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ABSTRACT: 

 

In this present paper, The approximate solution of imbibition phenomenon governed by linear and non-

linear partial differential equation is discussed. When water is injected in the injection well for 

recovering the reaming oil after primary oil recovery process, it comes to contact with the native oil and 

at that time the imbibition phenomenon occurs due to different viscosity. The Saturation of injected water 

is calculated by homotopy perturbation method for Linear and  Non linear differential equation of 

Imbibition phenomena under assumption that Saturation is decomposed in to saturation of different 

levels. The obtained results as compared with previous works are highly accurate. For the mathematical 

modeling, we consider the homogeneous porous medium and homotopy preturbation method has been 

used to solve the partial differential equation governed by it. The graphical representation of the solution 

is given by Met lab and physically interpreted. 
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INTRODUCTION: 

 

This paper discusses mathematically phenomenon of imbibition in double phase flow of two immiscible 

fluids in a homogeneous porous media with capillary pressure. It is well known that when a porous 

medium of length (L), field with some fluid (N) is brought in to contact with another fluid (I) 

preferentially wets the medium, it is observe that there is a spontaneous flow of the wetting fluid into the 

medium and a counter of the resident fluid from the medium. The phenomenon is called Imbibition and 

has been discussed by many authors from different points.[8][10] 

 

One of the most important process in oil recovery is the spontaneous imbibition which is driven by 

capillary force. Such spontaneous imbibition may occur in the form of co-current imbibition or counter 

current imbibition. The direction of flow is the main difference between these two crucial mechanisms 

for imbibition. In co-current imbibition, the wetting and non-wetting phases flow in the same direction 

with the non-wetting phase being pushed out ahead of the wetting phase. In counter current imbibition, 

the wetting and non-wetting phases flow in the opposite directions.[10] 

In the present paper, we have discussed the imbibition phenomenon arising in the flow of two immiscible 

fluid flows through homogeneous porous media with the effect of capillary pressure and obtained an 

approximate solution of the nonlinear differential system governing imbibition phenomena through 

Homotopy perturbation method. 

 

FORMULATION OF THE PROBLEM : 

 

Assuming that Darcy’s Law, equation of continuity, imbibition condition 𝑉𝑖 =  −𝑉𝑛 [9], are valid in 

investigated phenomenon for both fluids I and N respectively. The combination of these equation and 

http://www.jetir.org/


© 2018 JETIR  December 2018, Volume 5, Issue 12                               www.jetir.org  (ISSN-2349-5162) 
 

JETIR1812393 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 651 

 

condition yields a partial differential equation of imbibition of two immiscible fluids in homogeneous 

porous media. 

By substituting values of fictitious relative permeability, 

        
 𝐾𝑖 =   𝑆𝑖

3
, 𝐾𝑛 = 𝑆𝑛 =   (1 − 𝛼 𝑆𝑖 ) where 𝛼 = 1.11                                                                                         

                           (1.1) 

 𝑃𝑐  =   𝛽( 𝑆𝑖
−1 − 𝐶 )                                                                                                                            (1.2)                                     

 

In the equation of imbibition phenomenon, we get  

 

𝑃 
𝜕𝑆𝑖

𝜕𝑡
 −   

1

𝑆𝑖

𝜕

𝜕𝑋
[
𝐾(1−𝛼 𝑆𝑖)𝑆𝑖

3

(1−𝛼 𝑆𝑖+𝑚𝑆𝑖
3)

𝛽

𝑆𝑖
2

𝜕𝑆𝑖

𝜕𝑋
]  = 0                                                                                     (1.3)

                                         

                                             

Where P = porosity of medium , K is permeability of medium, 𝑠𝑖 and 𝑠𝑛 are saturation of fluids I and N 

respectively, 𝑃𝑐 is capillary pressure , 𝛽 is capillary pressure coefficient, 𝑚 =  
𝑠𝑛

𝑠𝑖
. 

 

Since from experimental results of Egenev’s [2], we may consider 𝑚𝑆𝑖
3
 small enough to be neglected 

from (1.3). The equation (1.3) reduce to  

 

𝑃 
𝜕𝑆𝑖

𝜕𝑡
 −  

𝐾𝛽

𝑆𝑖

𝜕

𝜕𝑡
[𝑆𝑖

𝜕𝑆𝑖

𝜕𝑡
] = 0                                                                                                                    (1.4) 

                                                                                       

Selecting new variables  

 

X =  
𝑥

𝐿
   and   𝑇 =  

𝐾𝛽

𝑆𝑖𝑃𝐿
2 𝑡 

 

Equation (1.4) becomes  

 
𝜕𝑆𝑖

𝜕𝑇
 =  

𝜕

𝜕𝑋
[𝐷(𝑆𝑖) 

𝜕𝑆𝑖

𝜕𝑋
][2]                                                                                               (1.5)                                        

 

Where       𝐷(𝑆𝑖) =  𝛼 

 

Equation (1.5) is a linear diffusion equation for the saturation of an injected fluid. 

 

 

HOMOTOPY PERTURBATION METHOD (HPM): 
 

To explain this method let us consider the following function:    

𝐴(𝑢) − 𝑓(𝑟) = 0,           𝑟 ∈  Ω                       (2.1) 

                                                                                                                                   

With boundary condition   

 𝐵 (𝑢 ,  
𝜕𝑢

𝜕𝑛
) = 0,               r  ∁  τ                                                                                   (2.2)

                                

 

Where 𝐴 is a general differential operator,𝐵 is a boundary operator, 𝑓(𝑟) is a known analytic function, 

and  Ω the boundary of the domain. 

 

The operator A can be generally divided into linear and nonlinear parts, say L(u) and N(u). so Eq (2.1) 

can be written as  
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𝐿(𝑢) + 𝑁(𝑢) − 𝑓(𝑟) = 0                            (2.3)                               

                                                                                

He’s constructed a homotopy  𝑣(𝑟, 𝑝):  Ω × [0,1] → 𝑅 which satisfies : 

 

𝐻(𝑣, 𝑝) = (1 − 𝑝)[𝐿(𝑣) − 𝐿(𝑣0)] + 𝑝[𝐴(𝑣) − 𝑓(𝑟)] = 0                                                          (2.4)

                                                                     

Where 𝑟 ∈  Ω ,  𝑝 𝜖 [0,1] that is called homotopy parameter, and 𝑣0 is an initial approximation of (2.1) 

which satisfies the boundary conditions from equation (2.4) we will have,  

 

    𝐻(𝑣, 0) = 𝐿(𝑣) − 𝐿(𝑣0) = 0   
                                                                                                  (2.5) 

     And 

 

𝐻(𝑣, 1) = [𝐴(𝑣) − 𝑓(𝑟)] = 0                                                                                   (2.6)

                        

                                                                 

In topology, 𝐿(𝑣) − 𝐿(𝑣0)  is called deformation, and [𝐴(𝑣) − 𝑓(𝑟)] is called Homotopic. The 

embedding parameter  𝑝 monotonically increases from zero to unit as the trivial problem 𝐻(𝑣, 0) = 0  in 

(2.5) is continuously deforms the original problem in (2.6), 𝐻(𝑣, 1) = 0 . The embedding parameter 

 𝑝 𝜖  [0,1] can be considered as an expanding parameter. Apply the perturbation technique due to the fact 

that 0 ≤ 𝑝 ≤ 1 , can be considered as a small parameter, the solution of  (2.1)  and   (2.2) can be 

assumed as a series in 𝑝, 

 

As follows, 

 

𝑣 =  𝑣0 + 𝑝𝑣1 + 𝑝
2𝑣2 +  𝑝3𝑣3 +⋯………… ..                                                                        (2.7) 

                                                     

Setting    𝑝 = 1  yields in the approximate solution of equation (2.7) 

 

𝑢 =  lim
𝑝→1

𝑣 =  𝑣0 +  𝑣1 +  𝑣2 +⋯……… . ..                                                                    (2.8)

                  

                 

Equation (2.8) is the solution of equation (2.1) obtained by Homotopy  perturbation method [4]. 

 

 

(I) SOLUTION OF LINEAR EQUATION BY HPM : 

 

The linear equation (1.5) which we have got, 

 

 
𝜕𝑢

𝜕𝑡
 =  𝛼  

𝜕2𝑢

𝜕𝑥2
 ; 0≤ 𝑥 ≤ 1  ,  𝑡 ≥ 0                                                                                (2.9) 

                            

with initial condition 

 

 

 

 

 𝑢(𝑥, 0) = sin(2𝜋. 𝑥)                                                                         (2.10)                                                           

                                 

and boundary condition is 
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 𝑢(0, 𝑡) =   𝑢(1, 𝑡) =   0                                                            (2.11)                                         

                          

To solve this problem we use Homotopy perturbation method. 

 

Homotopy  𝑣(𝑟, 𝑝):  Ω × [0,1] → 𝑅   for equation (1.5) is define as 

 

  (1 − 𝑝)[
𝜕𝑣

𝜕𝑡
  −  

𝜕𝑢0

𝜕𝑡
] + 𝑝 [

𝜕𝑣

𝜕𝑡
 −  𝛼

𝜕2𝑣

𝜕𝑥2
] =   0                             (2.12)       

                                          

    
𝜕𝑣

𝜕𝑡
  −   𝛼𝑝  

𝜕2𝑣

𝜕𝑥2
   = 0   

 
𝜕(𝑣0+𝑝𝑣1+ 𝑝2𝑣2+𝑝

3𝑣3+ ……)

𝜕𝑡
−  𝛼𝑝  

𝜕2(𝑣0+𝑝𝑣1+ 𝑝2𝑣2+𝑝
3𝑣3+ ……)

𝜕𝑥2
 = 0                                           (2.13) 

                 

For  zeroth order of   p : 

 
 𝜕𝑣0

𝜕𝑡
  =  0   (2.14) 

                                                                                                         

Then   𝑣0(𝑥, 𝑡) = sin(2𝜋. 𝑥) 

 

For first order of  p :  

 
𝜕𝑣1

𝜕𝑡
  −   𝛼  

𝜕2𝑣0

𝜕𝑥2
  =  0                         (2.15)                                                                                 

                
𝜕𝑣1

𝜕𝑡
 + 4 𝜇2𝛼 sin(2𝜋. 𝑥)  =   0               (2.16)

        

𝑣1 (𝑥, 𝑡) =   𝑠𝑖𝑛(2𝜋. 𝑥) − 4 𝜋2𝛼 sin(2𝜋. 𝑥) 𝑡                                  (2.17)

                               

For second order of  : 

 
𝜕𝑣2

𝜕𝑡
  −   𝛼  

𝜕2𝑣1

𝜕𝑥2
  =  0                                                                                                                   (2.18)

                                

𝑣2 (𝑥, 𝑡) =   𝑠𝑖𝑛(2𝜋. 𝑥) − 4 𝜋2𝛼 sin(2𝜋. 𝑥) 𝑡 + 8 𝜋4𝛼2sin(2𝜋. 𝑥)𝑡2                                   (2.19)             

               

                                                       

Using equation (2.12) for other order of  , we can obtain the following results: 

𝑣(𝑥, 𝑡) =  sin(2𝜋. 𝑥)[1 − (4 𝜋2𝛼. 𝑡) +  
1

2
 (4 𝜋2𝛼. 𝑡)2 −  ………… . . ]                                         (2.20)     

                

                                          

It is obvious that 𝑣(𝑥, 𝑡) converges to the exact solution as increasing order of  : 

𝑣(𝑥, 𝑡) =  sin(2𝜋. 𝑥). exp(−4 𝜋2𝛼. 𝑡 )                          (2.21)

              

              

Equation (2.21) is the Homotopy solution of equation (2.9), the infinite series converges to exact solution 

of the linear diffusion equation. 
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(II) SOLUTION OF NON – LINEAR EQUATIONS BY HPM : 

 

The nonlinear diffusion equation is the prominent example of  porous medium equation. 

 

Take 𝐷(𝑆𝑖) =  𝑆𝑖 in equation (1.5) , we get  

 

 
𝜕𝑢

𝜕𝑡
  =    

𝜕

𝜕𝑥
( 𝐷(𝑢)

𝜕𝑢

𝜕𝑥
 )                                                                                                     (3.1)

  

                                             

 Boundary conditions are given by  

 

𝑢(0, 𝑡) = 0     and       𝑢 (
𝜋

2
 ,  𝑡) = 1                 (3.2)

                  

Initial condition is given by  

 

𝑢(𝑥, 0) = sin 𝑥                                        (3.3)  

  

                 

Homotopy  𝑣(𝑟, 𝑝):  Ω × [0,1] → 𝑅   for equation (3.1) is define as  

  

H(v, p) = (1 − 𝑝) [
𝜕𝑣

𝜕𝑡
−  
𝜕𝑣𝑜
𝜕𝑡
] + 𝑝 [ 

𝜕𝑣

𝜕𝑡
− 𝑣 

𝜕2𝑣

𝜕𝑥2
+  (

𝜕𝑣

𝜕𝑥
)
2

]  

 

= (1 − 𝑝) [ 
𝜕𝑣𝑜
𝜕𝑡

 +  𝑝 
𝜕𝑣1
𝜕𝑡

 +  𝑝2
𝜕𝑣2
𝜕𝑡
+  𝑝3

𝜕𝑣3
𝜕𝑡
+  𝑝4

𝜕𝑣3
𝜕𝑡
+ ⋯−  

𝜕𝑣𝑜
𝜕𝑡

 ] 

+ 𝑝 

(

 
 
 
 

[
𝜕𝑣𝑜

𝜕𝑡
 +  𝑝 

𝜕𝑣1

𝜕𝑡
 +  𝑝2

𝜕𝑣2

𝜕𝑡
+  𝑝3

𝜕𝑣3

𝜕𝑡
+  𝑝4

𝜕𝑣4

𝜕𝑡
+⋯…]

− ( 𝑣0 + 𝑝𝑣1 +  𝑝2𝑣2 +  𝑝3𝑣3 + 𝑝
4𝑣4 +⋯  )

(
𝜕2𝑣0

𝜕𝑥2
+ 𝑝 

𝜕2𝑣1

𝜕𝑥2
+  𝑝2

𝜕2𝑣2

𝜕𝑥2
 +  𝑝3

𝜕2𝑣3

𝜕𝑥2
 +  𝑝4

𝜕2𝑣4

𝜕𝑥2
+⋯)

+(
𝜕𝑣𝑜

𝜕𝑥
 +  𝑝 

𝜕𝑣1

𝜕𝑥
 +  𝑝2

𝜕𝑣2

𝜕𝑥
+  𝑝3

𝜕𝑣3

𝜕𝑥
+  𝑝4

𝜕𝑣4

𝜕𝑥
+⋯…)

2

)

 
 
 
 

         (3.4) 

                                                                                                           

Comparing powers of P , 

 

 

 𝑝0 :  
𝜕𝑣0

𝜕𝑡
 −  

𝜕𝑣0

𝜕𝑡
 = 0 

 

𝑝1 :    
𝜕𝑣1
𝜕𝑡

 +  
𝜕𝑣0
𝜕𝑡

 −  𝑣0 (
𝜕2𝑣0
𝜕𝑥2

) +  (
𝜕𝑣0
𝜕𝑥
)
2

= 0   

 

𝑝2 :    
𝜕𝑣2
𝜕𝑡
−  𝑣0 (

𝜕2𝑣1
𝜕𝑥2

)  −  𝑣1 (
𝜕2𝑣0
𝜕𝑥2

) + 2 (
𝜕𝑣0
𝜕𝑥
) (
𝜕𝑣1
𝜕𝑥
)  = 0  

 

𝑝3 :    
𝜕𝑣3
𝜕𝑡
−  𝑣0 (

𝜕2𝑣2
𝜕𝑥2

)  −  𝑣1 (
𝜕2𝑣1
𝜕𝑥2

) − 𝑣2 (
𝜕2𝑣0
𝜕𝑥2

) + (
𝜕𝑣1
𝜕𝑥
)
2

+ 2 (
𝜕𝑣0
𝜕𝑥
) (
𝜕𝑣2
𝜕𝑥
)  = 0 

 

 

𝑝4:  
𝜕𝑣4

𝜕𝑡
−  𝑣0 (

𝜕2𝑣3

𝜕𝑥2
)  –  𝑣1 (

𝜕2𝑣2

𝜕𝑥2
) − 𝑣2 (

𝜕2𝑣1

𝜕𝑥2
) +  𝑣3 (

𝜕2𝑣0

𝜕𝑥2
) + 2 (

𝜕𝑣0

𝜕𝑥
) (

𝜕𝑣3

𝜕𝑥
) + 2 (

𝜕𝑣1

𝜕𝑥
) (

𝜕𝑣2

𝜕𝑥
) = 0                 
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     ..........................................                  (3.5) 

 

    Solving all above partial differential equation  we get, 

 

𝑣0 = sin 𝑥 
 

𝑣1 =  −  𝑡 
 

𝑣2 =  
𝑡2

2!
sin 𝑥 

 

𝑣3 =   
− 𝑡3

3!
 

 

𝑣4 =  
𝑡4

4!
 sin 𝑥 

 

………………………………………… 

 

Solution of equation (3.1) can be written as , 

 

𝑢 =   𝑣0 + 𝑣1 + 𝑣2 +⋯…………… .. 
 

𝑢(𝑥, 𝑡) = sin 𝑥 –  𝑡 +  
𝑡2

2!
sin 𝑥 −  

𝑡3

3!
+  

𝑡4

4!
 sin 𝑥 +  …………                                                             (3.6)     

                  

                                                                                                                                                                   

Equation (3.6) is the Homotopy solution of equation (3.1), the infinite series converges to exact solution 

of the non-linear diffusion equation given by (3.1)[6] 

 

 

GRAPH : I 
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Graphs represent the Homotopy perturbation method solution 𝑣(𝑥, 𝑡)  for 𝛼 = 0.05 and𝛼 = 0.1. 

Respectively for    0 ≤ 𝑥 ≤ 1  and 0 ≤ 𝑡 ≤ 0.5  
 

 

TABLE - I 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

GRAPH : II 
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Graphs represent the Homotopy perturbation method solution 𝑣(𝑥, 𝑡)  for 𝛼 = 0.1 and𝛼 = 0.1. 

Respectively for    0 ≤ 𝑥 ≤ 1  and 0 ≤ 𝑡 ≤ 0.5 

 

 

TABLE – II 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

GRAPH : III 
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    CONCUSION: 

 

Homotopy Perturbation Method is applied to solve linear and nonlinear partial differential equation.The 

results for the saturation of water are shown in Graphs. It can be seen that the saturation of water 

fluctuate with time and space  in Graph – I and Graph – II and after certain time of period water is fully 

saturated. The saturation is decrease constantly with time and space in graph – III so it is obvious that 

water is little saturated with time and space. Furthermore, the exact solution can easily be obtained by 

using HPM. The results show that HPM is a powerful tool for obtaining exact solution of linear and 

nonlinear equations. The computations associated in this work were performed by using Matlab. 
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