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Abstract

Linear system have important applications to many branches of social science, physics and engineering.
This paper discuss about fuzzy linear systems with Heptagonal Fuzzy numbers. A new procedure namely
matrix inversion method is proposed for solving fuzzy linear system (FLS) of equations. Finally, the method
is illustrated by solving a numerical examples.
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. INTRODUCTION
System of Linear equations have many branches for studying and solved a large proportion of this problems
in many topics of applied mathematics. System of simultaneous linear equations play of major role in
different areas such as matrices, operational research, statistics, computer science engineering and social
science. Usually in many applications, some of parameters in the problems are represented by imprecise
number instead of crisp number and hence it is important to develop the mathematical models and
Numerical procedures to handle the general fuzzy linear system and solve them.

The concept of fuzzy numbers and arithmetic operations are first introduced by Zadeh [13] and
Dubois and prade [9]. When the inverse of a square and non singular matrix whose entries are real numbers
unconcerned in one of the computing methods of linear equation system composing of the product nxn
matrices.

In [7] Friedman et al proposed a general model for solving a nxn fuzzy linear system, whose
coefficient matrix is crisp and right hand side column is an arbitrary fuzzy number vectors. To find the
solution of the original nxn fuzzy linear system (FLS) is replaced with 2nx2n crisp linear system. In [10]
Buckley, Y. Qu [11] extended several methods to obtain
linear system of interval equation. The exact solution FLS can be found by solving these interval systems
proposed fuzzy linear system, whose all parameters are triangular fuzzy numbers.

In [2] Abbasbandy and Jofarin proposed an approximation of the unique solution in fuzzy system of linear
equation, applied by the steepest descent method. Abbasbandy.et.al [1] proposed LU decomposition
method for solving fuzzy system of linear equation. Muruganndam and Abdul Razak [9] studied matrix
inversion method for solving fully fuzzy linear systems with triangular fuzzy numbers, Basaran [8]
proposed calculating fuzzy inverse matrix using fuzzy linear equation system. Dinagar and Latha [10]
proposed invertible on Type-2 Triangular fuzzy matrices. Dinagar and Harinarayanan [11] proposed
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arithmetic operations on hexagonal fuzzy number using a-cut method.In [12] D. Stephen Dinagar and U.
Harinarayan, On inverse of Hexagonal fuzzy number matrices.

This paper is organized as follows: In section 2,We give some basic definitions on fuzzy number. In section
3, we recall our proposed definitions of Heptagonal Fuzzy Number (HPFN) and its arithmetic operation.
Section 4, we have reviewed the definition of Heptagonal Fuzzy Matrix (HPFM) and its operations are
presented with the aid of Heptagonal Fuzzy Matrices (HPFMs).In section 5, we define of fuzzy linear
system of equations by matrix inversion method. In section 6, Numerical examples is given for computing
the solution of FLS is proposed. Section 7, the conclusion is also included.

1. PRELIMINARIES

Definition 2.1: (Fuzzy Set)

A Fuzzy Set is characterized by a membership function mapping the elements of a domain space or universe
of discourse X to the unit interval [0, 1].A fuzzy set A in a universe of discourse X is defined as the
following set of pairs

A={(x pa(x) ; x € X}

Here pa: X — [0,1] is mapping called the degree of membership function of the

fuzzy set A and pa(x) is called the membership value of x €X the fuzzy set. These membership grades are
often represented by real ranging from [0,1].

Definition 2.2: (Convex fuzzy set)

A fuzzy set A = {(x, pa(x)) }=X is called convex set in all A« are convex set (i.e) for every element x1 € Aq
and x2 € Acfor every a€ [0,1]. Ax1+(1-A)x2 € A« for all X € [0,1]. Otherwise the fuzzy set is called the non-
convex fuzzy set.

Definition 2.3: (Fuzzy number)
A fuzzy set A, defined on the set of real numbers R is said to be fuzzy number if its membership function
has the following characteristics

1. A'is normal.

2. Alis convex set.

3. The support of A is closed and bounded then A is called fuzzy number.

1. HEPTAGONAL FUZZY NUMBER (HPFN)

Definition 3.1: ( Heptagonal Fuzzy Number)

A Fuzzy number with seven points as follows Anp = (a1, a2, as, as, as, as, a7) is called Heptagonal fuzzy
number, where (a1 < a» < a3z < as < as < as < a7). It is denoted by Anp, which are real number satisfying a; - a1
< a4 - as and as - a4 < a7 - ag and its membership function pAny(X) is given
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Heptagonal Fuzzy Number
3.2 Arithmetic Operations on Heptagonal Fuzzy Numbers (HPFNs)

a-

The arithmetic operations between heptagonal fuzzy numbers (HPFNSs) are proposed given below. Let
Anp = (a1, @z, a3, a4, s, @6, a7) and Brp = (b1, bz, bs, ba, bs, bs, b7) be two Heptagonal fuzzy numbers then,

(i) Addition :

Anp(+)Brp= (a1+b1, az+by , as+bs, as+bs ,as+bs ,as+bs ar+h7)

(i) Subtraction:

Anp(=)Bhp= (a1-b7, a2-be , as-bs, as-ba ,as-bs ,as-b2 az-b1)
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(iii) Multiplication:
a2 a3 a4 as a6

~ ~ al
Anp(X)Bhp= (= 03, — 03y, — G, — Oy, — T, —
hp()hp (7 br — Ob» " Ob»—" Op,—" Ob,

a
- Op,— Op)

7

Where g;,= (b1+bz+b3+bas+bs+be+b7)

(iv) Division:
Anp(+)Bhp :(7& 7a2 7&, ﬂ’ E’ ﬁ’ ﬁ)

O'b’ O'b’ gp O0Op Op Op Op
Where g3, = (b1+b2+bz+bs+bs+bs+b7)

(v) Scalar Multiplication:

Ifk # 0 is scalar k Anp is defined as

- (ka1, kaz, kas, kas, kas, kas, kaz) ifk>0
kAhp =

(ka7, kas, kas, kas, kaz kaz, kay) ifk<0

Definition 3.2.1:( Ranking Function)

We define a ranking function R: F (R) »R which maps each fuzzy numbers to real line F(R)
represented the set of all heptagonal fuzzy number. If R be any linear ranking functions

S a1+a2+a3+a4+a5+a6+a%
R(Anp) { - )
Also we define the order on F(R) by

R/(A'hp) 2 R/(Ehp) |f and Only ifAhp 2 Ehp
R
R(Anp) < R(Bnp) ifand only idnp < Bpp
R

R(Anp) = R(Brp) if and only if Anp= Bnp
R

Definition 3.2.2:(Zero Heptagonal Fuzzy Number)
If ﬂhpz (0,0,0,0,0,0,0) then th is said to be zero heptagonal fuzzy number.It is denoted by O.
Definition 3.2.3:(Zero-Equivalent Heptagonal Fuzzy Number)

A Heptagonal fuzzy number th is said to be zero-equivalent heptagonal fuzzy number if
R(4np) = 0.1t is denoted by 6.

Definition 3.2.4: (Unit Heptagonal Fuzzy Number)
If Anp= (1,1, 1,1, 1,1, 1) then Anpis said to be unit heptagonal fuzzy number.It is denoted by 1.

Definition 3.2.5:(Unit- equivalent Heptagonal fuzzy number)

A Heptagonal fuzzy number Anp said to be unit-equivalent heptagonal fuzzy number if
R(Anp) = 1.1t is denoted by7.

Definition 3.2.6:(Inverse Heptagonal Fuzzy Number)
If @np is heptagonal fuzzy number and @np# 0 then we define @inp™ =

AN | =
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IV. HEPTAGONAL FUZZY MATRICES (HPFI\/IS)
In this section, we proposed new definition of Heptagonal Fuzzy Matrix and corresponding its
matrix operations

Definition 4.1: (Heptagonal Fuzzy Matrix)

A fuzzy matrix A = (anpij)mxn Of order m n is# called Heptagonal fuzzy matrix if the elements of
the matrix are Heptagonal fuzzy numbers, i.e., of the form
(aij1, aij2, aij3, aijs, aijs, aijs, Aij7).

4.2: Operations on Heptagonal Fuzzy Matrices (HPFMs)

_ Through classical matrix algebra, we achieve some algebraic operations of HPFM. Let
A = (anpij)mxnand B = (bnpij) mxn be two HPFMs of same order. Then we have the
following

1. A+B = (&npij+ Dnpi

2. A-B = (ahpij - brpi) .
3. For A :(ahpij)mxn and é = (Ehpij)nxk then AB = (6hpij)mxk where ((Thpij)mxkzz ahpip Ehpjp,
i=1,2,....,m and j=1,2,...,k. p=1

4.AT or A" = (@npji)
5.KkA = (kdnp;), Where k is scalar.

Definition 4.3: (Zero Heptagonal Fuzzy Matrix)
A Heptagonal Fuzzy Matrix (HPFM) is said to be a zero HPFM if all its entries are O and it is

denoted by O.

Definition 4.5: (Zero Heptagonal Fuzzy Matrix)
The square of HPFM is said to be unit HPFM if the diagonal elements are 1 and the rest of elements
are 0. It is denoted by 7

V. MATRIX INVERSION METHOD FOR FUZZY LINEAR SYSTEM (FLS) USING

HEPTAGONAL FUZZY NUMBER

In this section, we define the concept of fuzzy linear system is justify in matrix inversion method
with the aid of heptagonal fuzzy numbers and the relevant definitions are recalled in nature.
Consider the system of n fuzzy linear non-homogeneous HPFN equations in unknown HPFN vectors
Xhp1,Xhp2, ..., Xhpn.
Where anpij,Xnpi,bhpi heptagonal fuzzy numbers.

ahp11Xhp1 D Ahp12Xnp2 €D .eveveveenn oo . D EhpinXnpn = Dhpa
dhp21Xhp1 D Anp22Xhp2€D +o--eevneenn o .. D Anp2nXhpn = Dhp2
ahpnl)(hpl@ahanthZ@ .................. eBahpnnthn= bhpn

The above linear system is represented in the form is given by

Ath = bhp
Where A = (&hpij),1<i,j<n is n times heptagonal fuzzy matrix and
anpijeF (R) and (Xnpi, bnpi) F(R),for all i=1,2,...,n and j=1,2,...,n. This system is
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called fuzzy linear system.
If the coefficient Heptagonal fuzzy matrixA is non singular then A~'weget

A (Axnp) = A bnp
(AA) Xnp= Ao
th = A_lbhp

The solution of FLS will be represented by xnp = A *brp

Definition 5.1: (Determinant of HPFM)
The determinant of nxn HPFM A = (&hpij) is denoted by |A| or det(A) and is defined as follows

n
|A| = Xgesn sgn qI 1 @npi
i=1

= Yqesn SYN q Anpiq(r).dhpq(2).Anp3a(3)........ Ehpng(n).

Where anpigy = (aiq(i)1, aigei)2, Aig(i)3, digl)s, digGi)s, Aiq(i)és Aiq(i)7,) are heptagonal fuzzy number (HPFN) and sn
denotes the symmetric group of all permutations of the indices {1,2,...,n}and sgn q = 1 or -1 according as
the permutation

~ E 2 ... n J
" ) 9@ - a)
is even or odd respectively.
Definition5.2: ( Adjoint of HPFM )
Let A = (anpij) be a square HPFM of order n. Find the cofactor Anpij of ever element hpijIn A and
replace every anpij by its cofactor Anpij in A and let it be B. ie.,B=(Anpij).Then the transpose of B is

called the adjoint or adjugate of A and is denoted by adjA. 1.e..B' = Anpij = adj A

Definition 5.3: (Singular HPFM)
Let A = (&hpij) be as square HPFM of order n, then it is said to be singular HPFM
If |A|=0.

Definition 5.4: (Non-Singular HPFM) A
Let A = (anpij) be a square HPFM of order n, then it is said to be non-singular HPFM if |A=0.

Definition:5.5:(Inverse of HPFM)

A non-singular HPFM A = (a,,;) Of order n is said to be invertible if there exist a HPFM B of order n
such that AB =1=BA.
Then B is called the inverse of A and is denoted by A. Thus AA™*= [ = A*A. Also

VI. NUMERICAL EXAMPLE
In this section two example are given in order to illustrate the proposed method.

Example 6.1
Consider the following fuzzy liner system and solve by matrix inversion method.
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(-3,0,1,2,3,5,6) xm D (-3,-1,1,0,1, 2,3,5) xnp2 = (-1,0, 8,9, 10, 11, 12)
(-4,0,3,4,56, 7) xnp. D (-3,-2,0,3,4,5,7) xnp2 = (0, 10, 11, 12, 13, 14, 17)

Solution
The given system may be written as

(-3,0,1,2,3,56) (-3,-1,0,1,2,3,5) [ Xupt (-1,0, 8,9, 10, 11, 12)
(-41 01 31 41 51 6, 7) (-3| -2, O, 3, 4, 5,7) th2 (0, 10, 11, 12, 13, 14, 17)
th: AA-lbhp

Now, |4| = (-21,-9,-4, 1, 6, 13, 21)
Then R(|A|) =140

Since 4 is non-singular, then A is exist
1

L -
A7= maptdA
(-3,-2,0,3,4,57)  (-5,-3,-2-1,0, 1,3
adjA =
(-7,-6, -5, -4,-3,0,4) (-3,0,1,2,3,5,6)
(-3,-2,0,3,4,5,7) (-5,-3,-2,-1,0,1,3
it

(-7,-6,-5,-4,-3,0,4) (-3,0,1,2,3,5,6)
The solution is Xnp = Abrp
Xhp (-76, -47, -22, 10, 28, 46, 82
Xip (-82, -42, -24, 6, 12, 55, 94)

The solution is
Xnp1 = (<76, -47, -22, 10, 28, 46, 82)
Xnp2 = (-82, -42, -24, 6, 12, 55, 94)

Example 6.2

Consider the following fuzzy linear system and solve by matrix inversion method.
(-2,2,3,4,6,7,8) xnp1 D (-2,0,1,2,3,4,6) Xnp2 D (-3,-2,0,1,2,3,6) Xnps = (0,1,3,5,7,9,10)
(-2,0,2,3,5,6,7) xnp2 @ (-2,0,1,2,3,4,6) Xnp2 P (-3,-2,0,1,2,3,6) Xnp3 = (-2,0,2,3,5,6,7)
(-3,-2,0,1,2,3,6) xnp1 &P (-3,-2,0,1,2,3,6) Xnp2 &P (-3,-2,0,1,2,3,6) Xnpz = (-2,2,1,3,7,8,9)

Solution
The given linear system may be written as

(-2,2,3,4,6,7,8) (-2,0,1,2,3,4,6) (-3,-2,0,1,2,3,6) 1 (0,1,3,5,7)9, 10)
(-2,0,2,3,5,6,7) (-2,0,1,2,3,4,6) (-3-2,0,1,2,3,6) e = (-2,0,2,3,9,6,7)
(-3,-2,0,1,2,3,6) (-3,-2,0,1,2,3,6) (-3-2,0,1,23,6)| Xn (-2,2,1,3,7,8,9)
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Xhp= A onp

Now, |4| = (-17, -8, -3, 1, 6, 10, 18)
Then R(|A|) =140

Since 4 is non-singular, then A is exist

Aq_ 1 PN
A= waan adj4

(-8,-3,-1,1,3,6,9) (-9,-6,-3,-1,1,3,8) (-14,-6,-3,0, 3, 8, 12)
adjAd (-10,-8,-5,-2,0,3,8) (-8,-1,1,3,6,9,11) (-17,-13, -6, -1, 3, 7, 20

(-8,-4,-1,1,4,6,9) (-10,-7,-5,-2,0,2,8) (-22,-8,-3,2,9, 14, 22)

(-8,-3,-1,1,3,6,9) (-9,-6,-3,-1,1,3,8) (-14,-6,-3,0, 3, 8, 12)
A'=] (-10,-8,-5,-2,0,3,8) (-8,-1,1,3,6,9,11) (-17,-13,-6,-1, 3,7, 20
(-8,-4,-1,1,4,6,9) (-10,-7,-5,-2,0,2,8) (-22,-8,-3,2,9, 14, 22

The solution is, Xnp = A"brp

Xhp1 (-123, -57, -26, 2, 30, 71, 117)
Xnp2 | = | (-142, -95, -46, -5, 30, 70, 153)
Xhp (-158, -73,-32, 7, 56, 92, 157

The solution is

Xnp1= (-123, -57, -26, 2, 30, 71, 117)

Xnp2 = (-142, -95, -46, -5, 30, 70, 153)
Xnp3 = (-158, -73, -32, 7, 56, 92, 157)

VII. CONCLUSION
In this paper, we introduced fuzzy linear system obtained by matrix inversion method in the form of
heptagonal fuzzy number. The method is illustrated with numerical examples. The notation of fuzzy linear
system can be applying in Cramers rule and LU Decomposition method by this proposed method in future.
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