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Abstract : The concept of *-epimorphism between Pseudo-complemented Almost Semilattices (PCASLS)
L and M is introduced and proved that if f: L - M isa *-homomorphism, then ker(f) is a kernel ideal of
L. It is proved that f: L - M is a *-epimorphism, then the mappings ]7 : P(L) »P(M) and 7: P(M) -
P(L) preserves kernel ideals. If L and M are *-commutative PCASLs in which x < x™*, for all x and if
f:L - M is *-epimorphism then established a lattice epimorphism ]71( , between complete implicative

lattices KI1(L) and KI(M) proved that 7k is dually range closed. It is proved that complete lattices KI(L)
and I(S(L)) of all ideals in the Boolean algebra S(L) of all *-elements in *-commutative PCASL L are
isomorphic. The concept of co-kernel of a *-congruence on PCASL L is introduced and proved that if L is a
*-commutative PCASL in which x < x™ for all x € L and K is a filter of L, then the relation S on L
defined by (x,y) € Sx ifand only if xot =1y ot, for some t € K is the smallest *-congruence with co-
kernel K. Also, introduced the concept of *-filter in PCASL L and proved that if K is *-filter of *-
commutative PCASL L then the *-congruence Sk V v is the largest *-congruence with co-kernel K, where
Y is arelation on L defined by (x,y) € ¢ if and only if x** = y** which is a *-congruence.
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1. INTRODUCTION

The concept of Pseudo-complemented Almost Semilattices(PCASL) was introduced by, Nanaji
Rao, G. and Sujatha Kumari, S [4]. They proved several basic properties of pseudo-complementation * on
L and proved that the pseudo-complementation * on an ASL L is equationally definable. They proved that
the set of all *-elements in a *-commutative PCASL form a Boolean algebra which is independent(up to
isomorphism) of the pseudo-complementation *. Next, the concepts of kernel ideal, *-ideal and *-
congruence in *-commutative PCASL L were introduced by Nanaji Rao, G. and Sujatha Kumari,S [5], they
derived a necessary and sufficient conditions for an ideal in *-commutative PCASL L to become a kernel
ideal, established the smallest *-congruence with given kernel ideal , largest *-congruence with given kernel
ideal and characterized the largest *-congruence in terms of smallest *-congruence and the *-congruence
Y defined on L by (x,y) € ¢ if and only if x™ = y**. In [6], Nanaji Rao,G. and Sujatha Kumari,S,
proved some basic properties of ideal quotient in ASL L and also proved that the set 1*(L) of all *-ideals of
*-commutative PCASL L is complete lattice with respect to set inclusion. Next, they proved that the centre
of I*(L) is trivial and proved that the set KI(L) of all kernel ideals in *-commutative PCASL L in which
x < x™ forall x € L is complete implicative lattice.

In this paper, we introduced the concept of *-epimorphism between PCASLs L and M and proved
that if f:L - M isa *-homomorphism, then ker(f) is a kernel ideal of L. Moreover we proved that if
f:L = M is a*-epimorphism, then the mappings ]7 : P(L) =»P(M) and }7: P(M) — P(L) preserves kernel
ideals. Also, proved that if L and M are *-commutative PCASLs in which x < x** for all x and if
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f:L = M is *-epimorphism then the mapping 7k : KI(L) - KI(M) is a lattice epimorphism and also
proved that j?k is dually range closed. Next, we proved that complete lattices KI(L) of all kernel ideals of
*-commutative PCASL L in which x < x** forall x € L and I(S(L)) of all ideals of the Boolean algebra of
all *-elements in *-commutative PCASL L are isomorphic. Again, we introduced the concept of co-kernel
of a *-congruence on PCASL L and proved that if L is *-commutative PCASL in which x < x**, forall x €
L and K is a filter of L, then the relation S on L defined by (x,y) € Sx ifand only if xot =1y ot, for
some t € K is the smallest *-congruence with co-kernel K. Also, we introduced the concept of *-filter in
PCASL L and proved the set F*(L) of all *-filters of PCASL L , is a complete implicative lattice. Finally,
we proved that if K is a *-filter of *-commutative PCASL L then the *-congruence Sk V v is the largest *-
congruence with co-kernel K, where 1 is a relation on L defined by (x,y) € ¥ if and only if x™ =
y**which is a *-congruence.

2. PRELIMINARIES

In this section we collect few important definitions and results which are already known and which will be
used more frequently in the text.

2.1. Definition: An almost semilattice(ASL) is an algebra (L,e) where L is a non-empty set and o is a
binary operation on L, satisfing the following conditions:

(1) (Xey)oz=Xo(yo2z) (Associative Law)

(2) (Xoy)oz=(yoXx)oz (Almost Commutative Law)

(3) xox=x,forall x,y,ze L. (ldempotent Law)

2.2. Definition: An AsL with 0 is an algebra (L,0,0) of type (2,0) satisfing the following conditions:

(1) (xoy)oz=Xo(yo2z) (Associative Law)
(2) (xey)oz=(yoXx)oz (Almost Commutative Law)
(3) xox=x (Idempotent Law)

(4) Oox=0,forall x,y,zeL.

2.3. Definition: Let L be a non-empty set. Define a binary operation o on L by xcy =y, forall x,yelL.
Then (L,o) is an ASL and is called discrete ASL.

2.4. Theorem: Let (L,o) be an ASL. Define a relation < on L by a<b ifandonly if acb=a. Then <
is a partial ordering on L.

2.5. Theorem: Let (L,o) be an ASL. Then for any a,be L with a<b we have acc<boc and coa<cob
,forall ceL.

2.6. Theorem: Let (L,o) be an ASL. Then for any a,b € L, we have the following:
(1) acb<b.
(2) acb=boa whenever a<b.

If (L,o) is an ASL then by an ideal of L is a non-empty subset | of L which satisfies x o t € I for any

x €I and t € L. It can be easily verified, for any a inan ASL L, (a] ={acx: x € L is an ideal of L and
called principal ideal generated by a.

2.7.Definition: A non-empty subset F of an ASL L is said to be a filter if F satisfing the following
conditions :
(1) x,y €EF impliesxoy€F,
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(2) If x € Fanda € Lsuchthat aecx =x thena € F.

2.8.Definition: Let (L,o) be an ASL. Then an element me L is said to be unimaximal if mo x = x, for all
xel.

2.9.Corollary: Let L be an ASL and | be an ideal of L. Then, for any a,beL,aobel if and only if
becacl.

2.10.Lemma: Let L be an ASL and a,beL, Then ae(b] ifandonlyif a=boa.

2.11.Theorem: Let (L,o) be an ASL with 0. Then for any a,b € L, we have the following:
(1) a-0=0.
(2) acb=0 ifandonlyif boa=0.
(3) acb=boa whenever aocb=0.

2.12. Definition: For any non-empty subset A of an ASL L with 0,define A" ={xeL:xoa =0, for all
ae A}. Then A’ is called the annihilator of A. It can be easily seen that A" is an ideal of L Also, note

that, if A={a}, then we denote A" ={a} by [a] .

2.13. Theorem: Let L be an ASL with 0. Then a unary operation *: L — L is a pseudo-complementation
on L if and only if it satisfies the following conditions:

() a“ob=(aoh) ob
(2 0'ca=a
(3) 0" =0.

2.14. Definition: Let L and L' be two ASLs with zero elements 0 and 0’ respectively. Then a mapping f :
L — L' is called an ASL homomorphism if it satisfies the following conditions :

(1) f(aob) = f(a)o f(b),foralla,b €L
(2 f(0)=0"

2.15. Definition: Let L be an ASL with zero. Then a unary operation ar>a on L is said to be pseudo-
complementation on L if, for any a,b € L, it satisfies the following conditions:

(1) ach=0=a"ob=b
(2) aca =0.

2.16. Lemma: Let L be a PCASL . Then for any a,b € L, we have the following:
(1) 0" ca=a

(2) 0" is unimaximal

(3)a ca=a

(4) a is unimaximal = a" =0

(5) 07 =0.
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2.17. Definition: An ideal I of a PCASL L is said to be a kernel ideal if I is the kernel of a *-congruence on
L.

Remark: Whether *-elements commutes are not, is not known so far in pseudo-complemented ASL with
pseudo-complementation *, investigation is goin on.
Here onwords by a x-commutative PCASL L we mean L is a PCASL with pseudo-complementation * in

which all *-elements are commute.

When (L,0) is a *-commutative PCASL then an ideal I of L is a kernel ideal if and only if for any
x,y €1,(x* oy*)* € I([5], Theorem 3.12).

2.18. Theorem: Let L be a *-commutative PCASL . Then for any a,b € L, we have the following
(1) a<b=b" <a’
(2) a"=a
3)a"<b"=b"<a”.

2.19. Theorem: Let L be a *-commutative PCASL . Then for any a,b € L, we have
the following:
(1) (ach)” =a" ob”
(2) (ach) = (boa)’
(3) a’,b"<(ach)".

2.20. Definition: Let L be a PCASL with pseudo-complementation *. Then a congruence relation ¢ on L
is said to be a *-congruence if for any (x,y) €8, (x’,y ) €8.

2.21. Theorem: Let L be a *-commutative PCASL and let & be a congruence on L. Then @ is a *-

congruence if and only if for any (x,0) €& implies (x',0) €8.

2.22. Theorem: Let L pe 3 *-commutative PCASL in which x < x™ for all ,x € L. Then order by set
inclusion, KI(L) forms a complete implicative lattice in which the operations are as follows: If {I, :a € A}
is any family of kernel ideals of L, Agealye = infrgy{la i@ €AY = Ngealy, Vaen In =
supgy{le ta@ €A} = {x €L: (3 ay,ay, ..., aq EA)3x; € I )(x < (oj=; x;7)")} and residuals in
KI(L) coinsides with the corresponding residuals in I*(L).

2.23. Theorem: Let L pe 3 *-commutative PCASL in which x < x™, for all x € L. Then the following
conditions are equivalent:

(1) Every ideal of L is a kernel ideal.

(2) Every principal ideal of L is a kernel ideal.

(3) L is a Boolean algebra.

2.24. Theorem: If P is a partly ordered set bounded above each of whose non-void subsets R has an
infimum, then each non-void subset of P will have a supremum, too, and by the definitions N R =
infR, UR = supR, then P becomes a complete lattice.

JETIR1902B89 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 611


http://www.jetir.org/

© 2019 JETIR February 2019, Volume 6, Issue 2 www.jetir.org (ISSN-2349-5162)

2.25. Corollary: If a bounded lattice is complete with respect to one of the lattice operations, it is also
complete with respect to the other.

2.26. Definition: If we are given a set A, a mapping C : Su(A)— Su(A) is called a closure operator on A
if, for X, Y € P(A), it satisfies:

(1) X € C(X)

(2) C*(X) = C(X)

(3) X € Y implies C(X) < C(Y).
A subset X of A is called closed subset if C(X) = X. The poset of closed subsets of A with set inclusion as
the partial ordering is denoted by L .

2.27. Theorem: Let C be a closure operator on a set A. Then L. is a complete lattice with ie’} C(4) =
il C(A) and ;1 C(A) = C(;¢1 A)

2.28. Definition: If L, M are partially orderd sets a map f: L — M is residual if and only if f is isotone and
there exists a unique isotone map f*: M — L such that f* o f > id; and f o f* < id,. The unique map
f7 is called the residual of f.

3.  *-epimorphisms

In this section we introduce the concept of *-epimorphism and prove that if f:L - M isa *-
homomorphism, then ker(f) is a kernel ideal of L. More over we prove that if f:L—-> M isa *-
epimorphism then the mapping 7 : P(L) =»P(M) and }7: P(M) — P(L) preserves kernel ideals. Also, prove
that if L and M are *-commutative PCASLs in which x < x** for all x and if f:L-> M is *-
epimorphism then the Fk : KI(L) = KI(M) is a lattice epimorphism and also prove that fk is dually
range closed. We prove that complete lattices KI(L) and I(S(L)) are isomorphic. We give a necessary and

sufficient condition the map 7k IS a *-epimorphism. First, we begin this section with the following
definition.

3.1. Definition: Let L, M be pseudo-complemented almost semilattices. A homomorphism
f:L — M is said to be *-epimorphism if fisontoand f(x*) = (f(x))", forall x € L.

In the following we prove that the kernel of a *~-homomorphism is a kernel ideal.

3.2. Theorem: Let L, M be PCASLs. If f:L - M is a *-homomorphism. Then ker(f) = {x € L:
f(x) = 0}isakernel ideal of L.

Proof : Suppose f:L — M is a *-homomorphism. Since f(0) = 0,0 € ker(f). Therefore

ker(f) is non-empty subset of L. Let x € ker(f) and a € L. Then f(x) = 0. Now,

Consider f(xea) = f(x) o f(a) = 0 o f(a) = 0. Therefore x 0 a € ker(f). Hence

ker(f) is an ideal of L. Let x,y € ker(f). Then f(x) = 0, f(y) = 0. Now, consider f((x*o y*)*) =
(FG o y D = (FxD e FO)) = (FG) o FGND = (07207 = 0" = 0. Hence (x*o
y*)* € Rer(f). Thus ker(f) is an ideal of L.

Now, we shall introduce the following notation. Given a mapping f: E — F, we shall
denote byj? :P(E) » P(F) and 7: P (F) = P(E), the induced mappings given by the
prescriptions

(VXS Bf (%) ={f():x€X}= f(X),
(VYEFRfY)={x€E: f(x) eY}= f (V).
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Next, we prove that if f:L — M isa*-epimorphism, then j? and }T preserve kernel ideal.

3.3. Theorem: Let L, M be PCASLs and let f:L — M be a *-epimorphism. Then 7 and }7 preserve
kernel ideal.

Proof: Suppose f:L — M is a *-epimorphism. First, we shall prove that if I is a kernel ideal of L, then
7 (I) is a kernel ideal of M. Let I be a kernel ideal of L. Since 0 € I, f(0) € 7(1). Therefore ?(I) is non-
empty subset of M. Let f(x) € f(I) and y € M. Since f is onto, there exists z € L such that f(z) = y.
Now, since x €I,z € L, xoz €. This implies f(xoz) € f(I). Therefore f(x)ey = f(x)o f(z) =
f(xoz)€ f(I). Hence f(I) is an ideal of M. Let f(x),f(y) € f(I). Then x,y € I. Since I is a kernel
ideal, (x* o y*)* € I. This implies f(x* o y*)* € f(I). It follows that (f(x)" o f(y)*)* € f(I). Hence f(I)
is a kernel ideal of M. Thus 7(1) is a kernel ideal of M. Suppose ] is a kernel ideal of M. Since 0 =
f(0) €J,0 € f1(J). Therefore f~1(J) is a non-empty subset of L. Let x € f~1(J) and a € L. This implies
f(x) €] and f(a) € f(L) € M. It follows that f(x) o f(a) €] Therefore f(xoa) €. Hence xeca €
f71(@). Thus £~1(J) is an ideal of L. Let x,y € f=1(J). Then f(x), f(y) € J. It follows that ((f(x))* o
(f)"H* €. This implies (f(x*) e f(y*))* €]. Therefore (f(x*o y*))* €]. It follows that f((x* o
y*)*) € J. Hence (x*o y*)* € f~1(J). Thus f~1(J) is a kernel ideal of L. Therefore f(]) is a kernel
ideal of L.

Note that if L and M are *-commutative PCASLs in which x < x**, forall x andif f:L - M isa
*-gpimorphism, then in view of theorem 3.3, f is induces a surjective reisduated mapping }?k :KI(L) =
KI(M) described by I n—>]7)(1) the residual of this being the injective mapping fk:KI(M) - KI(L)
described by J » }7(/). Now, we prove the following.

Theorem 3.4. Let L, M be a *-commutative PCASLSs in which x < x**, forall x and let f:L - M isa *-
epimorphism. Then 7k Is a lattice epimorphism.

Proof. Suppose f:L — M is a *-epimorphism. Now, we have 7k : KI(L)=KI(M) defined by ]7,((1) =
F (D) ={f(x):x€l}, forall [ €KI(L). Let I,J € KI(L). Then clearly, f x(In)) = f (DN F ().
Now, we shall prove that 7k(1v]) r ]?k(l) vfk(]). That is enough to prove that f(IV]) = f(I)V
f(). Let f(x)€ f(IV]). Then x € I V]. This implies x < (a* o b*)*, where a € I,b € J. Hence f(a) €
f(I) and f(b) € f(J). It follows that (f(a)* e f(b)")* € f(I)V f(]) and hence f((a*eb*)") € f(I)V
f(J). But, we have f(x) < f((a"°b*)*). Hence f(x) € f(D)Vf({J). Thus fUV])<cf)VIFU).
Conversely, suppose y € f(I) vV f(]). Since f is onto, there exists x € L such that f(x) = y. Now, f(x) €
f) V(). Then f(x) < ((f(a)) o (f(b))")*, for some a€l and b e€]. This implies f(x) <
f((a” o b*)*), where a € I and b € J. But, we have (a* o b*)* € IV ]. Therefore f((a* o b*)*) € f(IV]).
It follows that f(x) € f(IV]). Hence y € f(IV]). Therefore f()Vf())<S fUV]). Thus f()V

f() = fUV]). Therefore ]7k is @ homomorphism. Let J € KI(M). Then we have f~1(J) is a kernel
ideal of L. Therefore f~1(J) € KI(L). Now, we shall prove that f(f~1(J)) = J. Lety € J. Since f is onto,
there exists x € L such that f(x) = y. Therefore f(x) € J. This implies x € f~1(J). Hence y = f(x) €

f(f1()). Therefore ] < f(f~1(J)). Clearly, f(f~*(d)) cJ. Thus f(f~*(J)) = J. It follows that
?k(f‘l(J)) = J. Thus fk Is onto and hence is an epimorphism.

It can be easily seen that if f is a *-epimorphism, then the induced residuated mapping is surjective and so
is range closed. In the following, we prove the residuated mapping /7k is dually range closed.

3.5. Theorem: If f:L — M is a *-epimorphism, then ]7,( : KI(L) = KI(M) is dually range closed.
Proof. Now, we shall prove that fk is dually range closed. That is enough to prove , for every I € KI(L),
Fe(F D) = supgy{l, ker( f)}. Let 1€ KI(L). Since f , f preserves kernel ideals, it follows that

Tk(]?k(l)) € KI(L). Then clearly, }Tk(f)k(l)) is an upper bound of {I,ker( f)}. Let x € 7k(?k(l)).
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Then we have f(x) = f (i), for some i € I. It follows that f(x) < f(i**). Hence we get f(x) < (f(i*)").
Let H € KI(L) such that H is an upper bound of {I,ker( f)}. Then we have I,ker( f) S H. Now, we shall
prove that (]?k(]?k(l)) CH. Let x€ (fk(f)k(l)). Then we have f(x) € f(I). Hence we can write f(x) =
f (i), forsome i € I. Now, since i <i*, f(i) < f(@™) = f@")* = (f@E"))".

Now, consider f(x i) = f(x) o f(i*) < (£(i*)) o f(i*). It follows that f(x o i*) = 0. Hence x o i* €
ker(f). Therefore i, xoi* € H. We have Xx<x"<(i"ox™)'. But (i"ex™)" = (x"oi")" =
((xoi*)*oi")" = (i"o(xoi*)") " Itfollowsthat x < (i* o (xoi*)*) *. Since H is a kernel ideal, x € H.

Thus f 1 (f (D)) isthe  supy;, {1, ker( £}

3.6. Corollary: Let L be a *-commutative PCASL in which x < x* forall ,x € L. If
KI¢(L) is the set of all kernel ideals of L contains ker(f"), then KI(L) = KI(L).
Proof. Proof follows by theorem 3.5.

Recall that if L is a *-commutative PCASL, then the set S(L) = {a**:a € L} is a Boolean algebra with
the original determination of the meet operation a o b and of the order relation a < b, the Boolean
complement of an element being its pseudo-complement for these element, the Boolean join operation is
given by the formula a Vv b = (a* o b*)* . It can be easily seen that I is an ideal of a Boolean algebra B if
and only if I is a kernel ideal of B. Now, we prove that KI(L) is isomorphic with IS(L). For, this first we
need the following.

3.7. Lemma: Let L be a *-commutative PCASL. Define g: L - S(L) by g(a) = a™, forall a € L.
Then g isa *- epimorphism.

Proof. Clearly, g is well defined. Let a,b € L. Then g(aob) =(acb)™ =a™ ob* = g(a) o g(b) and
ga) =a™ =(a™)" = (g(a))". It follows that g is a *-homomorphism. Now, let a € S(L). Then we
have a = a™ and g(a) = a™ = a. Thus g is a *-epimorphism.

Recall that if B is a Boolean algebra, then I is an ideal of B if and only if then I'isa kernel ideal of B.
It follows that 1(S(L)) = KI(S(L)).

3.8. Theorem: KI(L) = I(S(L)).
Proof. By lemma 3.7. g: L - S(L) is a *-epimorphism. Therefore by theorem 3.4. g’: KI(L) = KI(S(L))
is a lattice epimorphism. It follows that g : KI(L) — I(S(L)) is a lattice epimorphism. Now, cosider

Ker(g) = {x € L: g(x) = 0}

={x €L:x* =0}
={x €L:x =0}
= {0}

Therefore KI(L) is isomorphic to 1(S(L)).
Recall that if B is a complete Boolean algebra, then the set of all ideals in B form a Stone lattice. [3]

3.9. Corollary: If S(L) is complete, then KI(L) is Stone lattice.

In the following, we give necessary and sufficient condition that the induced residuated mapping j?k
is a *-epimorphism.

3.10. Theorem: If f:L — M is a *-epimorphism, then the following statements are equivalent:

1) j?k : KI(L) = KI(M) is a *-epimorphism

(2 ker(f) is a principal ideal.

Proof. (1)=(2): Suppose j?k : KI(L) - KI(M) is a *-epimorphism. Put A = ker(f). Then we have ker(f)
is a kernel ideal of L and hence f(A) is a kernel ideal of M. It follows that (f(A))"* is a kernel ideal of M.
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Therefore (f(A))* € M. Conversely, let m e M and f(a) € f(A). Then a € A = ker(f). This implies
f(a) = 0. It follows that m o f(a) = 0. Therefore m € (f(A4))*. Hence M < (f(A4))*. Thus (f(4))" =
M. Now, f x(AV A*) = F i (A4%) = (F x(A)* = (f(A))* = M. On the other hand f (L) = f(L) = M. It
follows that Av A* = L. But, we have A n A* = {0}. Therefore A is complemented. Hence by theorem
2.23, A is principal ideal of L. Thus ker(f) is a principal ideal of L. (2) =(1): Suppose ker(f) is a principal
ideal of L. That is we can write ker(f) = (a], for some a € L. But, by theorem 3.4. j?k is a lattice
epimorphism. It is enough to prove that f)k(l*) = (7,((1))*, forall I €KI(L). Let x € ?k(l*) = fI").
This implies x = f(y), for some y € I*. Therefore yoi =0, for all i € 1. It follows that f(yei) =
f(0) =0, for all i €. This implies f(y)o f(i) =0, for all i €. Hence xo f(i) =0, for all i € 1.
Therefore

X € (7k(1))*. Hence Fk(l*) c (f)k(l))*. Conversely, let x € (]?k(l))*. This implies x o f(i) = 0, for
all i € 1. Since f is onto there exists z € L such that f(z) = x. It follows that f(z) o f(i) = 0, forall i €
I. Hence f(zoi) =0, forall i € I. Therefore zoi € ker(f) = (a], forall i € I. It follows that zeci = a o
zoi, foralli € I. Thisimplies a*ozoi =0, forall i € I. Therefore a* oz € I*. This implies f(a* o z) €
f{I*). Now, consider f(a*ecz)= f(a*)eof(z) =f(a)*ox =0"ox (sincea € (a] = ker(f), f(a) = 0)
=X

(since 0* is unimaximal). Therefore x € f(I*). Hence (j?k(l))* c j?k(l*). Thus 7k(1*) = (j?k(l))*.
Therefore 7k is a *-epimorphism.

4. *-filters

In this section we observe that if F is a filter of PCASL L and x** € F need not imply

x € F by means of example. This motivate us to introduce the concepts of *-filter and co-kernel of a *-
congruence in PCASL. We prove that if L is *-commutative PCASL in which x < x** forall x € Land K
is filter of L, then the relation Sx on L defined by (x,y) € S ifandonlyif x ot =yot, forsomet € K
is the smallest *-congruence with co-kernel K. Also, we prove that the set F*(L) of all *-filters of PCASL
L is a complete implicative lattice. Finally, we prove that if K is a *-filter of *-commutative PCASL then
the *-congruence Sk V v is the largest *-congruence with co-kernel K, where the relation ¥ on L defined
by (x,y) € ¢ if and only if x* = y* which is a *-congruence. First, we begin this section with the
following.

If Fis a filter of PCASL L such that x € F, then it can be easily observed that x** € F. But, converse
is not true. For, consider the following example.
4.1. Example: Let L = {0, a, b, c}. Now, define a binary operation o on L as follows:

° 10 |a |b |c
0O (0O |0 |O |O
a [0 |a |b |c
b |0 |a |b |c
c |0 |c |c |c

It can be easily seen that L is an ASL and also L is PCASL under a unary operation * on L defined by 0* =
a,x* =0, for all x# 0 € L. Now, put F = {a,b}. Then clearly F is a filter of L. Now, consider ¢** =
(c")* = 0" = a. But, c € F. This motivate us to introduce *-filter in PCASL in the following.

4.2. Definition: Let L be a PCASL. Then a filter of L is said to be a *-filter if x** € F,thenx € F.
4.3.Example: Let A={0,a) and B ={0,by,b,} are two discrete ASLs. Let L=AXB =
{(0,0), (0,b,), (0,b,), (a,0), (a, by), (a, b,)}. Define a binary operation o on L as follows:

‘ ° ‘ (0,0) ‘ (0, bl) ‘ (0, bZ) ‘ (ar O) ‘ (a, bl) ‘ (a, bZ) ‘
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(0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0)
(0, bl) (0,0) (0, bl) (0, bZ) (0,0) (O' bl) (0' bZ)
(01 bZ) (010) (0) bl) (0) bZ) (0)0) (0' bl) (0' bZ)
(a,0) | (0,0) | (0,0) | (0,0) |(a,0)| (a,0) | (a,0)
(a, bl) (010) (0) bl) (0) bZ) (a’ 0) (a, bl) (a, bZ)
(a' bZ) (0,0) (0, bl) (0, bZ) (Cl, O) (Cl, bl) (Cl, bZ)

Then clearly, (L,o) is an ASL. Now, define a unary operation * on L by (0,0)* = (a,b;), (0,b)" =
(0,b2)" = (a,0),(a,0)* = (0,b,) and (a,b;)* = (a,by)* =(0,0). Then clearly * is a pseudo-
complementation on L. Now, put F = {(a, b,), (a, b,)}. Then clearly, F is a

*-filter of L.

Recall that if 6 is a congruence relation on an ASL L, then the congruence class of the element 0 with
respect to 0 is called kernel of 6. Also, note that if @ is an arbitrary
*-congruence on PCASL L and m; m, are any two unimaximal elements in L. Then 6,,, = 6,,, is not
known and investigation is going on. In the following we define co-kernel of a *-congruence on PCASL.

4.4. Definition: Let L be a PCASL and 8 be a *-congruence on L. Then the congruence class of the element
0" with respect to 8 is called co-kernel of 6.

Turning our attention to filters, we prove that every filter of a PCASL is a co-kernel of a *-congruence.
For, this first we need the following lemmas.

4.5. Lemma: Let L be a PCASL and K be a non-empty subset of L which is closed under o. Define a
relation Sy on L by (x,y) € S ifand only if x ot = y o t, for some t € K is a *-congruence on L.

Proof. Clearly, Sk is reflexive and symmetric. Let (x,y),(y,2) € Sx. Then x oty = yot;, yot, =zoty,
for some ty, t, € K. This implies ¢, o t, € K. Now, consider x o (t;0t;) = ((xoty) o ty) = ((yoty) o
tz) = ((t1 °oy)o tz) = (t1 o(yo tz)) = (t1 o(zo tz)) = ((tl °z)o tz) ~ ((Z °ty)o tz) =z o (t; o ty).
Therefore (x,z) € Sk. Hence Sk Is an equivalence relation on L. Let (a, b), (c,d) € Sk. Then aot, =bo
t;, coty, =dot,, for some t;, t, € K. Now, consider (aoc)o(t;ot,) =((acc)oty) ot, =((ao
(coty)) ot =(ae(tyoc)) oty =((acty)oc)ot,=(act)o(coty) =(bot)o(doty)=((bo
t1) ed)oty =(bo(tyed))eot,=(bo(doty))et, =((bod)oty)ot, =(bod)e (¢ oty). Thereore
(aoc,bod) € Sk. Hence Si isan ASL congruenceon L. Let (x,0) € Skx. Thenx ot =00 t, forsomet €
K. This implies x ot = 0. It follows that x* ot = t. Since 0" is unimaximal, x* ot = 0" o t. Therefore
(x*,0%) € Sk. Therefore Si isa *-congruence on L.

4.6. Corollary: Let L be a PCASL and K be a filter of L. Then Sg isa *-congruence on L.

4.7. Lemma: Let L be a PCASL and K be a filter of L. Then for any two unimaximal elements m,,m, €
L, the congruence classes (Sk)m,, (Sk)m,0f my, m, respectively are equal.

Proof. We have the congruence class of an element x € L with respect to the congruence relation S, that
IS (Sk)x = { x € L: (x,x) € Sg}. Suppose m; and m, be two unimaximal elements in L. Let y € (Sx)m,-
Then (y,m;) € Sk. This implies yot = m,ot, for some t € K. It follows that m, o (yot) = myo
(my o t). Since m, is unimaximal, y ot = m, o t. Therefore (y,m;) € Sk. Hence y € (Sx)m,. Thus
(Sk)m, € (Sk)m,. Similarly, we can prove that (Sk).,, € (Sk)m,. Therefore (Sg)m, = (Sk)m,

4.8. Lemma: Let L be a PCASL and K be a filter of L. Then for any unimaximal element m in L, (Sg) IS
a filter.

Proof. We have (Sg)m ={x €L : (x,m) € Sg}. Then clearly x € (Sg)m. Therefore (Sk),, iS non-empty
subset of L. Let x,y € (Sg)m. Then (x,m), (y,m) € Sk. This implies (x oy, m) € Sk. Therefore
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xoy € (Sg)m- Again, let x € (Sk),, and a € L such that a o x = x. This implies (x,m) € Sk. It follows
that x ot =mot, for some t € K. Therefore aoxot =aomot. It follows that x ot =moaot. Since
m is unimaximal,
x ot =aot. Therefore (x,a) € Sk and (x,m) € Sg. This implies (a,m) € Sx. Hence a € (Sk);,. Thus
(Sk)m 1s afilter,

4.9. Theorem: Let L be a PCASL and K be a filter of L. Then the co-kernel of Sy is K. Moreover x <
x**, forall x € L then Sk is the smallest *-congruence with co-kernel K.

Proof. Suppose x € (Sg)o+- Then (x,0%) € Sk. This implies x ot = 0" o t, for some t € K.

Since 0*is unimaximal, xot =t¢t. It follows that x € K, since K is filter. Therefore (Sx)o+ € K.
Conversely, suppose x € K. Since 0" cx = x = xox and x € K. It follows that (0%, x) € Sk. Therefore
X € (Sg)o+- Hence K € (Sk)o+. Thus (Sk)o+ = K. Suppose x < x**, for all x € L. Let 8 be a *-congruence
on L with co-kernel K. i.e; 8, = K. Now, we shall prove that Sy € 6. Let (x,y) € Sx. Thenxot =y o t,
for some t € K = 6,+. This implies (¢t,0") € 6. Hence (x ot,x o 0*) € 6. It follows that (x o t,0" o x) €
0, since x <x",xox™ = x"ox and hence 0" o (xox™) = 0"o(x" ox), we get xo 0" =0"ox.
Therefore (x o t,x) € 8. Similarly, we can prove that (y o t,y) € 6. It follows that (x,y) € 6. Thus Sk is
the smallest *-congruence with co-kernel K.

We shall denote the set of *-filters of a PCASL L by F*(L). The following results, which show how
the notation of a *-filters in a natural way, will allow us to investigate the structure of F*(L). First, we need
the following.

4.10. Lemma: If F is a filter of a PCASL L, then a(F) ={x € L: x* € F} is an ideal of L. Moreover,
a(F) is a kernel ideal of L.

Proof. Suppose F is a filter of L. Since 0* € F,0 € a(F). Therefore a(F) is non-empty subset of L. Let
a€a(F)and te L. Thena* € F and t € L. Now, we have toa < a. It follows that a* < (teca)” =
(aot)*. This implies (act)* € F. Therefore aot € a(F). Hence a(F) is an ideal of L. Let a,b €
a(F). Then a*,b* € F and hence a* o b* € F. Now, ((a*eb*)")* = (a"eb")" =a™ ob™ =a*ob* €
F. Therefore ((a* o b*)* € a(F). Thus a(F) is a kernel ideal of L.

4.11. Lemma: If Iisakernel ideal of a PCASL L, then B(I) = {x € L : x* € I} is a *-filter of L.

Proof. Suppose I is a kernel ideal of L. Since (0*)* = 0" = 0 € I, 0* € B(I). Therefore B(I) is non-empty
subset of L. Let x,y € B(I). Then x*,y* €. Since I is a kernel ideal, (x™ o y*)* € I. This implies
(x o y)™ € I. It follows that (x o y)* € I. Therefore xoy € f(I). Let x € B(I) and t € L such that to
x=2x.Since tox =x, t"otox =t "ox. Therefore t*ox=0. Hence xot*=0. It follows that
x*ot* =t". Again,since x* € I, x* ot* € I. Therefore t* € I. Hence t € B(I). Therefore S (I) is a filter of
L. Now, let x*™ € B(I). Then x* = x** € I. Hence x € B(I). Thus B(I) is a *-filter.

It can be easily seen that the set F(L) of al filters of a PCASL L form a complete lattice with respect
to set inclusion. We can therefore define a mapping a : F(L) = KI(L) by F » a(F) and B : KI(L) -
F(L) by I » B(I). In the following we prove that « is residuated mapping with residual map S.

4.12. Theorem: « is residuated with residual map S.

Proof. Clearly, ,p are isotone mappings. Also, we have B(a(F))={x€L: x* €a(F)} ={x€L:
x** € F}. Let x € F. Then we have x** o x = x. It follows that x** € F. Therefore x € B(a(F)). Hence
F S B(a(F)). Let I € KI(L). Then consider (B(D)={x€L: x*€pBD} ={x€L: x"el}=1I
Hence « is residuated and the residual of « is 3.

4.13. Corollary: B(a(F)) = F ifand only if F is *-filter.
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Proof. Suppose S(a(F)) = F and suppose x** € F. Then x € B(a(F)) = F. Hence x € F. Thus F is a *-
filter. Conversely, suppose F is *-filter. We shall prove that S(a(F)) = F. We have F < B(a(F)). Let
x € B(a(F)). Then x** € F. Therefore x € F. Hence B(a(F)) € F. Thus B(a(F)) =F.

It follows from theorem 4.12, then B o « is a closure operator on the complete lattice F(L). Using the
corollary 4.13, of theorem 4.12, we can therefore assert:

4.14. Theorem: The set F*(L) of *-filters of L, ordered by set inclusion is a complete lattice in which the

lattice operations are as follows: if (F3);ea is a family of *filters of L, then infp-){F;: 1 € A} = ﬂ F.,
AeA

supp+)iFa: A € A} = (B oa) <U F, )

Proof. Proof follows by theorem 2.22.

Recall that KI(L) is a complete implicative lattice. In the following we prove that F*(L) is complete
implicative lattice.

4.15. Theorem: F*(L) = KI(L).

Proof. In view of lemma 4.12, 8 induces an isotone mapping B : KI(L) — F*(L). Now, define @: F*(L) -
KI(L) by @ (F) = a(F), for all F € F*(L). Then by theorem 4.13, it follows that  c@ and @ o are
identity mappings. Thus @, B are mutually inverses. Thus F*(L) is isomorphic to KI(L).

4.16. Corollary: F(S(L)) = F*(L) = KI(L) = I(S(L)).
Proof. Proof follows by the theorem 3.8, apply theorem 4.15. to both L, S(L).

4.17. Corollary: Supremain F*(L) are given by supp ) {Fp:A € A} ={x EL: x™ € Vyep Fi}.
Proof. By theorem 4.15. we have supp«){(Fy: 1 € A} = E(supK,(L){c? (Fy): A € A}). Now, we have x €
a (Fy) ifand only if x* € F; and by theorem 2.22,
supgry{@ (F):A €AY = {x €L: 3 A4, 4y, .., 4, EA)Ax; € @ (F)(x < (o121 %))}
={x€L:@ A, ... 4, EA)3x;" € F)(x < (o} X))}
Therefore B (supk;){@ (F1): A € A})
=B{x€L: (@A, .., 4 EA)Ex;" € F)(x < (ofo; %))}
=p{x €L: (3 M, Ay ..., A EA)Ex;" € Fp ) (x < (021 %))}
={x€L: 3,4 .... 4 €A)Ax;" € F)(x" < (o} )}
Thus we have
suppr){(Fi:A €AY ={x €L: (3 A, 43, ..., 4, EA)3yY; € F)(x™ < (o121 i )}
={x€L: (31, ...,4, EA)3y; € Flli)((°?=1 yi)™ < x™)}
={x€L: @, ... €A)Ty; € F) (o= ¥i™) < x™)}
={x€L: @1, .., €A)Fy; € Fy) (o= yi) < x™)}.
={x€L: x"™€Vjyer F}.

Finally, we prove the following.
4.8. Theorem: Let L be a *-commutative PCASL. If K is a *-filter of L, then the

*-congruence Sk V1 has co-kernel K. In this case Sk V 1 is the largest such
*-congruence

Proof. Suppose K is a *-filter. Clearly, Sx Vi is a *-congruence on L. Now, we shall prove that co-
kernel of Sy V¢ is K. Let x € (S§x VY)o+. Then (x,0%) € Sx V. This implies (x*,0™) € Sx V. It
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*

follows that x™ ot =0%ot, for some ¢t € K. Hence x*™ ot =t,since 0* is unimaximal element.
Therefore x™ € K, since t € K. Hence x € K, since K is a *-filter. Thus (Sx V )+ S K. Conversely,
suppose x € K. Since 0* € K. It follows that (x,0") € Sk, since x o x = x = 0" o x. Hence (x,0%) € S V
. Therefore x € (Sx VY)o. Hence K S (Sx VY)o+ Thus (Sx VY)o =K. Suppose 6 is a *-
congruence with co-kernel K. Now we shall prove that 6 € Sy vy. Let (x,y)€ 6. Since
(x5 x"), 5 y) €O, (xox*,yox*) € 0. It follows that (0,y o x*) € 6. Therefore (yox*,0) € 8. Hence
((y ox™)*,0%) € 0. Itfollows that (x* o y)* € 8y = K. Similarly, we can prove that (x e y*)* € 8y = K. It
follows that (x* e y)* o (x o y*)* € K. Putt = (x* o y)* o (xoy*)*. Thent € K. Consider x™ ot = x™ o
(X" 0 y) o (xoy)) = (X o (x* 0y)) o (xoy") =x™o(xoy?) = x™ o (xoy) ™ =x o

((x ° y*)*)** — (x ° (x oy*)*)** — (x ° (y* ° x)*)** — ((y* ° x)* ° x)** — (y** ° x)** — x** oy**'
Therefore x™* ot = x™ o y**. Similarly, we can prove that y* ot = x™ o y**. It follows that x** o t =
y** ot. Hence (x™,y™) € Sg. But, we have (x,x™), (y**,y) € . Therefore there exists a finite sequence
x,x™,y™,y such that (x,x™) € ¢, (x™,y™) € S, (y**,y) € . Therefore (x,y) € Sk V. Hence Sk V
1 is the largest *-congruence with co-kernel K

4.9. Corollary: If Kis a *-filterthen (x,y) ESx Vi & (x" oy) o (xoy™)".
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