k= 5(8) i)
n= OHPF (b, + B, n)

B HpF (a; +an)z
DEZ —'(na (@+K)m1x)
”1H I, (b; + B;n)

r

B le" (a +a, (n+1))
Z |S 1](”0{ p(a+ k)anﬂz—l,k
"ZOHPF (b, + 5, (n+1))

1=

D

N Hpr (a; +an+a)

DEZ
I3 le" (b; +,Bn+,6’)

((@+K), g p@+k+(a=1)K)n, )

b le“k(ai+ain+ai)
D=oaz (a+k), ., D -
”:OHka(bj+,6’jn+ﬁj)

i=1

z2"(n+1)
n+1!

(p (@t k) g ).

Using equation (2.1), we have,
(@, )., (a+ak, oK),

=ila p(a+k)a—l,k f+1!//:+l Z|
(bj +ﬂj!ﬂj)1,s’(a+ak!0);
Hence Proved.

5 Integral Representation of Generalized p-k Wright Function

Theorem 5 Let pkeR"—{0}; zeC, .8 €R(e, B; 20;i =1,2,..,1; j =1,2,...,5)
and (a; +n),(b; + Bn)eC\kz", then,
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(a;, ke )l,r;
72 z

(b;, kB
r (@) Ttz
[1.05@) « s I
prk\™i i 7 o

=t e[t -y e™ gt (18)
/J|) 0

S s B Vi _
H prk(bj) 1=1 m=1 (:ul 14
=1

Proof Using the definition of Generalized p-k Wright function

(@, k),

(0;. kB3

r
© prk (ai + kain) n
=1 Z

=3 =
=[] ,Ee (b, +kB,n)
=1

j

=Sl (19)
Where,

[1.T(a +ken)
D= i=1

H L (b; +kB;n)

j=1

lLI prk (ai) p(ai)ain,k

_ =1

[150),0),,

Using equation (1.7),

! a;n a;
Hprk(ai)(p) I (?)ain
— _i=l .

S ﬂ.n b

TTom () ()0

j=1
Using, (»),, = 9™ HL (“ql_l)n if geN then, we have,
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a; I+|—1
le" @)(p) " (o)™ H(

D= ﬂ Q;
ILH@XWQWJ'A—4+m4
=1 ko

[,
&‘l‘l—l 7j+m 1
Let’ k :lul and k :Vm then1
.

D= 1;[prk(ai)(p)ai ()" ﬁ ﬁ F(ﬂ.+n)F(vm—ﬂ|).
ﬁrk(b.)(p)ﬁjn(ﬁ_)ﬁjn B B (N M)F(ﬂ.) C(v,, — 4 +n)

above equation can be written in the form of beta function as,

D:Hpr(a) W (g lﬁ[ S PRSI EON
TT.ne) P (8)7 1 wa T =) D)

Using in equation (5.2), we have,

HPF (a) an any g ﬁ'j
_Z'—l (o ﬁj)g H v, Z

n= OH T, (b;) pﬂJ (B;) mer U (Vi —24) T(g4) 0t 0

j t1 " (1-t) 1 dt,

Using definition of beta function, we have

(@) 11z

g (pﬁ)’

F (al) aj B
——li;[p k J 1 jt“"l(l £)'m dt.

T s HH
H prk (bj) 1=1 m=1 B(ful Vi —

Hence Proved.

Theorem 6 Let pkeR"—{0}; zeC,a, B, eR(a, B; #0;i=12,..,1;j=12,...,5)
and (a; +an),(b; + Bn)eC\kz", then,
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(@, )l,r ;

(bjiﬂj)l,s;

i(%)
z(pt)'= |
(0, B

Proof Using the definition of Generalized p_-k Wright function,_we have,
(@, &)y
e z

(bjiﬂj)l,s;

& f[prk(ai+ain) 7"
=y z

s n!
3 L (b, + 8;n)

@

j=1
p K 1ﬂ(ai+ozin)
:iizl k k Z_n
' Iy (b; + B;n)
j=1
: piki
:Z —= s et k dt
n=0 H T (b, + B;n)n!

z(pt) '™
(bj’ﬁj)l,s;

. Hence Proved.
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