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AUGMENTED SUSTAINIBILITY ON
COEFFICIENTS OF ALPHA OGARITHMICALLY
CURVED FUNCTIONS

ABSTRACT: A scholarly exposition of some cutting
edge frontiers which seeks to give an overview of the
star like sharp bound convex functions relying on some
of the great theorems and adepts to explain its essence.

For a > 0, here M* be group of a - logarithmically convex
capacities. i.e. fanalyticin zeD={z : |z|<1} satiating

f()J f(z)

Some cutting edge frontiers for the initial coefficients of
the inverse function f -1 of feM ® are given.

Re’“ 7)) (o) ]0
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1. Introduction. Here S be group of analytic
normalised univalent functions f, demarcated in zeD ={z :
|z]<1} and given by

(L1) f(z)=2+)a.2".
Signify by S* the subclass of capapcities, starlike w.r.t the
source and by C the subgroup of convex capacities.
Thus fe S* if, and only if, for zeD,

' (z)
f|z]
and feC if, and only if,
i)
flz}]

14— 50,

Re

For o> 0, let M“ denote the class of functions satisfying

¥ a g ¢ 1-a )
Re f1+z,(_z‘)'] [Zfiz_)] >0
@R ) |
for zeD.
We arrive the conclusion that the class M® is the
power analogue of the so-called Ma- Minda functions M?,
which have been widely studied [8]. It was shown in [1] that
for a > 0,M* «— S* and, together with other results, sharp
upper bounds for |ay|, |as| and the Fekete-Szego functional
where found.
Since functions in M* are univalent in D, they
possess an inverse function f -1, defined on some set of f(D)
with radius at least 1/4.
Suppose that on such a set, f X has Taylor series expansion

(1.2) f ’((o)=(o¢27,‘o)".

It is the main purpose of this paper to find some sharp upper
bounds of |Y,,| for n=2,3 and 4 for fe M“.

Let heP, the class of functions with positive real part in D
and write

h{z]:l'zcﬂz".
p=l

We shall make use the following well-known results [2,6] :
Lemmal. If p € P, then |c,,| <2 forn>1, and

T f<pugd,
c‘-ﬂc‘ Smn 2,2u-1lt=/ e
%k "u 1| elsewhere,

Lemma 2. If h € P with coefficients ¢, as above, then for

some complex valued x with |x| <1 and some complex
valued & with [{[=1

2¢, =¢f +x(4~¢})
4c, =c +2(4-cfJex—c, (4 -¢f )2 +2(4 cf)(l —]x|2}£’;

We prove the following :
2. Theorem. Let f € M® and ! be given by (1.2). Then the
following sharp inequalities hold

5+ Ta
5+ 7a
(1+a)' (1+2a)’
2(63+77a+3a* +a")
9(1+a)'(1+3a)
The inequalities for |y,| and |y;| are valid when o > 0 and
for |y,| when 0< a <= 2.04.

|Yzl$

[ysl=

[yel=

Proof, Write
'(:H"{:f’[:)": .
21) |1+ T sh(z).
= ‘ f(rJJ.f'[Z)J R
Since f(f (w)) =o,then(1.1)and (1.2) give
(2.2) y,=-a,,
Y, =—ay +2a;,

Y, =—a, +5a,a, -5a3,
and equating coefficients in (2.1), we obtain

23 a, ——“1—,
l+a
_(2+7a a'ef g
'ﬂl +a) (1+2a) Z(l 2a)
(b.;;aomu‘ 47a’ +8a’* |L, (3,19(;-40-‘)‘3(_, ¢
———— +
36(1+a) (14+2a)(1+ aa) 6(lea)(l+2a) 3(1+3a)
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Since |¢;| < 2, it follows at once from (2.2) and (2.3) that
ly,| <2/(1+a).
For y3, (2.2) and (2.3) give

240 ,!H 4 [6+9a'+a Je; _
g‘?.l,1+‘2a) 41+a) (1+2)
A | . L 1 . h _ 6+9a+a? h 02
pplying Lemma 1 with u = e so that p € [0,2],
we obtain
(5+7a)

M a1 2a)
Which proves the second inequality in the Theorem.
For y,, we obtain from (2.2) and (2.3)

e {Bra)ge {48+ 78a+ 21a” + 2a” )]
(3(1+3a) 3{1+a)(l+3a) 18(1+a)’ (1+3a) i

We now use Lemma 2 to express ¢z and ¢z in terms of c; to
obtain

(2.5) y.|

Iyl

(684 77a+3a’ +a' ) Be,x{4-¢c)

of(4-c) (- )1 )5
36{1+a) (1+8a) 6(l=a)(l+3a) 12(1+3a)

6(1+3a)

Without loss is generally we may normalise the coefficient
c1 and assume that ¢; = ¢, where 0< ¢ < 2. Then using the
triangle inequality we obtain

N ‘l63»77u'3c:’>a')c" Selsf(4-<*)

M S8(1ea) (1+8a)  6(1+a){1+3a) 12(1+3a)
Assume now that y (c,|x|) has a critical point inside [0,
2]x[0, 1], then differentiating with respect to [x| and
equating to zero implies c= 2, which is a contradiction.

Thus in order to find the maximum of vy (c,|x|), we

need only consider the end points of [0, 2] x [0, 1],

Onc =0,
L

r.t:’.lll-t"zl H """:l :IJI

wwleld
ieda) e

(0= 3ti73a) * 31 30)°
Onc=2
ol 2(63+77a+3a" +0)
v .,FXF'.—.
9(1+a) (143a)
On x| =0,
) (63+7Ta+3a+a’|e’ (4-¢
yiouy= —t —.
' 36(1+a) (143a)  6(1+3q)
This expression is minimum at p=0, and maximum at
3
4{1+a
p:+"_, fOI‘ 4 ZU.
(63+77a+30’ +a’)
Substituting back gives
2(63+77a+3a +a’)
y(e,0)< . ;
9(1+a) (1+3a)
Finally on x| = 1,
o (68+7Ta+Ba’ +o’ )¢’ (4-c')c  B(4-¢f)
< + ~

y C.l S z = - 4 — - ,
1) 36(1+0)'(143a)  12(1+3a) 6(1+)(1+3a)

This expression increase with 2 on [0, 2] provided 0 < a =

2.04, which again gives the inequality for |y,|.

Taking ci1=c; =c3 =2 in (2.4) and (2.5) shows that the

inequalities in the Theorem are sharp.

Remark 1. The investigation demonstrates that the
disparities for [y 2 | and |y_3] are legitimate for o >0, and for
|y 4| when 0 < a = 2.04, Finding the sharp imbalance for
ly_4 | for all & >0 remains an open inquiry.

Remark 2. At the point when o = 0, the imbalances acquired
in the Theorem are predictable with those given by Lowner
[7] for f €S, and when o =l, with those given in [5] for
curved capacities.

Remark 3. For genuine p and v, the useful J4(f) =
la_4+pa 2 a 3+va 3”2 | assumes a critical job in the
hypothesis of univalent capacities. In [9], sharp limits for
JA(f) for all genuine p, and v were acquired for the Ma-
Minda capacities Ma- . This paper finds the sharp destined
for J4(f) for capacities in Mo, for the situation u =-5 and v=
5, (for the fourth opposite coefficient). Discovering sharp
limits for JA (f) for all genuine pu and v when f € Ma
remains an open issue. Specifically acquiring the correct
upper headed for JA(f) when u = - | and v= 1/3 would give
an answer for the issue of finding the sharp destined for the
third coefficient of log(f(z)/z) for f € Ma. Anyway the
technique utilized in this paper does not seem to give the
sharp bound for this situation.

Remark 4. At the point when 0 < a < 1, utilizing the
disparities |cn| < 2 for n= 1,2,3 in (2.3) above and a
comparable articulation for a5 regarding cl,c2,c3 and c4,
effectively sets up the accompanying, which are sharp when
cl=c2 =c3=c4 =2.

2
s 1+a’
31+ 8a)
|u»|"-' z ¢ '
(L+a)(1+2a)
2(18 +118a + 292" + 7a” + 2a')
CAE

9(1+a)'(1+2a)(1+3a)
lay| < 45:+ 6290 + 2908a 4 29690 +12061a‘ +8124" +196a"
9(1+a) (1+2a) (1+3a)(1+4a)

Following indistinguishable technique from above
gives sharp upper limits for |o._n | for n > 6 for capacities in
Ma which are processable, yet the estimations turn out to be
progressively entangled.

Kulshrestha [3, 4], discovered sharp upper limits
for the coefficients of capacities in Ma for n > 2, yet since
capacities in Ma include powers, taking care of the
comparing issue for Ma for all n > 2 might be more
troublesome.

We at long last note that finding the right request
of development for the coefficients an as n—oo for f € Ma is
additionally an open issue.
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