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Abstract : The notion of fuzzy bi-ideals of a BCK-Algebra and the notion of anti-fuzzy bi-ideal of a BCK-Algebra are
introduced. Using a collection of fuzzy bi-ideal we established anti-fuzzy bi-ideal of a BCK-Algebra . We show that p is an anti-
fuzzy bi-ideal in X iff p° is a fuzzy bi-ideal in X. The concept of the fuzzification of a anti-fuzzy bi-ideal and anti-fuzzy sub-
algebra of a BCK-Algebra are introduced and investigate some of the properties.
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. INTRODUCTION

The concept of fuzzy sets was defined by Zadeh. In 1966, Imai and Iseki introduced two classes of abstract algebras, BCK-
Algebras and BCI-Algebras. BCK-Algebras where studied by many researchers. In 1995, Jun applied the concept of fuzzy set to
BCK-Algebras. He also got some interesting results. In 1990, Biswas introduced the concept of anti —fuzzy subgroup of group
and now recently Hong and Jun, modifying Biswas idea, applied the concept of BCK-Algebras. So they defined the notion of
anti-fuzzy ideal of a BCK-Algebras and obtain some useful result on it. To develop the theory of BCK-Algebras, the ideal theorey
plays an important role.

In this paper we introduce the notion of fuzzy bi-ideal and anti-fuzzy bi-ideal of a BCK-Algebra. Using a collection of fuzzy bi-ideal we
established anti-fuzzy bi-ideal of a BCK-Algebra . We show that p is an anti-fuzzy bi-ideal in X iff u° is a fuzzy bi-ideal in X. The
concept of the fuzzification of a anti-fuzzy bi-ideal and anti-fuzzy sub-algebra of a BCK-Algebra are introduced and investigate
some of the properties.

Il. PRELIMINARIES

Definition 2.1:[3] By a BCK-algebra we mean a non-empty set X with a binary operation * and a constant 0 satisfying the
following condition:

@) (Fy)*(x*2)*(z*y)) = 0

(b) (x*(x*y))*y) =0

(c) x*x=0

(d)y0*x=0

(e) x*y =0and y*x =0 imply thatx =y forall x,y, z € X.

Definition 2.2:[1] A partial ordering “<“ on X can be defined by x <y iff x*y = 0.

Definition 2.3:[3] A non-empty subset S of a BCK-algebra X is called a sub -algebra of X if x*y € S whenever
X, YE S.

Definition 2.4:[3] A non-empty subset | of a BCK-algebra X is called an ideal of X if
@0€e I
(b)x*y e landy € limplythatx € | forall x,y € X.
Definition 2.5:[1] A fuzzy set p in a non-empty set X we mean a function p : X — [0,1].
Definition 2.6:[1] The complement of p, denoted by f is the fuzzy set in X given by f(x) = 1- u(x) for all x € X.

Definition 2.7:[2] A fuzzy set p in a BCK-algebra X is called a fuzzy sub-algebra of X if p(x) > min {u(x), u(y)} for all
X,y € X

Definition 2.8:[3] A fuzzy set p in a BCK-algebra X is called a fuzzy ideal of X if
(@) W(0) > p(x) for all x € X
(b) u(x) 2 min { p(x*y),u(y) j forall x, y € X.

Definition 2.9 :[1] A mapping £:X—Y of a BCK-Algebra is called a homomorphism if f(x*y) = f(x)*f(y) for all x,y € X.

Definition 2.10 :[3] A fuzzy subset p of X is said to have sup property if for any subset T, there existsto € T
such that sup w(t).
teT
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Definition 2.11 :[5] A family of fuzzy set { pi/1ie€ a } isa BCK-Algebra X, the union V p; of { pi/iea }isdefined by
V ui(x)=sup{pi/iea}foreachx e X

Definition 2.12 :[5] A family of fuzzy set { p;i /i€ a } is a BCK-Algebra X, the intersection A w of { ui/ie a }isdefined by
A pi(x)=inf {pi/ien}foreachxe X

I11. FUzZZY BI-IDEAL OF BCK-ALGEBRA

Definition 3.1: A fuzzy subset p in a BCK-algebra X is called fuzzy Bi-ideal if
@ p0)=p(x)
(b) p (x * y)>min { p (X*y*z), u(z) }forallx,y,ze X.

Example 3.2 : Consider a BCK-Algebra X = { 0,x,y,z } with the following Cayley table.

NI |X|Of| *
NI<|X|O|lo
N[X|O|O|X

N O|lOoloK
O | X|O|N

Define a fuzzy set p : X — [0,1] by p (0) = 0.1, p (x) = 0.5, p (y) = 0.8, p (2) =0.3
Then by routine calculation it is easy to verify that  is an anti fuzzy bi-ideal of a BCK-Algebra X.

IVV. ANTI-FUZZY BI-IDEAL OF BCK-ALGEBRA

Definition 4.1 : A fuzzy subset p in a BCK-Algebra X is called anti-fuzzy bi-ideal if p (x*y) <max {u (x*y*z), w(z)}
for all x,y,z € X.

Example 4.2 : Consider a BCK-Algebra X = { 0,a,b,c,d } with the following Cayley table.

olOo|T||O|O

T| OO0 o|o
o|Oo|o|o|o(a

T|T|O|O|O|(T

o|lO|T|Oo|o|Y

o|lO|T|| O *

Define a fuzzy set u: X — [0,1] by p (0) = 0.5, p (@) = 0.2, u (b) =0.8, u (c) = 0.1, p (d) = 0.7
Then by routine calculation it is easy to verify that p is an anti-fuzzy bi-ideal of a BCK-Algebra X.

Theorem 4.3 : Let :X—Y be an onto homomorphism of a BCK-Algebra X. If A is a fuzzy bi-ideal in Y, then
f1()) is a fuzzy bi-ideal in a BCK-Algebra X.

Proof: Let A be a fuzzy bi-ideal of Y.

For all x,y,z € X,
1) (x*y) = L (fix*y))
= A (f(x)*f(y))
>min { Mf(x)*f(y)*f(z)), Mf(2)) }
= min { FM)(x*y*z), F(W)(2) }
Therefore, f1(A) (x*y) > min { f1(A)(x*y*z), F1(M)(z) }.
Hence f1()) is a fuzzy bi-ideal in a BCK-Algebra X.

Theorem 4.4 : Let X be a BCK-Algebra and p be a fuzzy set in X. Then p is an anti-fuzzy bi-ideal in X iff u° is a fuzzy bi-ideal
in X.

Proof: Let X be a BCK-Algebra and p be an anti-fuzzy bi-ideal in X.

For all x,y,z € X,

pe (x*y) = L-u(x*y)
> 1-max { p (x*y*z), w(z)}
=min { 1- p (x*y*2), 1- w(z)}
=min { p°(x*y*z), p°(2) }
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Therefore, pu° (x*y) > min { p°(x*y*z), u°(z) }
Hence p° is a fuzzy bi-ideal in X.

Conversely suppose that pu° is a fuzzy bi-ideal in X.
For all x,y,z € X,

p(x*y) = 1-pe(x*y)
< 1-min { p° (x*y*z), p°(2) }
=max { 1- p° (x*y*2), 1- n°(2) }
=max { u (x*y*z), u(z) }

Therefore, p (x*y) < max { p (x*y*z), w(z) }.

Hence p is an anti-fuzzy bi-ideal in X.

Theorem 4.5 : If { i /i€ a } is a family of anti-fuzzy bi-ideals of BCK-Algebra X and then 'V y; is an anti fuzzy bi-ideal of a
BCK-Algebra X.

Proof: Let { pi/ie A} be afamily of anti-fuzzy bi-ideals of X and let x,y,z € X.

Then we have ,
V opi(x*y) =sup { pi(x*y)/iea}
1EA
<sup { max { b (x*y*z), pi(z) } /iea}
=max {sup { pi(x*y*z)/ieA},sup {pi(z)/iea}}
=max{ ( V u)(cy*2), (V 1) (@) }
Therefore V pi(x*y) <max { ( V w)(X*y*z), (V w) ()}
Hence 'V ; isan anti-fuzzy bi-ideal of X.

Theorem 4.6 : If { pi/ie a }isafamily of anti-fuzzy bi-ideals of BCK-Algebra X, then A p; is an anti fuzzy bi-ideal of a
BCK-Algebras.

Proof : Proof is similar to thrm:4.5

Definition 4.7 : Anti Fuzzy Sub-algebra

Let X be a BCK-Algebra. Then anti-fuzzy sub-algebra of X if it satisfies p(x*y) < max { u(x),i(y) } for all x,y € X.

Theorem 4.8 : Let { pi/ i eI} be any family of anti-fuuzy sub-algebra of X. Then N;.;w and U;¢; i is an anti fuzzy sub-
algebra of a BCK-Algebra X.

Proof : Let {pi/iel} bea family of anti-fuzzy sub-algebra of X and let x,y,z € X.

Nierhi (K5) = inf L piGx*y) /e 1}
<inf { max { pi(x), pi(y) } /iel}
=max {inf {w(x)/iel},inf{ ) /iel}}
=max { (Njerpi )X), (Niermi XY) 3

Therefore, N ¢y i (X*y) <max { (Njeqpi )X), (Nierki DY) 3

Hence N;.;wi is an anti fuzzy sub-algebra of a BCK-Algebra X.
Similarly, we can prove that U ;. isan anti fuzzy sub-algebra of X.

Theorem 4.9 : Let X be a BCK-Algebra. Then the fuzzy set p is a fuzzy sub-algebra of a BCK-Algebra X iff u° is an anti fuzzy
sub-algebra of a BCK-Algebra X.

Proof : Let p be a fuzzy sub-algebra of X.

Let x,y,z € X.

pe (x*y) = 1- p(x*y)

< 1-min { p(x), u(y) }

=max { 1- u(x), 1- w(y) }

=max { u° (x), n°(y) }
Therefore, u° (x*y) <max { p° (x), u° (y) }

Conversely, let pu° is an anti-fuzzy sub-algebra of X.

Let x,y,z € X.
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n(x*y) =1-p° (x*y)
> 1-max { p°(x), u°(y) }
=min { u(x), u(y) }
Therefore, p(x*y) > min { u(x), w(y) }
Hence p is a fuzzy sub-algebra of X.

Theorem 4.10: An anti-homomorphic pre-image of a fuzzy bi-ideal is a fuzzy bi-ideal of a BCK-Algebra X.

Proof: Let :X—Y be an anti homomorphism of a BCK-Algebra X.

Let A be a fuzzy bi-ideal of Y.
Let x,y,z € X.

F)(x*y) = A (fix*y))

=L (fx)*(y))

>min { A (f (x*y*z)), Mf(2)) }

= min { F*}) (x*y*2), f'(1) (2) }
Therefore, F1(A)(x*y) >min { f1(}) (x*y*z), f1(}) (z) }
Hence fl(A) is a fuzzy bi-ideal of a BCK-Algebra X.

Theorem 4.11: An anti-homomorphic image of a fuzzy bi-ideal of a BCK-Algebra X with sup property is a fuzzy bi-ideal of a
BCK-Algebra X.
Proof : Let f:X—Y be an anti-homomorphism of a BCK-Algebra X.

Let p be a fuzzy bi-ideal with sup property.
Let A be the image of p.

Let f(x), f(y), f(z) € f{X) and
let Xo € £1(f(X)), Yo € £2(f(Y)), Zo € F1(f(z)) such that p(xo) = sup  p(t),

tef-1(f(x)

Wyo) = sup u(t), W(zo)= sup ).
tef-1(f(y) tef-1(f(z)

ME)*(y) = A (f(x*y))

= sup ()
tef-1(f(x*y))

>u(xo, Yo)
>min { p(xo™ Yo* Zo), 1(zo) }

=min { sup p), sup p(t)}
tef-1(fecys)  tef-1(fz)

=min {A(fx*y*z)), Mf(2)) }

Therefore M(f(x)*(y)) > min { A (f(x*y*z)), Mf(2)) }
Hence A is a fuzzy bi-ideal of Y.

Theorem 4.12: An anti homomorphic pre-image of an anti-fuzzy bideal of a BCK-Algebra X is an anti-fuzzy bi-ideal
of a BCK-Algebra X.

Proof: Similar proof of thrm 4.10

Theorem 4.13: An anti homomorphic image of an anti-fuzzy bideal with sup property of a BCK-Algebra X is an
anti-fuzzy bi-ideal of a BCK-Algebra X.

Proof: Similar proof of thrm 4.11

Theorem 4.14: Let p be a fuzzy set of a BCK-Algebra X, then p is a fuzzy bi-ideal of X iff p° is an anti-fuzzy
bi-ideal of a BCK-Algebra X.

Proof: It can be easily verified.
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