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Abstract : This paper gives a brief survey of primitive idempotents in FCpn for different cases. The expressions for these
idempotents are listed. Initially the generating polynomial for cyclic codes is given.
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. INTRODUCTION
The theory of detecting and correcting the error was first introduced by Claude Shannon in 1948 in his paper “Mathematical

Theory of Communication”. In his paper Shannon said that we can easily transmit any information by coding. There are number of
special codes such as cyclic codes, Linear codes, Group codes, polynomial codes etc. Our interest in this paper is to study a very
important class of codes called “Cyclic Codes”.

Il. Generating Polynomial
Besides the generating polynomial, there are many other polynomials that can be used to generate a cyclic code. One such

polynomial called an idempotent generator, can also be used to generate a cyclic code. As the ring Ry is semi-simple therefore each
ideal in R, contains a unique idempotent which also generates the ideal. This idempotent is called the generating idempotent of the

corresponding cyclic code. The idempotent generating the minimal ideal (minimal code) in R, is called a Primitive idempotent.
It is well known that the generating polynomial g(x) of the ideal in R, is a factor of x"-1. Thus the study of ideal through

the generating polynomial depends on the factorization of x"-1 over the field F. But the factorization of x"-1 into its irreducible
factors in itself is a very difficult problem. To overcome the problem of factorization, we deal with the idempotents that generates
the ideals. These idempotents then help us to describe the cyclic codes completely.
Let F=GF(1) be a finite field of order | and n be any integer such that char (F) does not divide n.
Consider the set

S=140,1,2,..n-1}
Fora, b e S,saythata~bifa=Dbl" (mod n) for some integer i > 0. This is an equivalence relation on set S. The equivalence

classes of this relation are called | - cyclotomic class modulo n. The | -cyclotomic coset modulo n containingse S is
C, ={s,sl,sl?,...,sI*'},

where t; is the least positive integer with sI“™* =s (mod n). Each cyclotomic coset is associated with an irreducible polynomial

in the semi simple ring R, :%
<

and hence is also associated with a primitive idempotent in R that generates a minimal

ideal in R, equivalently a minimal cyclic code over F. The number of |- cyclotomic class modulo n depends on t, the

multiplicative order of | modulo n, where 1<t <¢(n). Throughout the whole discussion we will assume that F is the field of
order g, the group is cyclic and is generated by g.
I11. Primitive Idempotents in FCpn

Let Cpn =< g > be the Cyclic Group. Berman[2] described an explicit expressions for the (n+1) primitive idempotents in FCpn

(without proof), where q is the order of the field, is a prime number such that (q,p)=1 and is primitive root modulo p' for all i>1.
Blake and Mullin[3] declared that it is tedious to verify that these expressions are idempotents in FCpn . Arora and Pruthi[1] gave
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an explicit expressions for the (n+1) primitive idempotents in FG(the group algebra of the cyclic group G of order p",p is an odd
prime,n>1) over the finite field F of prime power order g with (q,p) = 1 and q is primitive root modulo p".
In 1997, Arora-Pruthi[1] descried the (n+1) primitive idempotents of FCpn given by:

-2w3e)
p i1
and for 1<i<n,

e_:—((p 1)(1+C, +Cpy +..+C, ) - Ci)

i+l i+2

where
Ci = z gs
seC;

In 2002, Arora, Batra, Cohen and Pruthi[11] described (2n+1) primitive idempotents given by:

:in(“iéi]
p =)

and
=1(Y +6G,)
2 i i
1
=—(Y, —6G,
2( 1 |)

i i+l i+2

1 _
where Y:W((p )(1+Cy+Cp +.0+C,)-C))

and G, zﬁ(éi _C_i*)
forl<i<n where if 6*=p ifp=4k+land 6°=—pifp=4k-1

where C =) g¢°

seC;
and C=>g
SeCix
Sharma, Bakshi, Dumir and Raka[16] described the primitive idempotents in FCpn where @ is an odd prime power, may not be a

primitive root mod p", p is an odd prime with (g,p) = 1 and order of g modulo p is f, (pT_qu =1and q" =1+ pA. Also p does

not divide A (n>2) and (e,q) =1, where p=21+ef .
If g is primitive root modulo p then f = p-1.
The (en+1) primitive idempotents in FCpn are given by

& =#(1+g +gz+...+g""‘1),

ieC ieC

f o i 1 aj a%j a*?j
€= j+1'zg +F{p°_z g’ to Z 9% +p Z S Z ’ ]},

pnfjfl pnfjfl

|eCnJ1 |sC”Jl |e(§nJl |5C,‘Jl

f p71 aj a2 a®?j
eapjz o J+1{p1 Z g + 0, Z gj+p3 Z g Tt -+ 0 Z g }

f pn71 i 1 i aj aZ- ae—l-
eaeflpJ: j+l_zg +F{pe1 z gj+p0 Z gj+p2 Z g J+"'+p972 Z g ]}

ieC i, ieC i ieC i ieC i
p-irt ot =il ot

where p, is an eigenvalue of the matrix A and ( p,, o1, 2,.---1 9., ) IS the eigen vector corresponding to p, . The matrix A is given
by
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Abo_ f Am_f Aoz_f AO(e—l)_f
Ao A, A Ay
A= Atzo A'21 A.22 AZ(.e—l)

A(e—l)o He—l)l Ae—l)z "' A(e—l)(e—l)

if f iseven, and is given by

Av Aun A Ay
Ay Ay Ae e Ay

P A e e A
ATZij_f ATZJ{_f A@f_f AIZJ@})_f

AYe—l)O AYe—l)l /\e—l)z o Aie—l)(e—l)

if f is odd, where A, is the number of ordered pairs (s,t), such that
gt +1=g", 0<st<f-1.

In 2010 S.K.Arora and Kulvir Singh [18] described an explicit expression for 4(n-1) primitive idempotents in FG , the semisimple
group algebra of the cyclic group G of order 2" (n>3) over the finite field F of prime power order q, where q is quadratic residue
modulo 2".

Then the primitive idempotents FC,, are given by
e =Y,
€wn :Y1

1
e(l),n—l = EI:YZ - 2‘92 (G(l,z),l + G(3,4),1):|,

1
€2yt = E[Yz +20° (Gug t+ G(3,4),1)]

for 1<i<n-2

1
€wi = Z[Ynz -20° (Guzins T Gaayin) —40(Gp gy + 926(1,3),i )] )

1
€2y = Z[Ynz +26° (G(l,z),m + G(3,4),i+1) - 49(92G(2,4),i + G(1,3).i )Jl

1
€y = Z[Ynz -26° (Guzyiss T Gaayinn) +40(Gpay; + ‘926(1,3),i )]:

1
€y = Z[Ynz +26° (G(1,2),i+1 + G(3,4),i+1) + 4‘9(926(2,4),i + G(1,3),i )],

where 6% =J-1 and 0 €GF(l) | being the characteristic of F and
for 1<i<n and 1<f<4,S,.= > ¢’

SeCU,)‘i
1
for 1<i<n-2,1<Im<4 and I=m G, = W(sm,i ~Simi)
for 1<i<n,
1 n-2 4 4
Y= ot 14{ _ZMZ;SWJ +(Swns = Sena) + S [~ ;S(ﬂ),i
j=i+l = =

1 2"-1 .
Yo :gzg
t=0

Again S.K.Arora and Kulvir Singh describe the 8(n-2) primitive idempotents in the semisimple group algebra of the cyclic group
G of order 2" (n>4) over the finite field F of prime power order q, where g=8k+1 is a quadratic residue modulo 2".
FC,. has 8(n-2) primitive idempotents given by

JETIR1903A37 ’ Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 251


http://www.jetir.org/

© 2019 JETIR March 2019, Volume 6, Issue 3

www.jetir.org (ISSN-2349-5162)

*

&=Yo, €ya=V

« 1 * 1
€y = EI:YZ -26* (G(l,Z),l + G(3,4),1):|n €2y = E[Yz +26° (G(l,Z),l + G(3,4),1):|,

" 1

e(l),n—Z = Z[Y3 - 20 (G(l,Z),Z + G(3,4),2) - 4‘9(6(2,4),1 + 926(1,3),1)} )
. 1

€oyn2 = Z[Ys +26° (G2 +Gpay) — 49(92G(z,4),1 + G(l,S),l)]’
. 1

€ayn2 = Z[Ya - 26° (Guz2 +Gay2) +40(Cp gy + 62G(1,3),1)J ,

. 1
€uyn-2 = Z[Yg +26° (G(l,z),z + G(3,4),2) + 49(‘926(2,4),1 + G(1,3),1)]y

for 1<i<n-3

&, :%[Ym—zaz(c;(lm2 wiv2) =40y +0°C10) =B8N0 (Glygy +0G(s ) +0°Cloy, + 0% |,
€, = [YHg +20° (G100 + Gpsayis2) ~ 400G 1.1 + Braay11) +8VO Gy — 0G(ssy; —0°Gagy +0°Giay) |
€y = %[Y =207 (Guayivz + Gpspina) = 40(Gpy )1 + 0°Cprg) 1) +80 (G 0G5 — 0°Crrey +0°Cirey) |
€= %[YM 207Gy 12 + Caggn) + 406G sy + Gy ) ~BNB(Girey, + 0G0, +6°Gr ) 460G |
€y = %[Y =207 (Gyapiez + Gpsipina) ~ 40(Gpy gy + 0°Cpray 1) + 8B (Gl +0Gg, 1 + 0°Gpry +0°Ciiyy) |
&) :%[YH3 +20°(Gyayivz +Cayiva) = 40(0°Gpygy 11+ Gy1) ~BVO (G gy + 0G5y, + 0°Gly + 0°Gi ) |
&, = %[Y =207 (Guayi.2 + Gpspina) + 40(Bps 1.1 + 0°Cpuay11) =8O () — 0G(y 5+ 0°Girey, +0°Ciay) |
€ = ;[YHS +207 (G100 + Gpsyis2) + 40(0°Cg 11 + g y01) +8VO Gy + 08 + 607Gy 1+ 0°Giy) |,

Where 6% =/-1 and 0 €GF(l) I being the characteristic of F and
for 1<i<n and 1< <8, ;)= 3. ¢’

SEC( B)i

. x 1 . .
for 1<i<n-3,1<I,m<8and I#m Gy, :W(sm,i ~Stmi)

for 1<i<n-3,
Guai = G:l 2 +G(*5 6)i1
=G, +G.

9]

w.3) w3 T OEn
Gy = G(z i T G(e 8t
Gpayi = G(3,4),i + G(7,8),i
for 1<i<n,

1 =3 . . N .
Y = W{{]ﬁ(jm;sw) j j (S(l),n—Z +ot Siuynz ) + (S(l),n—l =Sy 1) @, n}

IV. OTHER POSSIBILITIES:

Although, a number of codes have been found yet many problems exists for the primitive idempotents in the cyclic group algebra.
One of the main problem is to find out the primitive idempotents for the cyclic group FG, G is cyclic group of order m [m=p" or
p"r™ or n(any natural number)], and F is Field of order g, where order of g modulo m [m=p" or p"r™ or n(any natural number)]

respectively is any number t(say) with 1<t <g(m).
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