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Abstract: The design of high-performance adders has experienced a renewed interest in the last few years; among high
performance schemes, parallel prefix adders constitute an important class. They require a logarithmic number of stages and are
typically realized using AND-OR logic; moreover with the emergence of new device technologies based on majority logic, new
and improved adder designs are possible. However, the best existing majority gate-based prefix adder incurs a delay of 2los.(n) -1
(due to the nth carry); this is only marginally better than a design using only AND-OR gates (the latter design has a 2log,(n) +1
gate delay). This paper initially shows that this delay is caused by the output carry equation in majority gate-based adders that is
still largely defined in terms of AND-OR gates. In this paper, two new majority gate-based recursive techniques are proposed.
The first technique relies on a novel formulation of the majority gate-based equations in the used group generate and group
propagate hardware; this results in a new definition for the output carry, thus reducing the delay. The second contribution of this
manuscript utilizes recursive properties of majority gates (through a novel operator)to reduce the circuit complexity of prefix
adder designs. Overall, the proposed techniques result in the calculation of the output carry of an n-bit adder with only a majority
gate delay of 'e&(m) + 1. This leads to a reduction of 40percent in delay and30percent in circuit complexity (in terms of the number
of majority gates) for multi-bit addition in comparison to the best existing designs found in the technical literature.
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I. INTRODUCTION

The design of high performance multi-bit adders has been an active research topic for many years; schemes have been
developed with the predominant goal of reducing the worst-case delay under a possible CMOS implementation. Existing multi-bit
adders reduce the worst case delay based on strategies such as (i) unrolling the carry recurrence, and (ii) calculating the results
prior to each possible carry input. Based on these strategies, several high performance designs have been proposed in the literature
[1]. Among them, prefix adders constitute an important class, because they yield high performance at a relatively small fan-out
and hardware requirements [2], [3], [4]. Prefix adders have been extensively used specially on critical paths [5] due to a compact
yet fast implementation. Traditional prefix addition (as well as other schemes, such as carry look ahead) are based on generate
and propagate signals derived using AND-OR logic [1]. An n-bit prefix adder requires only Odlog2nb stages for the calculation
of the delay. In terms of AND-OR gates, the Kogge-Stone and Ladner-Fischer adders incura delay of g 2logy(n) + 1gates.
Alternatives to AND-OR logic have also been considered for arithmetic circuit designs. In particular, majority logic has been of
interest from the early 1960s. The realization of a one-bit adder using three majority gates and two inverters has been proposed as
well as techniques based on decomposition and rearrangement to majority element-based synthesis of networks with limited fan-
in components [6]. [7] has presented a geometric method that utilizes Veitch diagrams for synthesis using i-input majority gates
for a variety of n-argument switching functions. An approach based on Logically Passive Self-Dual (LPSD) has been presented in
[8]; an extension to this work has been presented in [9]. Interest in majority logic has been revived recently in the context of
digital design for several emerging nanotechnologies (such as domain wall Nano-magnets[10], resonant tunneling diodes [11] and
quantum dot cellular automata (QCA) [12]) [13], [14]. A few multi-bit adder designs in QCA have been reported [15], [16], [17],

[18], [19]. However, the best existing majority gate-based n-bit adder design still incurs a delay of 2log,(m) — 1 for the nth carry,
so only slightly better than using merely AND-OR gates. A close examination of this design reveals the cause for this limitation,
i.e., the AND-OR logic has been primarily used to derive the majority gate-based designs. The goal of this paper is to first
redefine the output carry of an n-bit adder in terms of only majority gates for delay reduction; the proposed formulations are
useful for parallel adders not for synthesizing general majority gate circuits [13]. This paper provides two contributions to adder
design using majority logic by which new majority gate-based recursive techniques are proposed. The first contribution is based
on a new definition for the majority gate equations of the group generate and group propagate signals, such that the output carry is
generated at a reduced delay. The second contribution is based on a new operator that exploits novel recursive properties of
majority logic to achieve saving in circuit complexity (as given by the number of majority gates required in a design) for prefix
adders. Overall, the proposed formulation results in calculating the output carry of an n-bit adder with a reduced majority gate
delay of 'o%(m) + 1 Moreover, the proposed approach leads to a reduction of 40percent in normalized delay and 30 percent in
circuit complexity(in terms of required majority gates) for multi-bit addition compared to the best existing designs found in the
technical literature.

Il. MAJORITY LOGIC FORMULATION OF OUTPUT CARRY
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A formulation for the carry output in terms of the Sum signal has been presented in the previous section; next the Sum signal
is expressed in recursive majority logic form. This is used to efficiently generate the carry as in (6). Let
A =a,1 apo...a100, B =by1 byz...biboand the (initial) carry CO be inputs to an n-bit binary adder. Then, the output
carry Cy can be defined in terms of majority gates as

(:'TJ;'. =M (ﬂ'n.—l: tI};l;'.—l 1 M (*‘I‘n.—ﬂ_- t‘:’J;'.—E_-- R

M{ay, b1, M(ag, by, Cp))). Q@

Hence, Swm = 2" and Sum > (2" — 1)are expressed in terms of majority gates using (7) and (8) as
Sum > 2" = M(ap—1,b,—1, M(ay_o,by—2, ...,

ﬂ-.f(t‘.!.l s t‘)l s ﬂ-.f(t‘.!.[]_._ t'}[] s []) )) ) (2)
Sum = (2" = 1) = M(ap_1,bn1, M(ap_2,by9,...,
ﬂ-f(ﬂ.l s {)1 s ﬂj(!‘.![]_._ r’)[]_._ 1}}}) (3)

Direct application of (9) to compute C, is not efficient (i.e., it incurs in a high delay); so, the recursive forms of
Cp, Sum = 2"gng Sum > (2" —1)jn (1), (2), and (4) are needed to derive two of the contributions of this paper. For ease of

notation, let £i(z)and £:()be defined as
R;(x) = M(a;,b;, )

(4)
Rij(x) = M(a;, by, M(ai—y,bi_y,...,
M(aj_y,bji_1, M(a;j,b;,x)))) (5)
}?4'::!'('11') - H;.l:]"} (6)
Sum > 2" and Sum > (2" — 1)in (10) and (11) can be rewritten using 1/ (*as
Sum = 2" = Ry _1a(ag - bo) (7)
Sum > (2" — 1) = R,_1a1(ap + by) (8)
So the output carry C, using (15) and (16) can be written as
C,, = M(R,—11(ag - by), Ry—11(ag + by), Cy). ©)

(17) expresses the computation of all carries using Co. For improvement in circuit complexity the lower order carries can be used
o a
for computation of the higher order carries. For example, when " > 4 Cucan e expressed using C; as
(:—T,;.. = J’i-.f(!‘.'!-”,_ 1s !J”,_l . ﬁ-.flie‘.'!-”__g . t‘J”._g, Caey

M(a; q, by, M(a;, b, C)))). 10)

TABLE I: Different Realizations for Carry Components in (5) Where 9 = @ bi ki =ai @ biandp; = (a; +b;)

Realization Sum > 2" Sum = (2"-1)

AND-OR Gates PRRES BN | A 1,k

Majority Gates [15] M{ay-q,b0-1. M{ay-9,b,-9..... M{ay, by, M{ay, by, 0)))) WM

Majority Gates [14] Mlag-1,bg-1, M{ag-2,ba-2.... . M{ay, b, Miag, by, 0)))) Mioctnea o M, bis M{a-1,bia, 1))
Proposed Mlayg-g, b1, Mlag-g,by-2,..., Mlay, by ag))) Mag-q, by, Mlag-g,by2,..., M{ay. by.by)))
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Fig.1. Carry C8 majority gate implementations. (a) Carry C8 of [14]. (b) Proposed majority gate diagram of carry C8.

Fig. 1b shows the proposed majority gate diagrams of C8using the proposed formulation. From Fig. 1, the proposed carryC4
requires 2 majority gates less than C4 of [17]. Similarly, C8 in Fig. 1 requires six majority gates less than in [17] (shown in Fig.
1), hence a saving of 33 percent is accomplished. The delay required for generating C8 is four (log-(8) + 1) majority gates (Fig.1)
and this corresponds to a 20 percent saving compared to the design of [17]. Similarly, the delay required for generating Ch is

logy(n) +1, The proposed majority gate formulation is applicable to various adders such as the Carry-Look Ahead adder (CLA),
prefix adders, carry select adder and conditional sum adders. Due to space constraints, only the application to prefix adders is
presented.
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Fig.2. Conventional prefix graph of carry C1¢Wheree =abiand p;=a; +b;

1. PREFIX OPERATOR FOR ADDER DESIGN
Prefix adders are defined in terms of an associative operator [1] as in (30). The carry C4 is computed using the prefix
associative operator in (31) such that generate 9i = @i b; and propagate p; = a; + E{’:'-.Fig. 2 shows its prefix graph. In this
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section, a new associative operator is presented in terms of majority logic for obtaining a design with reduced complexity (in
terms of number of gates and delay in the adder design)

(9i0:) © (9505) = (9 +pipjs PiD;) (11)

(Cy,-) = (g3,p3) @ (92,p2) © (g1,p1) © (Ch, ). (12)

The motivation for the definition of this new operator is as follows. The existing operator in (30) requires three majority
gates;[17] has derived new properties to reduce the number of majority gates for such existing operator. However, this can be
improved further, because it reduces the number of majority gates for only specific stages of the adder. In the scheme of [17] (Fig.
3) each prefix operation requires two majority gates each for stage-1 and stage-2,while the remaining stages require three majority
gates each. The proposed design requires only two majority gates in all stages of prefix addition and completely eliminates the
calculations of gis and pis. Fig.4 shows the proposed prefix operator symbol and the majority gate diagram. Fig. 5 shows the
proposed prefix graph for calculating C16. The majority gate diagram of C16 is shown in Fig. 6 (the proposed prefix associative
operator is marked with dotted linesFig.6) The proposed prefix operator has the following advantages compared to prior designs:
(@) It completely removes the calculation of gis and pis from the prefix adders. (b) The computation of each prefix operator
requires only two majority gates in all stages of prefix adders. (c) The computation of each prefix operator involves only one
majority gate delay in all stages of the prefix adders. The proposed prefix operator is directly applicable to all types of prefix
adder. In this paper, three types of prefix adders are considered, namely Kogge-Stone, Ladner-Fisher and Brent-Kung adders. The
proposed majority gate diagrams for various prefix adders are shown in Fig. 7. Fig. 7a shows the proposed majority gate diagram
of an 8-bit Kogge-Stone prefix adder; it requires three stages and four majority gates delay for calculation of all carries, so
log2nstages for calculation of all carries in a n-bit adder. Fig. 7b shows the proposed majority gate diagram of an 8-bit Ladner-
Fischer adder; it requires three stages and four majority gates delay for calculation of all carries. An n-bit Ladner-Fischer adder
requires log2nstages for calculation of all carries. Fig. 7¢c shows the proposed majority gate diagram of an 8-bit Brent-Kung adder.
It requires five stages and incurs in a six majority gates delay for the calculation of all carries. An n-bit Brent-Kung adder requires

2logon — 1stages for the calculation of the carries. The proposed prefix graphs of Kogge-Stone, Ladner-Fischer and Brent-Kung
adders are similar to the conventional prefix-graphs [2], [3], [4], the significant difference is that the proposed prefix graphs do
not require the calculation of the gis and pis.
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Fig.3. Prefix-Adder associative operator of [14].
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(M(ai, bi,a;), M(ai,bi,bj))
M(a;,bi, a;) M(a;, bi, bj)

Fig.4. Proposed prefix operator symbol and majority gate diagram.
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15 (g ayy ng H” g Uy ax ars (LI ag ay &Y i, oy [
"l’. ‘ h] i bm l’l'_’ 'Jn ‘ hm h., h\ b,— ’)., hr h_‘ b;; /)»_. ,)l "h.,
: e == .Y_._i Hii—— — T — - Lo
.°. f l .-:J] I ", - ‘l ‘0_, = | rIH__, ‘0_’ u l?
W MM ®m® M m M e ®m® o e
T U
(™) (M) (M ™) ) () p

Cre
Fig.6. Majority gate diagram of carry C16 of proposed prefix adder (C16 is calculatedthe same way for various adder
schemes such as Kogge-Stone, Ladner-Fischer and Brent-Kung).
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(a) Proposed Majority Gate Diagram of 8-bit Kogge-Stone Adder
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(b) Proposed Majority Gate Diagram of 8-bit Ladner-Fischer Adder
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(c) Proposed Majority Gate Diagram of 8-bit Brent-Kung Adder
Fig.7. Majority gate diagrams of different 8-bit prefix adders using proposed prefix operator.
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Fig.8.result.

V. CONCLUSION

A new majority gate-based approach for high performance adder design has been presented. The two contributions of this
manuscript(the formulation of the carry output and the recursive prefix operator for majority logic) have resulted in a reduction in
circuit complexity (as requiring a lower number of majority gates in an adder design) as well as lower propagation delay for the
leading carry. The proposed strategy has been applied to various prefix adders including the Kogge-Stone, Ladner-Fischer and
Brent-Kung adders. It is observed that these new results achieve a reduction in delay of at least log2n over the best existing
majority gate-based adders found in the technical literature. Specifically, reductions of40 percent in delay and 30 percent in
circuit complexity (in terms of the number of majority gates) has been accomplished for multi bit adder schemes. As shown in

Table 2, (") remains constant and for very large values of " l.(n)and the normalized delay d(n)show considerable reductions,

for example a nearly 50 percent for &(n)for the three prefix adders considered in this manuscript. Current research deals with the
applications of these findings to emerging technologies and in particular, the implications on different applications requiring fast
arithmetic processing.
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