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INTRODUCTION, DEFINITIONS AND NOTATIONS
Suppose f be an entire function of several complex variables holomorphic in the closed polydisc
U= {(z1,23..27) * |z;] £ n,i = 12,..,n V1, 20,1,20,..,1, =0}

and Me(ry, 7y, ., 1) = max{|f(zl,22, ...,zn)|: |z;| < r,i = 1,2,...,n}.

Then in the light of maximum principal and Hartogs’s theorem {[7],p.2,p.51}, M ((ry, 75, ...,7,,) is an increasing function of

74,1y, -, Tn. FOr @any two entire functions f and g of two complex variables, the ratio W
g\T172,Tn

growth of f with respect to g. Taking this into account, the following definition is well known:

asm,ny, .., = o is called the

DEFINITION 1. ([7], p.339, see also [1]) The order ,,,pr and lower order ,,,A, of an entire function f(zy, z,, ... z,,) are defined as
. loglong(rl,rz,...,rn) loglong(rl,rz,...,rn)
v, Py = limsup og

71,172,000 Ty = Mexp(zl,zz,...zn) (r1,72,070)

and Vn/lfz lim inf

1,72, =00 logMeXp(lezz’".Zn) (ryr2,01n)

We see that the order , 0 and lower order anf of an entire function f(zy,2,, ...2,) is defined in terms of the growth of

f (21. Zy, "'Zn) with respect to the exponential function exp(z;,z,, ...z,). The rate of growth of an entire function generally
depends upon the order (lower order) of it. The entire function with higher order is of faster growth than that of lesser order. But
if orders of two entire functions are the same, then it is impossible to detect the function with faster growth. In that case, it is
necessary to compute another class of growth indicators of entire functions called their types and thus one can define type of an

entire function f(zy, z,, ... z,) denoted by, ¢ inthe following way.

DEFINITION 2. [6] The type , o'y of an entire function f(zy, 2z, ... 2, ) is defined as
O'f: limsup M'O<v0f<m
oW ST Yy o !
[(ryrz.rp)] "

Similarly, the lower type , 0 of an entire function f(zl,zz‘ zn) may be defined as

Vi

— .. log M ¢(11,72,...Tn)

, O = liminf 22T o g <o
n 11,72, Tn >0 n

vy pf

o ) ) ) [(rarz..m)] ) ) )
Similarly in order to determine the relative growth of two entire functions of several complex variables having same non-zero

finite lower order one may introduce the concept of weak type,, 7 of f(z,, z,, ... z,) of finite positive lower order , A, which is
as follows
DEFINITION 3. [6] The weak type, 7 of an entire function f(Zl,Zz, ) Zn) of finite positive lower order A is defined by

.. logM ¢(ry,72,...70)
WT¢= liminf =122 < A < oo
n 71,12, >0 n

[(r172..10)] o
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Likewise, one may define the growth indicatorvnff of an entire function f(zl, Zy, "'Zn) of finite positive lower order,, A¢ inthe

following way
logM ¢(ry,r2,.Tn

= : )
v, Tt = limsup ,0<anf < oo
71,72,y

[(r172..10)] n

Bernal (see [2], [3]) introduced the definition of relative order between two entire functions of single variable. During the past
decades, several authors (see [8],[9],[10],[11]) made closed investigations on the properties of relative order of entire functions of
single variable. Using the idea of Bernal’s relative order (see [2], [3]) of entire functions of single variable, Banerjee and Datta [4]
introduced the definition of relative order of entire functions of two complex variables to avoid comparing growth just with
exp(zy, Z,, ... z,) Which is as follows.

v, Pg= inf{u >0,M (11,7, 00, 1) < M g(r#, 4, 1 *) 1 2 R(w), i=1.2, ...,n}
logM;, ™" M ((1y, 73, ...,73)

= limsu
rl,z,,,,,rni’m log(ryry ...13,)
where g is also an entire function holomorphic in the closed polydisc
U= {(z1,23, ., 2p) ¢ |zl €1y,i = 1,2,...,nV 1, =20}
and the definition coincides with the classical one if g(zy, 2, ..., z,) = exp(2123, ... z,) -
Likewise, one can define the relative lower order of f with respect to g denoted by v, /19 as follows

oAy = limin '0EMe My

n T4, =00 0g(r172..10)
Now in the case of relative order of entire functions of two complex variables, it therefore seems reasonable to define suitably the
relative type and relative weak type respectively in order to compare the relative growth of two entire functions of two complex
variables having same non zero finite relative order or relative lower order with respect to another entire function of two complex
variables. Recently Datta introduced such definitions which are as follows.

DEFINITION 4. Let f(zy, 2, ... 2z,) and g(z4, z, ... Z,) be any two entire functions such that

0 <, 0y <co.Then the relative type , o (f) of f(z1,2,, ..., 2,) ith respect to g(z, 2, ... z,) is defined as.

O4=inf k> 0,M ¢ (1,73, .., 7m) <M 4| kry wPa Jkr, " Py o ke, Py

Vn

for all sufficiently large values of r; , 1,, and n;,.

Equivalent formula for , & is,
. Mg~ I M ((rq,72,.070)
, 0y= limsup CEORE T2 T
71,72, Tn > P
Vv,
[(rirger)] " 1

Likewise, one can define the relative lower type of an entire function f(zy, z,, ... z,) t0 g (24, z,, ... z,) denoted by, 59 as follows

— . My~ M f(ry12,.70)
y Og= liminf 4 —=22% 0<  po <o
n 71,72, 20 y

v, Py
[(r172..m)]

DEFINITION 5. [6] The relative weak type w7y (f) of an entire function f(z,, Z, ..., Zy) With respect to another entire function

9(z1, 2, ..., z,) having finite positive relative lower order, A, (f) is defined as
-1
W To(f)= liminf Mo MrCueen)
n T1,72,...,Tn =00 l
[(r172..70)] ol

Also one may define the growth indicatorvnfg (f) of an entire function f with respect to an entire function g in the following

way
Mg~ M f(ry,rp,...mn

W7 (f)= limsup ),0< ang < oo

T2 =00
Vo ©TQ
[(r172..70)]

Considering g(zl,zz, ...,zn) = exp(z,2, ... Zz,) one may easily verify that Definition 4 and Definition 5 coincide with Definition
2 and Definition 3 respectively.

In the paper we investigate some relative growth properties of entire functions of several complex variables with respect to
another entire function of several complex variables on the basis of relative type and relative weak type of several complex
variables. We do not explain the standard definitions and notations in the theory of entire functions as those are available in [7].
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LEMMA . [5] Let f and g be any two entire functions of several complex variables then

A A
<, A, (f) <min w2 w Pl max —/{ﬁ <Py S

vﬂ pg Vn g Vn pg Vﬂ g Vn pg Vn g

v, 7 f

THEOREMS
In this section we present the main results of the paper.
THEOREM 1. Let f(zy, 2y, ..., z,) and g(zy, 73, .., 2, ) be any two entire functions with

0<, A<, py <ooand 0<, Ag<, py <oo. Then

1 1 1 1 1
_ /1 - _ . _
v.Of |70 VnO' vn g A v.Tf |7 Vno-f vn Py v.Tf |wmPo
maxs | — [ = } <, 04 (f)<ming| = i LA
" T

v Tg v, b g v Oy v, Og

and

. 1 . 1 1 _ 1 _ 1 1

4 —_ P, O vn Py T Vn/lg v, A vn Py T vy P,

v.Of |nt . v, O f [nFe |y O vt f v, Tf (W™ | v, Tf vyt f |l
L= <y, 0 (f) <ming| == o | | == | = | —=
vwlyg vwOyg v, O_g vnTg vwlyg v, Ug vwOg

PROOF: From the definitions of , & andv, 071 we have for all sufficiently large values of 1,75, ...,and r, that

Y2
Mp(ry, 13, 0, 1) < €xp (Vn o +8) [(ry7y )] f Q)
— v, P
Me(ry, 73, . 1) 2 expq (v, Ot — &) [(n7y ..13)]
)
and also for a sequence of values of 1,15, ..., and 7, tending to infinity, we get that
yo)
Mg (ry, 73, .0, 1) = €Xp (Vn (o —8) [(ry1y ...rn)]\'n f 3)
— vy P
Mp(ry, 75, .0, 1) < €XP (Vn (of| +8) [((nry ..1)] (4)

Similarly from the definitions of |, &', and v, 0 ¢ , it follows for all sufficiently large values of r;, 7, ..., ;, that

P

My(ry, 7z, 1) < exp (v" Oq + 8) [(ryry )] ?
! ) P
ie., (1,12, ., 1) < M, Hexp (vn o, + g) [(ryry )]0

[ L

log(r,r,...r,) |n*s

and My (1 1) 2 | M |

ll v Pyt é J|
()

Vi Iog

Thus My (1,75, ..., 1) = exp (vn Oy —8) [(ry7y )]

(6)

vnpg —&

It o]
i'e"Mg_l(rl,Tz'-"'r”)Sl M | ‘

and for a sequence of values of ry, 15, ..., 7;, tending to infinity, we obtain that
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My (ry, 72, 0 Ty) = exp (Vn o, —8) [(riry )] P
1
Thus M, (ry, 1y, ..., 13) J[Iogr—r)}/’] ™
AR
My(ry, 13 ) = exp ( +g) [(ry7y .. rn)]vpg
1
i.e.,Mgl(rl,rz,...,rn)Zl[ M vnpgl (8)

From the definitions of T andv, 7t we have for all sufficiently large values of I, I,,..., I, that

- A
Mp(ry, 13, .0, 1) < eXP (van + 8) [(ryry )] f

(9)

v /1f
My (ry, 75, .00, 1) = €XP (Vnz-f —6‘) [(ryry )] (10)
and also for a sequence of values of ry, 15, ..., and r,tending to infinity, we get that

_ v, ﬂ’f

Me(ry, g, o, 1) Z exp \v, 71 — &) [y )] "
(11)

v ;Lf
My (ry, 75, .0, 1) < €XP (Vnz-f +8) [y )] ™ (12)

Similarly from the definitions of ,,,z, and ,,7,, it follows for all sufficiently large values of I, I,,..., I, that

- A
My (ry, 72, ., 1) < exp (vn Tg + 8) [(ryry )] ™ °

. 1 - v /19
i.e, (12, ., 1) S Mg~ [expq \v, Tg + &) [(n7y 1)) "

and My, (1, 1) =

(13)

A
Thus My(ry, 75, ..., 1) = exp{(VnTg —8) [(r17, .__rn)]vn g }

1
Vnﬂ“g
ie., My (ry, 1y s 1) Sl[[logr—r)] }
|

T,— ¢ |
(14)
and for a sequence of values of ry, 15, ..., 7;, tending to infinity, we obtain that

- A
My (ry, 7, ., 1) = exp (vnTg —6‘) [(ryry )]0
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Thus Mg_l(rl,rz, oty <|

(15)

Mg(rler! "'Irn) < exp (VnTg + 8) [(rlrz "'Tn)] ol

|
ie., M, (1,1 1) = |[—

(16)
Now from (3) and in view of (13), we get for a sequence of values of I, I,,..., I}, tending to infinity that

1
Mg—le(rl,rz, v ) - {(Vnﬁf —8):|vnxlg

Vnpf (vnff +8)

A
7y ry] ™ °

Since in view of lemma
1

Vnﬁ'g
Vnag(f)z{v"ff}

vwTg

(17)

Similarly from (2) and in view of (16) it follows for a sequence of values of I}, I,,..., I,

tending to infinity that

Mg'le(rl,rz,...,rn) - (vnO'f —8) g

ﬂ (ang + 6‘)
A

Vo "0

[ri7y .. 1]

Since in view of lemma

= A
v, O f |79
o ()2 (18)
Vo© g
Again in view of (14), we have from (9) for all sufficiently large values of I, I, ,..., I, and in view of lemma
M, M (ry, 73, ., 1) (vn;f +8) g
v, A (vnrg - ‘9)
A
[ri7y 7] R
1
_ )
v, Tf |70
Lo ()2
Va© g
(19)
Again in view of (6), we have from (1) for all sufficiently large values of I, I,,..., I, that
- _ P
M, 1Mf(r1,r2, v Ty) < My Hexp (Vn o; +8) [(ryry )]
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1

MM (1, e 1) y {(vnaf + g)]npg

— (20)
% j’f
ALKA Og—¢&
[rer“'rn]Vnpg (V" ’ )
Since in view of lemma
1
v, O-f vy, Pg
Vncrg(f){ = } (21)
vwOyg
Further in view of (6), we have from (9) for all sufficiently large values of I, I,,..., I, that
-1 -1 — v, ﬂ’f
My™ "M ¢ (ry, 15, ., 1) S Mg~ exp (v, Tt + &) [(n7y ..73,)]
That is,
L _ 1
MM (1,1 1) (anf +g) W Py
S - (22)
- Og—&
[rlrz---rn]vnpg e
Since in view of lemma, we get that - ! <y, Pq (f)andas (> 0) is arbitrary, therefore it follows from above that
Vn 170
~ vn Py
N v, T f
WP ()< 22t
Ve /7 Q
(23)
Thus the theorem follows from (17), (18), (19), (21) and (23).
Further from (2) and in view of (13), we get for all sufficiently large values of I, I, ,..., I, that
MM, (r,r r)<M’1[exp{( D —glrr r ] }]
g f\'11 829y In /) = g vnpf 172 n
That is,
N _ —
MM (5,5 1) <|:(vn0'f —5)}%‘9
vy Pt - _
n Tg+ &
[ (Vn 9 )
Since in view of lemma, we get that " Zf <, Py (f) andase(> 0) is arbitrary, therefore we get that
Vn 79 n
_ 1
- v O f | g
P (F) S| == (24)
vwTy
Also in view of (7), we get from (1) for a sequence of values of I}, I,,..., I, tending to infinity that
MM (F, e 1) < Mfl[exp{( o, +e)nn,..r, ] }]
g f\'11 129y In /) = g v, = f 1'2**%n
1
-1
MM (r, 1y, 1) (vnaf +g) e
v < ( . _8) (25)
[ w9
That is,
1
— Vi Uf vn Py
v, Py (f) <
" o
Vo T 0

(26)
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Likewise from (4) and in view of (6), it follows for a sequence of values of I, T, ,..., I;, tending to infinity that
MM (6,1, 1) < Mg’llexp{(vnaf +glr1r2...rn]Vnp* }J
(27)

We get,
1

Mg_lM f (rli r21---| rn) <|:(vng-f +5):|"np9

vy Pf _
[rr,.r Jooe (oo —¢)
(28)
We get from (28) that,
1
— ; Of | Pg
vnpg(f){”g} (29)
w9
vy P

Since in view of lemma, fsvnpg (f) and ase(>0) is arbitrary, therefore further in view of (15), we get from (9) for a

Vn 19
sequence of values of I, T,..., I, tending to infinity that

A

Vi

M, 7™M ((1y, 75, ., 1) < M7 |exp l(vn Tt + e) [rlrz...rn]

Then,
1

MglM ; ("1’ | YT rn) < |:(Vn;f +g):|vnlg

w4 ~
[rlrz---rn]vnl; (VnTg g)

(30)

L. P
As in view of lemma '

Vn ﬂ“g

<, Pg(f) andase(> 0) isarbitrary

vwlyg

1
o 7o Lt
vnp;(f){%if} (31)

Similarly from (12) and in view of (14), it follows for a sequence of values of I ,I,,..., I, tending to infinity that

A

M, 7™M ((1y, 75, ., 1) < M7 |exp l(van + e) [t’ll’z...l’n]vn g

Then,

1
1 -
Mg M, (1, 1. r,) - (vnrf +g) v g

Vn ;"f —
[r1r2---rn ]VnTa (V”Tg 8)
(32)
As in view of lemma, " if <, Py (f) andase(>0) isarbitrary
vn 79 n
—_ VnZ'f Vn ﬂ'g

WP (f) | =— (33)

Vo' @

Again in view of (7), we get from (9) for a sequence of values of I, T,,..., I, tending to infinity that

_1 1 - vn;tf
M, ™M (ry, 7y, 1) < My~ | exp (van +e)[r1r2...rn]
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-1 -
MM (6 1) - (Vnﬁ +g) W Py

Then, - <
U (vn Og ~ 8)
(A >
(34)
As in view of lemma, i; <, Py (f) andase(> 0) isarbitrary

1

v, T f P

WAGE ()

Vo T g
Similarly from (12) and in view of (6), it follows for a sequence of values of I, I,,..., I}, tending to infinity that

M;7'M f(ry, 1, ., 1) < M7 |exp (anf + s) [rll’z...l’n]v"/if

1

MM (1, Ty ) <[ (.7, +g)]npg

[rlrz...rn]::%; oo -

Then,

(36)

. . A
As in view of lemma, 2~

<, py(f) andase(> 0) isarbitrary
g n

Vn

1
Vn;g(f)£|: vnzf j|vnpg

vwOg

37)
Hence the second part of the theorem follows from (24), (26), (29), (31), (33), (35) and (37).

THEOREM 2. Let f(zy, 2y, ..., z,) and g(z, z,, ..., 2, ) be any two entire functions with
0<, A<, py <o and 0<, 4,<, py <

Then
_ 1 . 1 X 1
|:van :|vle Van v Ag v, O vn Pg 1
= , ; — 4
o Tg vnTg vOg 5 v, Tf |nPe
max .- . L SeTe(f) st ==
r — v, O g
Vnaf vy Pg Vno-fj|vnig Vnaf vnﬂ-g n
l - i)
ang Vﬂz—g VnTg
and
B 1 1 . 1 1 _ C
Py A A vy P,
v.Of |nFe v.l5 |wte vOFf |n'e . vTli |[wPe v, T |70
max- | —— , ["— , — <, 7o () <minj| == =
n
vno-g vl vwlyg vwOyg vno-g

Proof: We obtain from (11) and (13), for a sequence of values of I, I,,..., I'; tending to infinity that

_ A
MM (1,00 1) 2 My exp <van —3>[rlr2...rn]v" f
Then,
1
M "M (1,1, 1) g (Vn}f —g) s
e B (vn;g +€)
[rr,..r L4
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Vn ﬂ'f
Vn o

As in view of lemma,

]

1
,1 - -
MM (0,1 1) >{Vnﬁ ]nag

lim sup > —
24 ()
nLr,..r | T
I’l, I’2,..., rn —00 [l 2 n] Vo ¢ 0
and
_ 1
2
- T Vn g
v, Tf > Vn—
v, Tg
(38)

<, Ag(f) andase(> 0) isarbitrary

Further we obtain from (10) and (16), for a sequence of values of I, I,,..., I}, tending to infinity that

My My (1,001 ) 2 M exp | (7 — &) [00r, |

Therefore,
1
MM (e ) [ =) o
1 B (vnrg +5)
[rr..r ]2

As in view of lemma,

1
-1
M, Mf(rl,rz,...,rn)> A

lim sup N 2

(f)

rr,..r. | T
I’l,l’z,..., rn —00 [1 2 n] Vi 9
and

— Tf vn/lg
van > Y
VnTG

(39)

A

i; <, Ay (f) andase(> 0) is arbitrary

Now from (3) and in view of (5), we get for a sequence of values of I, I,,..., I'; tending to infinity that

1
1 B
MM, (r,1,,..., 1) . (Vnaf —g) Py

[rlrz...rn]::g loi+e)

Therefore,

My My (1,001 ) 2 M7 fexp | (4 0 —5)[r1r2...rn]v”pf

(40)

Also from (2) and in view of (8), it follows for a sequence of values of I,I,,.., I, ending to infinity that

My My (1,001 ) = My exp (vnaf —8)[[’1I’2...I’

Therefore,

1
Mg*lM ¢ (I’l, PP rn) S {(Vno-f _5)} vn Py
vnpf - pu

[t Joes lwos+¢)
(41)

As in view of lemma,

vy Pt
Vnp97

]vnpf

<, Aq (f) andase&(> 0) is arbitrary, from (40) we get that
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) MM (6,1 1) | O [
im sup NG 2
rLr,..r [ o
rl,l’z,...,l’n —00 [l 2 n] vV, g
Then,
B 1
— v O-f vnpg
WwTg 2| = (42)
| v %
Similarly, we get from equation (41) that
1
- Ot |nFe
v, Tg > Vn—
| wOg
(43)
In view of lemma, %sv A4 () and as &(> 0) is arbitrary
vn 779 n
Likewise from (3) and in view of (13), we get for a sequence of values of I, I,,..., I', tending to infinity that
1 1 A pf
My Mg (1,0 1) 2 My fexp | (0 =€) [B1,00 ]
Therefore,
1
-1 e
Mg Mf(rvrz!""rn) (vno-f ~‘C") n
R (70 +4) (44)
tn vyTg + &
[nr,..r ] e
In view of lemma, " if <, 44 (f)and as (> 0) is arbitrary
Vn 79 n
il
MM (1, ) [y O |
lim sup [rr r]v 7D >
B T
rl,l’z,...,rn —00 172" "n Vo b 0
Then,
1
— o Vni
v T > v, _f 9
vwlyg
(45)
From (2) and in view of (16), we get for a sequence of values of I}, I,,..., I, tending to infinity that
— P
MM (1,00 1) 2 My exp <vnO'f —3) LA
Therefore,
1
1 —
Mg Mf(rl!r21'-'!rn)> (Vnaf _8) V"/lg (46)
ol - (v Ty _8)
[rr,..r L4 !
Then,
. p)
—_ O-f vn g
Vp Tg Z o (47)
VnTg

Again from (6) and (9), we have for all sufficiently large values of I, I,..., I, that

Mg_le(rl’rZ’m’ r”) = Mg_1 exp <Vn;f + & > [rlrz-..rn]vnlf
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Therefore,

1
Mg*le(l’l,l’z,...,rn) < (vn’z'f +8) vn Pg
vn At - (vnO'g —8)

[rr,..r |2
In view of lemma, j <, Ay (f)and as &(> 0) is arbitrary
Vn 779 n

1
a -
MM (1,1, 1) <{Vnﬁ }vnpg

lim sup ~ < —
v g ()
r11r2|---,rn—>oo [rlrzl"rn] : %W Og
That is,
B 1

- Tt [wFo

wTg <[ = (48)
v,Og

Thus the theorem follows from (38), (39), (42), (43), (45), (47) and (48).
Further from (10) and in view of (13), we get for all sufficiently large values of I, F,,..., I, that

My M (0,001 ) 2 M7 exp | (7 —e:)[rlrz...rn]v"/qbf

Therefore,
1

MM (1, 1o, 1) S[(Vnrf —8)]”19

ol Lrete)

In view of lemma,

V Z <, A, (f)and as&(> 0) is arbitrary

1
M;Mf(rl,rz,...,rn)< W Ti |nk
(A N

lim sup
P PRRTOY R
That is,

vwlyg

(49)
Again from (2) and in view of (5), we get for all sufficiently large values of I, I,,..., I, that

Mg'le(I‘l, Fy ey I’n) > M, " |exp <vngf -& ) [I’lrz...rn]\l"pf

Therefore,

1
M(;le(rl’rZP-'!rn) > (Vno-f _8) v Py
o PF B +
[rr,..r J e l.o5+2)
(50)

In view of lemma,

vy Pt
vn Py

<, Ay (f)and as &(> 0) is arbitrary, we get from (50) that

M;Mf(rl,rz,...,rn)> e
[

liminf
o

rl, r2'|.., rn —00 Vﬂ g

That is,
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(51)
Again from (2) and in view of (13), we get for all sufficiently large values of I, I,,..., I, that

My M (1, Gy 1) = My fexp <Vn5f —g)[rlrz...rn]v”pf

Therefore,

L - 1
Mg_l Mf(rlerI---l rn) >|:(vn6f _8):|Vn/19

[rlrz...rn]znnz (VnTg +5)

In view of lemma,

n, A (f) andas (> 0) is arbitrary
1 I
ngMf(rl,rZ,...,rn)> v Ot |nk
o =

liminf
I’l,l’z,...,l’n —00 [rlrz'“rn
That is,

I

P

I AR L
' vwlyg

(52)
We get from (7) and (9) for a sequence of values of I, I',,..., I', tending to infinity that

A

vwlyg

Vi

MMy (1,00 ) < My exp <van +g>[r1r2...rn]
Therefore,
1
-1 -
MM (r, 1y, 1) . (Vnrf +g) P

[rer"'rn]::%; (V" % —g)

As in view of lemma, " <, Ay (f)and as&(> 0) s arbitrary

Vn
Vnp97 n

M;le(rl,rz,...,rn) < Vn;f vn Pg

liminf 7 <
v Ag (T)
rlyrz,---,rn —00 [rlrzu.rn] ’ Vnag
That is,
- P
v, Tf vn 779
W Tg S (53)
v, 9

Similarly, from (12) and in view of (6), it follows for a sequence of values of I}, I,,..., I, tending to infinity that

MMy (1,001, ) < M7 exp (74 +g)[rlr2...rn]v"/1f

Therefore,
1

MM (1, 6y, 1) y [ (Vnrf + g)]npg

)i Lo e)
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vnﬂ'f
vn Py

In view of lemma, <, Ag (f)and as&(> 0) is arbitrary

liminf
[ A e [
That is,

v, Og

1
Mg;le(rl,rz,...,rn)< v Tr |
]mg(f) =T

n

1

T, < V"zf "
Vo' Q
v,Og

(54)
Hence the second part of the theorem follows from (49), (51), (52), (53) and (54).

COROLLARY. Let f and g be any two entire functions of several complex variables such that g
is of regular growth: Then

vnpf

vnﬂ’f
WAg(F) ==L and |, p, () =

Vn 770 Vnpg

In addition, if, p;=, pyithen , o, (f)=, 4; =1
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