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Abstract: In this paper triple sequences and triple series method for finding aCauchy,monotone triple sequences for proof the
theorem. This method finds a triple sequence and triple series in the feasible proof. In this method the number of allocation n, m, |
is satisfied for all theorems for example double sequence and double series method. This method does not require the theorem. It
is easy to understand and this theorem is very efficient for those who are dealing with triple sequence and triple series. It can

easily adapt an existing theorem.
IndexTerms - Cauchy Convergence Criterion for triple sequences, Monotone Convergence Theorem.

I.INTRODUCTION
The triple sequences and triple series is the special case of double sequence and double series theorem. It an important role in
Cauchy and monotone triple sequences and triple series.

l. The triple sequence s(n, m, I) of complex numbers is called Cauchy sequence

Il.  Monotone triple sequences increasing and decreasing the triple sequence of real numbers of the monotone converges

theorem for such sequence that is parallel to their counterparts for single sequences.

1. CAUCHY TRIPLE SEQUENCES
We present in this section the important Cauchy criterion forconvergence of triple sequences.

Definition.

A triple sequence s(n,m,l) of complex numbers is called Cauchy Sequence if and only if for every € > 0, there exists a

natural number N= N (&)such that

Is(p,q,7) — s(n,m, )| <eVp=n =N,g=m=N, r=1l=N.

Theorem : ( Cauchy Convergence Criterion for triple sequences )

Statement :
A triple sequence s(n, m, l)of complex numbers converges if and only if it is a Cauchy sequence.
Proof :
(=): Assume thats(n,m,l) - a asn,m,l — oo.then given & > 0,there exists Ne N such that
[s(n,m, 1) — al <£/2 vnm,l >N.
Hence Vp=n=N,p=m=N,r =1 > N we have

Is(p,q,7) — s(m,m,D)| = |s(p,q,7) —a+a— s(n,m,1)|

IA

Is(p,q,v) —al + la— s(n,m,D)|
2+ %/
< 25/2

<e&.

IA

That iss(n, m, 1) is Cauchy sequence.
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(<): Assume that s(n,m,l) is a Cauchy sequence and let € > 0,be given taking m =1 =n and write s(n,n,n) = b,, we
see that there existk € N such that
|b, — bp| < eV p=n = N.
Therefore, by Cauchy’s criterion for a singlesequence, the sequence (b,) converges, say to a€ C.Hence, there exists N; € N
such that
by —al <&/5, VN 2 Npeooooieies (1)
Since s(n,m,1) is a Cauchy sequence, there exists N, € N such that

Is,q,7) = bpl <%/5, VD, q,7 2N 2Ny e (2)

Let N =max { N;,N, }and choosen > N. Thenby (1)and (2) we have

Is(p,q,7) — al < Is(p,q,7) — byl + |b, — al
& &
SZE/Z
<e. Vpqr 2N

Hence s(n, m, l) convergesto ‘a’.
2 MONOTONE TRIPLE SEQUENCES

In this section, we define increasing and decreasing triple sequences of a real number and weprove amonotone

convergence theorem for such sequencesthat are parallel to their counterparts for single sequences.

2.1Definition:
Let s(n,m,l) be a triple sequence of real numbers
I If s(n,m, ) <s(i,j,k)v(n,m) <(ij,k) inNxNxN, we say the sequence is increasing.
Il. If stn,m,l) =s(i,j,k)V(n,m, 1) <(i,j,k) in NxNxN, we say the sequence is decreasing.

I1. If s(n, m, l)is either increasing (or) decreasing, then we sayit is monotone.

The sequence 1, 13, 12 128 (thatis{2 —

2" T64' 512’

1
an-1m-1l-1

Yrmi=1 ) is non decreasing (and bounded). The

sequence {nml};, ,,;-, is non decreasing (and not bounded).

2.2 Theorem: ( Monotone Convergence Theorem)
Statement
A monotone triple sequence of real numbers isconvergent if and only if it is bounded. Further:

d. If s(n,m,1) is increasing and bounded above then

nﬁ)moo {rrll‘llnoos(n, m, l)} = ml_i)moo {l'lniinms(n, m, l)}

=l—l£nc§o {m%flrfms(n,m, l)}

= lim s(n,ml)
n,m,l-o
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=sup{ s(n,m,D):n,mIlEN}

b. If s(n,m, 1) is decreasing and bounded below, then

nﬁ)moo {Jll;r_tzws(n, m, l)} = ml_i)moo {l'lnilnws(n, m, l)}

B z—l;ncio {ml’ir_r)zoos(n, m l)}

= lim s(nml)
n,m,l-oo

=inf{s(n,m,l): ,m €N}
Proof:

Assume that a monotone triple sequence of real numbers is convergent.

TPT
— The convergent sequence must be bounded

Suppose s(n,m,l) — a and lete = 1.then there exists Ne N such that
nml>N =|s(h,ml)—al<1
This and the triangle inequality yield that|s(n,m, )| < 1+ |a] Vn,m,l>N.
Let M= max {[S(1,1,1,IS1,1,2)],I151,2 DI,1S2, 1, 1) IS(N—1,N —1,N —=1)]|,]lal + 1}
Clearlyl]s (n,m,l)| <MVnm,l =N
Conversely:

Let s(n,m,!l) the bounded monotone sequence then s(n,m, 1) is increasing or decreasing.

(a) We first treat the case thats(n,m, ) is increasing and bounded above.

By the supremum principle of real numbers, the supremuma* = sup { s(n,m,l) : n,m,l € N } exists.
We shall show that the triple and iterated limits of s( n,m, ) exists and are equal to a*
It e > 0 is given, then a* — ¢ isnotan upper bound for the set
{s(n,m,D):n,m,l €N };
hence there exists natural numbers k(¢),j(e) and i(e) such that
a*—e<s(,jk)< smm) <a <a +evVnml =ijk.
And hence |s(nml)—a’|<evnml =1ij,k.

Since & > 0 was arbitrary, itfollows that s(n, m, [) converges to a*

Next to show that lim {lim [lim s(n, ml)]} = lim s(nml)=a

n-ow tm-ow Li-c nml->o
Note that Since s(n,m,[) isbounded above,
Then, for each fixed me N, the single sequence {s(n,m,l):1€ N} is bounded above,and increasing. So by monotone
convergence for single sequences, we have
llim s(n,m,l) = sup{s(n,m,1):l € N} = L, vnm €N
Hence by theorem {2.11,2.12,2.13}

The iterated limits exist and

rlll_mo {Tgll_r)rgo [llim s(n, ml)]} = n’%ﬁws(n, m,l) =a*
lim {lim [lim s(n,ml) }: lim s(n,m,l) =a*
m-oo \[—>o00 ln—>oco nm,l-oo

Similarly, it can be shown that

lim{lim [lim s(n,ml) }= lim s(n,m,l) =a"
l—>00 \n—so00 Lm—oo nm,l-oo
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(b) If s(n,m,l) is decreasing and bounded below, then the sequence [—s(n,m,1)]is

Increasing and bounded above. Hence by the part (a), we obtain

lim {lim lim —s (n,m, l)]} = lim {lim lim —s (n,m, l)]}

n—-o \m-oo Ll-oo m-oo U500 lnpooo

=lim {lim lim —s (n,m, l)]}

l->00 \n>oo Lm—oo

= lim —s(nml)
n,m,l-oo

=sup{ —-s(n,m,):n,m,l € N}
= —inf{s(n,m,):n,m,l € N}

It follows that

lim {lim [lims (n,m, 1) } = lim {lim lim s (n,m, l)]}

n—oo \m-oo Ll—»oo m—oo \{[—o00 Ln—oo

= lim {lim lim s (n,m, l)]}

-0 \n—s00 Lm->oo

= lim s(mml)

n,m,l-o

inf{s(n,m,1):n,m,l € N}.

3 Triple series

In this section, we introduce triple series and we shall give the definition of their convergence and divergence. Then we study the
relationship between triple and iterated series, and we give a sufficient condition for equality of iterated series.

Definition:

Letz:N X N x N — Cbe a triple sequence of complex numbers and let s(n, m, [)be the triple sequence defined by the equation
s(n,m, D) =Xr {E71 [Tk =12 (i,j,k)]} the pair (z,s) is called a triple series. And is denoted by the symbol

Ymi=1 Z(m,m, 1) or ¥ z(n,m,1). Each number z(n, m, ) is called a term of the triple series and each s(n,m, 1) is called a
partial sum.

Theorem

If the triple series }.;7,, ;=4 z(n, m, ) is convergent then lim z(n,m,l) =0

n,m,l-co
Proof
Since the triple series X7, -1 z(n, m, [) is convergent, say to S, Then its sequence of partial sums s(n,m,l) converges to S.
So given £ > 0,there exists Ne N such that |s(n,m, ) — S| < 5/8V n,m,l = N convergesto S.
It follows that for allv n,m,l > N, we have
lztn,m,D| < [s(n,m, ) =S|+ |sn—1,m—-1,1—1) =S|+ |s(n,m,l—1) =S|+ |s(n,m—1,1) — S|
+ls(n—1,mD-S|+[shm—-1L,1-1) -S|+ |sn—-1,mIl—-1) -S|+ |snh—1,m—-1,1) -S|
<flg+f[gt+ /gt /gt /gt /gt /g + /g
<8/s <.
CONCLUSION:
In this paper, a new triple sequence and triple series were introduced. Cauchy sequence and monotone sequence proof the
theorems. The double sequences and double series while comparing to triple sequences and triple series. It is easy to proof and we

get the required proof of theorems.
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