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Abstract: --The aim of this paper is to study thermal stresses of a circular cylinder, in which boundary conditions are of radiation
type. We apply integral transform techniques and obtained the solution of the problem. Numerical calculations are carried out for
a particular case and results are depicted graphically.
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Introduction

Deshmukh et al. [1] have studied quasi — static thermal stresses in a thick circular plate. Kamdi et al. [2] have discussed
Transient thermoelastic problem for a circular solid cylinder with radiation. Nowacki [3] has studied the state of stress in a
thick circular plate due to temperature field. Roy Choudhary [6] has derived quasi — static thermal deflection of a thin clamped
circular plate due to ramp type heating of a concentric circular region of the upper face. Wankhede [7] has discussed the quasi —
static thermal stresses in a circular plate. Khobragade et al. [8] have studied Transient thermoelastic problem of semi-Infinite
circular beam with internal heat sources. Meshram et al. [9] have discussed steady state thermoelastic problems of semi-Infinite
hollow cylinder on outer curved surface.This paper is concerned with the transient thermoelastic problem of a solid cylinder
occupying the space 0 <r <a, —h <z <h with radiation type boundary conditions.

Statement of The Problem

_ 80 2, 2\102 P — (y?2 2\1/2
Consider a circular solid cylinder occupying the space D={xy,2)eR";0<(x"+y’) Sa; h<z<h} where " (x*+y7)
The material is isotropic homogeneous and all properties are assumed to be constant. Heat conduction with internal heat source

and the prescribed boundary conditions of the radiation type are considered. The equation for heat conduction is [4]

2
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Where K is the thermal diffusivity of the material of the cylinder (which is assumed to be constant).
Subject to the initial and boundary condition
Mt(Tal,O:O):O'fora“OSI’Sa’—hSZSh (22)
M.(T,1,0,a)=0 /., —h<z<h t>0 (2.3)
M, (T, 1 kq, h) =(—&J f(r,1),

A fora”OSrSa’ t>0 (2.4)

M, (M. Lky, =) =g(rt) o w0<r<a t>0 (2.5)

The most general expression for these conditions can be given by

M, (f, Kk, k,g)=(Kkf +kf),,

where the prime () denotes differentiation with respect to vi ok and K

surface of cylinder respectively.

are radiation constants on the upper and lower
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The Navier’s equations without the body forces for axisymmetric two dimensional thermoelastic problem can be expressed as [3]

u, 1 ce 2(1+v)

Vzur ) + — o — =0
rc 1-2vor 1-2v ar (2.6)
1 ae 2(1+v
Vo, - @+v) , o _
1-2vér 1-2v oz 2.7)
where Ur and U, are the displacement components in the radial and axial directions respectively and the dilation € as
. ou, u,  au,
or r 0z (2.8)

The displacement functions in the cylindrical coordinate system are represented by the Goodier’sthermoelastic displacement

potential ¢(r.z.y and Love’s function L as [4]

L P oL
' or oroz (2.9)
2
L
u, = 8¢5 +2(1 V) V2L — 0 .
0z (2.10)
in which Goodier’s thermoelastic potential must satisfy the equation
1+v
\% ¢ ( jatT
-V (2.11)
and the Love’s function L must satisfy the equation
2721\ _
Ve(vL) =0 (2.12)
where
2
VZ = ii r i + 8_
ror{ or) g2

The component of the stresses are represented by the use of the potential ¢ and Love’s function L as [4]

o, =2G {[a b _v ¢j (vsz—ézlz‘J}
or? 0z or (2.13)
_o6l(198 gay), 0, v Lt
. ZG{( ) oz ( ror j} (2.14)
i GO
or* (2.15)

2 2
o, =269 , O {a_yyve -t
oroz or 0z

Where G and v are the shear modulus and Poisson’s ratio respectively.

(2.16)

The boundary conditions on the traction free surface of a solid cylinder are
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o,=0,=0at r=a 2.17)

Equations (2.1) to (2.17) constitute the mathematical formulation of the problem under consideration.

TE

2n o

—
.

Figure shows the geometry of the problem

Solution of the Problem

Applying finite Hankel transform as [5] to the equations (2.4), (2.5) and (2.7) and using equation (2.6), one obtains

k

24 % *
S AN CR T AR LU (":”’Z’t)}z* _ T Gn2t)
oz ot 3.1)

Mt(T*v:L 01 0) :0

(3.2)

M, (T 1k, h) = (—%Jf*
4 (33)
M,(T" 1 ky~h)=g" (3.4)

where the symbol (*) means a function in the transformed domain and the nucleus for the finite Hankel transform defined by

(2 = ~Y2( Jol&n
O(é:n r) -
a (& Jo(&a) 5)
The eigen values é‘:” are the positive roots of the characteristic equation
J.(X) . , . .
and " is the Bessel’s function of the first kind of order n.

Further applying finite Marchi-Fasulo transform to the equation (3.1) and using equations (3.3), (3.4), one obtains

k{— gﬁf*(r:n,m,t){Pmk—(m[%jf* —wg*} —ﬂrﬁf*(fmm,t)} L7 AT Gum)
1 2 dt (37)

M,(T7,14,0,0)=0 (3.8)

where T is the transformed function of T and M s the transformed parameter. The symbol (-) means a function of the

. L N . —-h<z<
transformed domain and the nucleus is given by the orthogonal functions in the interval h=<z<h as

|:>m (Z) = Qm COS(/lm Z) _Wm Sin(tum Z)
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In which

Qm = /um (kl + k2) COS(/lm h)
Wm = 2COS’(;lmh) + (k2 - kl) Hp Sin(:umh)

@) 1 2 2

h .
A, = [P2(2) dz = h[Q2 + W]+ 5'”2
~h H

The eigen values Hm are the positive roots of the characteristic equation

[ k,a cos(ah) +sin(ah)][cos(ah) + k,asin(ah)]

=[k,acos(ah) —sin(ah)][cos(ah) —k,a sin(ah)]

After performing calculations on the equation (3.7), the reduction is made to linear first order differential equation as

er KA, T =Q(&, 1)

dt (3.9)
where
and
P.(h . P.(-h) .| —
Q(fn,ﬂm)=kﬂ m“[&]f il )g}w]
ko4 K2 (3.11)

The transformed temperature solution of differential equation (3.9) is

-F* _ Q(?n’ /Um) [1_e_(k Am,nt)]

(kA
(K Amab) (3.12)
Applying the inversion theorems of transformation rules to the equation (3.12), one obtains
T(ra Zyt) = ZZ\Pn,m[l_ exp(_k Am,nt)]
n=1 m=1 xPn(2) Ko (&, 1) (3.13)
where
_ Q(m,n)
nm —
(k Apot) 4, (3.14)

Equation (3.13) represents the temperature at any instant and at all points of a circular cylinder when there are radiation type
boundary conditions.

15. Thermoelastic Displacement
Referring to the fundamental equation (2.1) and its solution (3.13) for the heat conduction problem, the solution for the

displacement functions are represented by Goodier’sthermoelastic potential ¢ governed by the equation (2.11) as
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(4.1)

Similarly the solutions for Love’s function L are assumed so as to satisfy the governed condition of equation (2.12) as

(1+v -

A& +Co(an) HENIX[Cos(ED] 4 5

Using (4.1) and (4.2) in (2.9) and (2.10), one obtains

., (1+vj rii

o ma A m.n x[1—exp (- kAmn)]

{[énsm h(& D1 [A (&)1 (&) +C, (énr)Jo@nr)]—f Jlg;)) P.(2)
0 n

(4.3)
(1+ vj =
fLay x[l exp (=K A ot)]
[£n[Qun SIN (£402) + Wy, €08 (14n2)] Ko (&r, 1) +[ A Jo (&, [cos h (£,2)]
— Co&2[AA—V)Io(&F) — (&aF) 33(&:1)]x [cosh(&,2)] wa

Then the stress components can be evaluated by substituting the values of thermoelastic displacement potential ¢ from equation
(4.1) and Love’s function L from equation (4.2) in equations (2.13) to (2.16), one obtain

=—ZG(1+V} tii

na ma A x[1—exp (- kAmn)]

L P.(2)
a&pdo(éna)

x[(up +2£7) Jo@nr)—éﬁJl(fnr)][

— AR, 01 (E D) = o (EN]IE, sin h(&,2)1+CoEl[(2v 1) o (£,T)
+(§nr)‘]1(‘§nr)] [fn Sin h (én Z)]

(4.5)
1+v 2 &
=-2G
( j th:ZI m,n X[l_exp (_k Am,nt)]
J2
Amn W+ &, N —F | P, (2
%A ndo(Er) + E1(E )]{ e |
+|Ag23,EnIsin hED) |+ CoET@v -1 (&N Tsin h (2,2)] ws)

_ _ZG(1+ v} tii

nlml m,n ><[:I- exp( kAmn)]
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x [-2042 ~E21 Py (2) Ky (&, 1)~ [AZE3, (&) Fsin h (£,2)]
~C, &[20-2) 3,1~ (N3, EN][sinh (&,2)] w

- :_ZG(1+V) o
n=1 m=1 A x[l—exp (_k Am,nt)]

{ﬁ 31D
* [~ 1451 [Qy, SIN (24,2) +W,, €08 (14,,2)] | @ Jo(6nd)

_Cn [§:J0(§nr) + 2(1_\/) §|12‘]1(§n r)] [COS h (gnz)] (4.8)

Determination of Unknown Arbitrary Functions an AndCn

} +[AE33, (£, N][cosh (&,2)]

Applying boundary conditions (2.17) to the equations (4.1) and (4.2), one obtains
L/E Da™¢, (B, +C,)sinh(£,2) - D,E,(B+C) cosh (£,2) P, (z)J
P E3[&, (B, +Co)A— (B +C)Aj]xcosh(&,z)sinh (£,2))

c. ‘ii D, E, AP, (2)cos h(,2) —v2a DA, sin h(Z,7)]
" 2250 B, +Co)A (B O)ATxcosh (5,2)sinh(Z, )]

_ Jl(éna)_
AO_|: é:na Jo(éna):|

By = (-1, (£,2)
CO :(éna) '-]O(éna)
Dy = iy +2&, =&,

EO =|: J0(§na) _gn:|£
gn‘]o(‘fna)

a
A: Jl(gna) é = én‘]o(gna) é = 2(1_\/) JO(égna)

A . 2
5 = 121Qy SiN (1102) + W, c08 (1 2)] 22
a
Special Case And Numerical Results

f(r,t)= r(1—e“)eh, g(r,)=r@—ee™, z(r,z,t) =8(r—1y)0(z—20)0(t -t,)

Set 6.1)
Modules of elasticity, E (dynes/cm2) 6.9 x 1011
Shear modulus, G (dynes/cm2) 2.7x1011
Poisson ratio V 0.281
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_ o 255 x10-6
Thermal expansion coefficient, ~ ¢ (cm/cm-0C)
Thermal diffusivity, k (cm2/sec) 0.86
Thermal conductivity A, (Cal — cm/ 0C/sec/cm?2 0.48
Outer radius, a (cm) 5
Height, h (cm) 100

Conclusion

The temperature distributions, displacement and stress functions at any point of a solid cylinder have been determined where the
cylinder is subjected to known heat source function . The integral transform methods have been used to obtain the solution of the
problem. The results are obtained in terms of Bessel’s function in the form of infinite series. The expressions are represented
graphically.
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