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INTRODUCTION: 

 
 

Ann Lee [1] has initiated the study of secondary hermitian matrices, and q-s-k  hermitian doubly stochastic 

matrices are developed in quaternion matrices. Ann Lee [1] has initiated the study of secondary hermitian matrices, 

that is matrices whose entries  are  hermitian about the secondary diagonal. Ann Lee [1] has show that the matrix A, 

the usual transpose AT and Secondary transpose Aθ  are related as Aθ=VATV and AT=VAθV. where V     is a 

modified unit matrix with units in the secondary diagonal. 

 
Abstract: 

The basic concepts and theorems of q-k-hermitian doubly stochastic matrices and q-s- hermitian doubly 

stochastic matrices are introduced with examples. 
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I. INTRODUCTION: 

Ann Lee [1] has initiated the study of secondary hermitian matrices, and q-k hermitian and q-s- hermitian 

doubly stochastic matrices are developed in quaternion matrices. Ann Lee 

[1] has initiated the study of secondary hermitian matrices, that is matrices whose entries are hermitian about the 

secondary diagonal. Ann Lee [1] has show that the matrix A, the usual transpose AT and Secondary transpose Aθ  

are related as Aθ=VATV and AT=VAθV. where V     is a modified unit matrix with units in the secondary diagonal. 

 

Definition: 

A matrix 

Theorem: 1 

 

A H 
nn 

is said to be q-k-hermitian doubly stochastic matrix if A=KA*K. 

If 

Proof: 

A H nn 
is q-k-hermitian doubly stochastic matrix then A=KA*K. 
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KA*K=KAK where A*=A. 

=AKK where KA=AK. 

=AK2 where K2=I. 

Theorem:2 

Let 

 

A*  H nn 

 
is q-k-hermitian doubly stochastic matrix then A*=KAK. 

Proof:  

A*=(KA*K)=KAK = KA*K where A=A* 

=A*KK where KA*=A*K 

=A*K2 where K2=I 

Theorem:3 

Let 

 

A, B  H 
nn

 

 
q-k-hermitian doubly stochastic matrix then ½ (A+B) is q-k- 

hermitian doubly stochastic matrix. 

Proof: 
Let A and B are  q-k-hermitian  doubly stochastic matrix if  A=KA*K and  B=KB*K. To prove ½ (A+B) is 

q-k-hermitian doubly stochastic matrix we will show that 
1 
 A  B   K 

1 
 A  B 

*  
K . 

2 2 

Now K 
1 
 A  B * K  K 

1 
 A* B * K  

1 
K  A* B * K 

2 2 2 

 
1 
KA* KB * K 

2 

Where KA*K=A 

 
KB*K=B 

Theorem: 4 [5] 

 
1 
KA * K  KB * K 

2 

 
1 
 A  B . 2 

Any q-k-hermitian doubly stochastic matrix can be represent as sum of q-k-hermitian doubly stochastic 

matrix and skew q-k-hermitian doubly stochastic matrix. 
 

Proof:  
 

To prove that 
1 
 A  KA * K 

2 

 
 

and 

 
 
1 
 A  KA * K  are q-k-hermitian doubly stochastic 2 

matrices. We will show that. 
1 
 A  KA * K   K

 1 
 A  KA * K * K. and 

2 2 
1 
 A  KA * K   K 

1 
 A  KA * K * K. 

2 2 
Using (theorem 3) 

K 
1 
 A  KA * K * K  

1 
 A  KA * K * K 

2 2 

 
 

 
 

and 

 
 

K 
1 
 A  KA* K * K  

1 
 A  KA* K * K 

2 2 

Then 1  A  KA * K  
 1 
 A  KA* K  

 2 A 
 A Hence proved. 

2 2 2 
Theorem: 5 

If A and B are q-k-hermitian doubly stochastic matrix then AB is not an q-k-hermitian doubly stochastic 

matrix. 

Proof: 

Let A and B are q-k-hermitian doubly stochastic matrix if A=KA*K and B=KB*K. Since A* and B* 

are also q-k-hermitian doubly stochastic matrices then 
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A*=KAK and B*=KBK. 

 
To prove AB is not an q-k-hermitian doubly stochastic matrix. We will show that AB=K(AB)*K 

K(AB)*K=KB*A*K=K(KBK)(KAK)K 

Where A*=KAK and B*=KBK 

= K2BK2AK. Where K2=I 

=BA  AB where AB  BA. 

Since Quaternion matrices does not satisfy commutative property. 

Remark 5(a) Since theorem (5) the product of doubly stochastic  matrices  is  doubly  stochastic but not an k-

hermitian and also q-k-hermitian doubly stochastic matrix. 

Theorem: 6 
If A and B are q-k-hermitian doubly stochastic matrices and K is the modified unit matrix, K={(1) (2 

3)}. Then KA is also q-k-hermitian doubly stochastic matrix. 
 

Proof:  
Let A and B are q-k-hermitian doubly stochastic matrix if A=KA*K and B=KB*K. Since A*and 

B* are also q-k-hermitian doubly stochastic matrices then A*=KAK and 

B*=KBK. 

To prove KB is q-k-hermitian doubly stochastic matrix. We will show that KA=K(KA)*K 

Now K(KA)*K=K(A*K*)K=KA*K*K= 

=KA where KA* where KA*=KA. K*K=I 

RESULT: 

For 

equivalent. 

 

A  H nn 

 
is q-k-hermitian doubly stochastic matrices for the following are 

[1] A=KA*K. 

[2] KA is q-k-hermitian doubly stochastic matrix. 

[3] AK is q-k-hermitian doubly stochastic matrix. (1)  (2) 

KA*K=A*KK where KA*=A*K 

=A*K2 

=A*=A where KA=AK=A. 
=KA. 

(2)  (3) 

 

 
(3)  (1) 

 
KA=KA* 

=A*K where KA*=A*K 

=AK. 

AK=A*K 

= AK=A. where KA=AK=A. 

(where k is a modified unit matrix units in the Secondary diagonal) 
 

Example: 
 

 1 2  i  j 2  i  j 
 

A   2  i  j 3 4  i  j  2  i  j 4  i  j 7 
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 1 2  i  j 2  i  j 
A

*  
 
 

2  i  j 3 4  i  j 



  2  i  j 4  i  j 7 

 



 1 0 0 

 k  12 3  
 

0 0 1 

 0 1 0 



 1 0 0   1 2  i  j 2 1  j   1 0 0 
*      

(i) KA K    0 0 1   2  i  j 3 4  i  j   0 0 1  0 1 0   2  i  j 4  i  j 7   0 1 0 
     

 1 2  i  j 2  i  j 
 
 

2  i  j 3 4  i  j 



  2  i  j 4  i  j 7 

 


 A 
 

similarly KAK  A
*
 

 1 0 0  






1 2  i  j 

 

 
 

2  i  j 
   

(ii) KA   0 0 1   2  i  j 3 4  i  j  0 1 0   2  i  j 4  i  j 7 
   



 1 2  i  j 2  i  j 
 
 

2  i  j 4  i  j 3 



  2  i  j 7 4  i  j 

 

 KA


KA is q-s hermitian doubly stochastic matrix. 

 
Similarly KA* is also q-s hermitian doubly stochastic matrix. 

 

 1 2  i  j 2  i  j   1 0 0 
(iii) AK  

 
2  i  j 3 4  i  j 

  
0 0 1 




    2  i  j 4  i  j 7   0 1 0 

   


 1 2  i  j 2  i  j 
 
 

2  i  j 4  i  j 3 



  2  i  j 7 4  i  j 
 

  AK 


AK is q-s hermitian doubly stochastic matrix. 

* 

* 
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Similarly A*K is also q-s hermitian doubly stochastic matrix. 
 

Definition: 

 
A matrix 

 

A  H 
n

i
n
s said to q-s-hermitian doubly stochastic matrix if Aθ=VA*V where 

 

V is a modified unit matrix with units in the secondary diagonal. 
 

Theorem: 7 

Let 

 
A  H 

nn 
is q-s-hermitian doubly stochastic matrix then 

 

A    VA*V . 
 
 

Proof:  

VA
*
V  V VA


V V  V 

2 
A


V 

2
 

Q A* 
 VA


V 

 A 
where V 2  I . 

 

Theorem: 8 

 
Let 

 

A
* 
 H 

nn is q-s-hermitian doubly stochastic matrix then A*=VAθV 
 

Proof:  

 
= VAθV = V(VA*V)V = V2A*V2 

 
=A* where V2=I 

 

Theorem: 9 

 
Let 

 

 
A, B  H 

nn
 

 

 
is q-s-hermitian doubly stochastic matrix then 

 
1 
 A  B is 

2 

q-s-hermitian doubly stochastic matrix. Proof: 

Let A and B are q-s-hermitian doubly stochastic matrices if Aθ=VA*V and 
 

Bθ=VB*V 

To prove 
1 
 A  Bis q-s-hermitian doubly stochastic matrix we will showthat 

2 
1 
 A  B 

   
 V 

1 
 A  B 

* 
V 

2 2 

Now V 
1 
 A  B

* 
V   V 

1 A
*  
 B

* V 
2 2 

 
1 

V A*  
 B

* V 
2 
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1 
VA

*  
 VB

* V 
2 

 
1 
VA

*
V  VB

*
V 

2 

 
1 
A  

 B
  

2 
 

Where, 
A

    
 VA

*
V 

B    VB*V 

 
1 
 A  B





2 
 

Theorem: 10 

 
If A and B are q-s-hermitian doubly stochastic matrices then AB is not an q-s-  hermitian doubly 

stochastic matrix. 

Proof:  

Let A and B are q-s-hermitian doubly stochastic matrices if Aθ=VA*V and Bθ=VB*V Since 

A*andB*are also q-s-hermitian doubly stochastic matrices then A*=VAθV and 

B*=VBθV 
 

 AB 

To prove AB is q-s-hermitian doubly stochastic matrix we will show that 

 V  AB 
* 

V  V VB

V VA


V V 

 

Where, A*   VAV and B*   VBV 

 V 2 BV 2 AV 2  B A




Where,   AB
 
Where AB  BA. V 

2 
 I 

 

Quaternions does not satisfy commutative property 

 

Theorem:11 
If A is q-s-hermitian doubly stochastic matrix and V is a modified unit matrix with  units in the 

secondary diagonal then VA is also. q-s hermitian doubly stochastic matrix. 
 

Proof:  

Let A is q-s-hermitian doubly stochastic matrices if 

 

A    VA*V Since  A*  is  q-s 

hermitian doubly stochastic matrices then A*   VAV 
To prove VA is q-s-hermitian doubly stochastic matrix we will show that. 
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 * 

 

 

VA  V VA V 

Now V VA
* 

V  V A
*
V 

* V   V VA

V V 

2
 

 AV  where 

 

Result: 

 VA
  

V 2   I 

For 

equivalent. 

A H nn 
is q-s-hermitian doubly stochastic matrix for the following are 

[1] A    VA*V 
[2] VA is q-s-hermitian doubly stochastic matrix. 

[3] AV is q-s -hermitian doubly stochastic matrix. 

(1)  (2) A    VA*V 

 V VA

V VA*  VA


V 

 V 2 AV 2 
Where V 2 I 

 A A    A  VA*V 
 VA Where VA  AV  A 

2  3VA  V VA

V 

 V 2 AV 

Where V 2  I 

 AV 

Where A    A  A*   VAV 
 AV 

 

Example: 

 1 2  i  j 
 

2  i  j 
A  

 
2  i  j 3 4  i  j 




  2  i  j 4  i  j 7 

 
 1 2  i  j 2  i  j 

A
*  
 A

   
 
  

2  i  j 3 4  i  j 



  2  i  j 4  i  j 7 

 

 0 0 1 

V  
 

0 1 0 



 1 0 0 



 0 0 1  1 2  i  j 2  i  j   0 0 1 
(ii)VA

*
V   

 
0 1 0 


 2  i  j 3 4  i  j 

  
0 1 0 




     1 0 0  2  i  j 4  i  j 7   1 0 0 
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 1 2  i  j 2  i  j 
 
 

2  i  j 3 4  i  j 



  2  i  j 4  i  j 7 
 



 A


 0 0 1 




1 2  i  j 

 

2  i  j 
(ii)VA  

 
0 1 0 

 
2  i  j 3 4  i  j 




   1 0 0  2  i  j 4  i  j 7 

  


 2  i  j 2  i  j 1 
 
 
4  i  j 3 2  i   j 




  7 4  i  j 2  i  j 
 

 VA

 VA is q-s-hermitian doubly stochastic matrix. 

Similarly A*V  is also q-s-hermitian doubly stochastic matrix. 
 

 1 2  i  j 2  i  j   0 0 1 
(iii) AV   2  i  j 3 4  i  j 

  
0 1 0 




    2  i  j 4  i  j 7   1 0 0 

   


 2  i  j 2  i  j 1 
 
 
4  i  j 3 2  i  j 


   AV 

  7 4  i  j 2  i  j 

 

 AV is q-s hermitian doubly stochastic matrix. 

Similarly A*V is also q-s hermitian doubly stochastic matrix. 
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