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1. INTRODUCTION:-

Huang and Zhang [8] gave the notion of cone metric space, replacing the set of real numbers by ordered
Banach Space and introduced some fixed point theorems for function satisfying contractive conditions in
Banach Spaces. Sh. Rezapour and R. Hamalbarani [11] were generalized result of [8] by omitting the
normality condition , which is milestone in developing fixed point theory in cone metric space. After that
several articles on fixed point theorems in cone metric space were obtained by different mathematicians
such as M. Abbas , G. Junck [10] , D. llic [2] etc. ErdalKarapinar[4], extended some of known results (1,
13) to cone Banach spaces which were defined and used in (3, 12)where the existence of fixed points for
self-mappings on cone Banach spaces is investigated.In the generalization of non-compatible map
Aamri[9] obtain E.A property, but it necessitates either the completeness of the whole space or any of the
range spaces or map continuity. Sintunavarat and Kumam [14] recently proposed a novel idea of the CLR
property (common limit range property) that does not impose such constraints. The importance of the
CLR property ensures that range subspace closeness is not required.WutipholSintunavarat and
PoomKumam (2011)[14] prove some common fixed point theorems under weakly compatible mappings
using new property that is CLR (Common Limit Range) property. Recently many mathematicians use this
property (Common Limit Range Property) in different spaces to prove fixed point theorem. In 2013
Jitendra Kumar[6] put his efforts to proved common fixed point theorem in Metric Space by Property
(E.A.) as well as CLR property and given an example and prove common fixed point theorem from both
methods and H.K. Pathak [5] prove their main theorem using (CLR) property for two pairs of self-
mappings in complex-valued metric space under weak compatibility. In 2016 KPR Rao[7] proved
common coupled fixed point theorem in partial metric space by CLR property.

Definition 2.1. Let (E, || - ||) be a real Banach space. A subset P < E is said to be a cone if and only if

(i). Pisclosed, nonempty and P # {0}

(ii). a,b R,a,b = 0, u,v € P implies au, bv € P

(iii). P n (=P) = {0}
For a given cone P subset of E, we define a partial ordering < with respect to P by u < v if and only
if v —u € P. We shall write u < v to indicate that u < v but u # v while u << v will stand for v —
u € int P where int P denotes interior of P and is assumed to be nonempty.

Definition 2.2. Let M be a nonempty set. Suppose that the mapping d : M x Ml — E satisfies
(i). 0 <d(uv)foreveryu,veM,d(u,v) =0ifandonlyifu=v.
(ii). d(u,v) = d(v,u)foreveryu,v € M.
(iii). d(u,v) < d(u,w) + d(w,v)forevery u,v,w € M.

Then d is a cone metric on Mand (M, d) is a cone metric space.
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Definition 2.3. Two self maps A and B on a cone normed space (M, || - ||) are said to be weak-compatible
if they commute at their coincidence points, i.e. Au = Bu implies
ABu = BAu.

Definition 2.4. Let M be a vector space over R. Suppose the mapping || - || : M — E satisfies
(i). Jul| =0forallu € M
(i). |lull =0ifandonlyifu=20
(iii). JJu+ v|| < |[u]] + ||v|| forall u,v € M
@iv). ||ku|| = | k| |Jul for allk € R.

Then || - || is called a norm on M, and (M, || - ||) is called a cone normed space. Clearly each cone normed
space is a cone metric space with metric defined by d(u, v) = ||lu — v||

Definition 2.5. Let (M, || - ||) be a cone normed space, u € Ml and {u,,} a sequence in M. Then
(1). {up}converges to uif for every c € Ewith0 < c there is a natural number N such that
lup —ul| £ c forall n > N

we shall denote it by lim u, = uoru, — u.

p—©

(ii). {up} is a Cauchy sequence, if for every c € E with 0 < c there is a natural number N such that
||up —um” <c forall ppm = N

(iii). (M, || - [Dis a complete cone normed space if every Cauchy sequence is convergent. A complete
cone normed space is called a Cone Banach space.

Definition 2.6. Let F and G be self mappings on a cone normed space (M, || - ||,
they are said to be compatible iflim||FG(u,) — GF(uy,)|| = 0for every sequence {u,} in M
p—©

with lim F(u,) = lim G(u,) = v for some point v in M.
p—)OO

p—©

Proposition 2.7. Let (M, || - ||) be a cone normed space. P be a normal cone
with constant K. Let {u,} be a sequence in M. Then

(). {up,} converges to x if and only if [lu, — u|| > 0 asp — .
(ii). {u,} is a Cauchy sequence if and only |lu, — up,|| > 0 as p,m — o.
(iii). If the {u,} converges to u and {y, }converges to vthen |[u, — v, || = [[u — v |

Proposition 2.8. Let Fand G be compatible mappings on a cone normed space (M, || -]|) such that
lim F(u,) = lim G (u,) for some point v in Mand for every sequence {u,} in M. Then lim F(u,) =
p—o© p—ox© p—ox©

F(v). if F is continuous.
3. Main Result:

Definition 3.1: Suppose that (M, [|-]|) is cone Banach space and F, G: M — M, Two mapping F and G are
said to satisfy the common limit in the range of G property if
lim Fu, = lim Gu, = Gu for some u € M

p—ow p—ow
Example 3.2: Let M = [0,o) be the usual metric space. Define F,G:M - M by F(u) =2u+1
and G (u) = 3u for all u € M. We consider the sequence {u,} = [1 + %]
Since

limFup=limGup=3=3-1

p—© p—©

Therefore F and G satisfy the (CLR;) property.
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Theorem 3.3: Let F and G be mappings on cone Banach Space (M, || - ||) into itself with [|u|| = d(u, 0)
satisfying the conditions

16 (w) — Fw),
umw—FwNSawuo—awn+b"mxﬁamywxmﬁ (D)
+IG W) — F@)|

Where a and b are non negative and a + 2b < 1 and u,v € M
(). FM) € G(M)
(ii). The pair (G, F) weakly compatible.
(iii). Pair (F, G) satisfies (CLRg) or (CLR¢) property

Then F and G have a unique common fixed point.

Proof: First of all, assume (F, G) satisfy the (CLR;) property then by the definition of (CLR;) property
there exist a sequence {u,,} in M such that

},i_r}c}o Flup} = zl,l_r)?o G{up} = Gu
Now we show that F(u) = G (u) for some u € M, on the contradiction we put u = u, and v = u in (1)
s {100) )1}
1F (up) = FQOI| < al[F (wp) = G ()| + 16 (up) - G|
+6(wp) — F
Taking limitp — o«

- e o [ 100 I -

1-bllcw) -FwIll <0
But (1 — b) # 0 then G(u) = F(u)

Next, Letw = F(u) = G(u), F and G are weakly compatible FGu = GFu
Fw = FGu = GFu = Gw
We claim that Fw = w on the contradiction we put u = w and v = u in (1)
& {lE = Fooll]
IG (W) = Gl
+HIGw) — FW|

= IFw) —F|l < allF(w) = GW)I[ + b

= |[F(w) —w|| <a.0+b [max{||0||, IF (w) —wll}

+IF(w) — wll
= (1=-2b)||[Fw)—w| <0

But (1 —2b) # 0then F(w) =w

Hence F(w) =wie w=Fw) =G(w),
Therefore w is a common fixed point of F and G.

For uniqueness of a common fixed point

Let F and G have another fixed point that is w, for thiswe putu = t' & v =win (1)

IG(E) — F()l,
IF(t) — FOmIl < allF(¢) — G(t)| +b m“ﬁmao—awm}
HIG(E) — Fw)l
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= |t'=w| £a.0+ b [max{0,||t'— w]|]}+ |[t"— w][]
= (@A-=-2b)|t'—w| <0

But (1 —2b) # Othent'=w
Hence w is the unique common fixed point of mappings F and G.

Theorem 3.4: Let F,G,H, and L be mappings on cone Banach space (M, ||.||) into itself with ||u|| =
d(u, 0) satisfying the conditions

1
IH@W) — LIl < amax{z IF () L(")”'] +BIHG) = G + cllF@) — H@I .. (1)
IF(w) — H@|
Forallu,v e M, a,b,c=0anda+2b+c<1
(). H(M) € G(M) and L(M) C F(M)
(ii). Pairs (H,F) and (L, G) are weakly compatible.
(iii). Pair (L, G)or (H, F) satisfy (CLR},) or (CLRy)property respectively
Then F, G, H and L have a uniqgue common fixed point.

Proof: First we assume that the pair (L, G) satisfy (CLR;) property then by the definition of (CLR;)
there exist a sequence {u,} in M such that

lim Lup = lim Gu, =Lu for some u € M

p—o0 p—o©
Further since L(M) < F(M) we have Lu = Fw for some w € M.
We claim that
Hw = Fw = t (say). If not then putu = wand v = u, in (2)

1
IHW) — L(wy)|| < @ max {z IF@w) ~ L(up)”'} + Bl|JHW) = 6 ()| + cllFw) — Hw)|
IF(w) — Hw)|

Letting p — <o and using above condition we get

1
IHW) — L@l < amax{z 1E) =L@ 4 ) Hw) - LGl + cllFw) — Hw)|

IF(w) = HWw)I|

1) = LGOI < amazx (3.0, 1160 ~ H@I} + I W) = LGOI + cllL@) — H

(1-a=-b-0ollHw)-LW <0
Hence Hw = Lu implies that Fw = Hw = Lu = t.
Hence w is coincidence point of Hand F.
Since the pair (H, F) is weak compatible
= HFw = FHw = Ht = Ft
Further since H(M) € G (M) there exist some z € M such that
Hw) =G(2)
We claim that L(z) = t on the contradiction we put
u=wandv =zin(2)

1
IHw) — L(2)|| < a max {5 I1F (w) = L(Z)”'} +bIHW) = G@Il + cllF(w) — Hw)ll
IF(w) — Hw)]|

Letting p — o and using above condition we get
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1
It — L)l < amax] 21t ~LA }+b||c<z) — 6@ + cllHW) — Hw)|

IHw) = HWw)|

1
It = L) < amax{zllt—L(z)II,O} +bllt— LD + c.0

(1-3)e-1@l =<0

Thus Lz =t hence Fw = Hw = Lz = Gz = t it shows that z is coincidence point of L and G.
Also the weak compatibility of (L, G) implies that
LGz =GLz =Lt = Gt
We claim that t is common fixed point of F, G, H and L, on the contradiction let us put u
wandv =tin (2)

1
IHW) — L(®)|| < amax {E I1F(w) = L(””'I + BIIHW) — GOl + cllFw) — HW)|
IF(w) — Hw)l

Letting p — o and using above condition we get

1
||t—L<t)||Samax{ 2 lIlt-LO1 }+bnt—L(t)n+ cllH(w) — Hw)]|
1H(w) — Hw)ll

1
[t = L) < amax{zllt —L(t)ll,O} + b|lt = L(®)| + c.0

(1-2-Hlle-L@OI <0

Thus Lt =t hence, Ft = Ht = Lt = Gt = t.

It shows that t is common fixed point of F, G, H and L. In the simple way, calculate uniqueness.

Similarly, the argument that the pair (H, F) satisfy property (CLRy) will also give athe unique common
fixed point of F, G, H and L. As a result, we arrive at the same conclusion in both cases: the existence and
uniqueness of the common fixed point of F, G, H, and L.
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