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1 Introduction

T. Noiri [32] introduced the concept of perfectly continuous function and basic properties of perfectly
continuous functions are further elaborated in [20]. The class of strongly continuous function defined
by Levine [27] is strictly contained in the class of cl-supercontinuous (=clopen continuous) functions
as defined by Reillyand Vamanamurthy [35]. Taking account of [23], we can mention some remarkable
classes of function in descending order, each class properly contains the next class z-perfectly
continuous function [24], pseudo perfectly continuous function [23], quasi-perfectly continuous

functions [25], &-perfectly continuous [19] strongly continuous functions of Levine [27].

In this paper we extend the notions and results of variants of continuity of functions to the relam of
multifunctions (see for example [3], [4], [5], [6], [7], [9], [10], [11], [12], [13], [15], [26], [29], [30], [31],
[32], [35], [36], [37], [38]).

In the present paper the notion of upper and lower z-perfectly continuous multifunctions [30] and
elaborate upon their place in the hierarchy of variants of continuity of multifunctions that already exist

in the literature.

Section 2 is devoted to the preliminaries and basic definitions. In section 3 we give definition the notion

of upper and lower z-perfectly continuous multifunctions and discuss the interrelations that exists
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among them and other variants of continuity of multifunction. In Section 4 we study new properties of

upper z-perfectly continuous multifunctions. In section 5, we study lower z-perfectly continuous

multifunctions and give their characteristics when the space is Alexandorff.

2 Preliminaries and Basic Definitions

Definition 2.1 ([16]) A multifunction ¢:X — Y from a topological space X into a topological space Y

is said to be

(1)
(2)
(3)
(4)
(5)

strongly continuous if @-!(B) isclopenin X for every subset B CY.

upper perfectly continuous if @-1(V) isclopenin X foreveryopenset V cY.

lower perfectly continuous if @;*(V) isclopenin X foreveryopenset V CY.

upper completely continuous if @-1(V) isregular openin X for every openset V CY.

lower completely continuous if ¢3*(V) isregular openin X for every openset V cY.

Definition 2.2 A multifunction @:X — Y form a topological space X into atopological space Y issaid

to be

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

upper z-supercontinuous [4] if for each x € X and each open set V containing ¢(x), there

exists a cozero set U containing x suchthat ¢@(U) c V.

lower z-supercontinuous [4] if for each x € X and each open set V with @(x) NV % ¢,

there exists a cozero set U containing x suchthat ¢(z) NV # ¢ foreach z € U.

upper Dg-supercontinuous [15] if for each x € X and each open set V containing ¢(x),

there exists aregular F;-set U containing x suchthat @(U) c V.

lower Dg-supercontinuous [5] if for each x € X and each open set V with ¢(x) NV # ¢,

there exists aregular F;-set U containing x suchthat @(z) NV # ¢ foreach z € U.

upper D-suppercontinous [2] if foreach x € X and each openset V containing ¢(x), there

exists an open F;-set U containing x suchthat ¢@(U) c V.

lower D-supercontinuous [2] if for each x € X and each open set V with @(x) NV % ¢,

there exists an open F;-set U containing x suchthat ¢(z) NV % ¢ foreach z€ U.

upper D*-supercontinuous [12] if for each x € X and each open set V containing ¢(x),

there exists a strongly open F;-set U containing x suchthat @(U) c V.

lower D*-supercontinuous [2] if for each x € X and each open set V' with ¢(x) NV # ¢,
there exists a strongly open F;-set U containing x such that such @(z) NV # ¢, for each

z € U.
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(9)

upper strongly 6-continuous [26] if for each x € X and each open set V containing ¢(x),

there existsa 6-openset U containing x suchthat ¢@(U) c V.

(10) lower strongly 6-continuous [26] if for each x € X and each open set V with @(x) NV #

¢, there existsa 6-set U containing x suchthat ¢(z)NU # ¢ foreach z € U.

Definition 2.3 A multifunction ¢:X — Y from a topological space X into atopological space Y issaid

to be

(a)

(b)

(c)

(d)

upper (lower) perfectly continuous (respectively almost perfectly continuous, respectively
quasi perfectly continuous, respectively §-perfectly continuous) [12]if @=1(U) (@31(U)) is
clopenin X for every open (respectively regular open, respectively 6-open, respectively 4§-

open) subset U of Y.

upper quasi z-supercontinuous (Dg-supercontinuous) ([15], [21]) if foreach x € X and each
0-open set V' containing ¢(x), there exists a cozero set (regular F;-set) U containing x

such that ¢@(U) c V.

lower quasi z-supercontinuous (Dg-supercontinuous) ([15], [21]) if for each x € X and each
O-openset V with ¢@(x) NV # ¢, there exists a cozero set (regular F;-set) U containing x

such that ¢(z) NV # ¢ foreach z € U.

upper (lower) quasi 6-continuous (faintly continuous) [17] if for every 6-openset V CY,

- (V) (p31(V)) is H-open (open)in X.

Definition 2.4 A multifunction @:X — Y from a topological space X into atopological space Y issaid

to be [(a)]

(a)

(b)

(c)

upper (almost) cl-supercontinuous ([11], [13], [18]) (respectively z-supercontinuous ([4],
[22]), respectively Dgs-supercontinuous [5], respectively strongly 6-continuous [26]) at x €
X iffor each open (regular open) set V with ¢@(x) c V, there exists a clopen set (respectively
cozero set, respectively regular F;-set, respectively 6-open set) U containing x such that

pU) cV.

lower (almost) cl-supercontinuous ([11], [13], [18]) (respectively z-supercontinuous ([4],
[22]), respectively Dgs-supercontinuous [5], respectively strongly 6-continuous [26]) at x €
X if for each open (regular open) set V with ¢@(x) NV # ¢, there exists a clopen set
(respectively cozero set, respectively regular F,-set, respectively 68-open set) U containing

x suchthat @(z) NV # ¢; foreach z € U.

upper supercontinuoue (§-continuous) [1] if for each x € X and each open (regular open) set

V' containing ¢(x), there exists a regular open set U containing x suchthat ¢@(U) c V.
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(d) lower supercontinuous (§-continuous) [1], if for each x € X and each open (regular open) set

V with @(x) NV # ¢, there exists aregular openset U containing x suchthat @(z) NV #
¢, foreach z € U.

(e) upper quasi cl-supercontinuous [17] if for each x € X and each 8-open set V containing

()

@(x) there exists aclopenset U containing x suchthat ¢(U) c V.

lower quasi cl-supercontinuous [17] if for each x € X and each f-openset V with ¢(x)Nn

V # ¢, there exists a clopen set U containing x suchthat ¢(z) NV # ¢; foreach z € U.

Definition 2.5 A multifunction ¢:X — Y from a topological space X into atopological space Y issaid

to be

()

(i)

(iii)

(iv)

v)

(vi)

(vii)

upper (almost) completely continuous [14] if @=1(V) isregularopenin X for every (regular)

openset V Y.

lower (almost) completely continuous [14] if ¢3*(V) isregular openin X for every (regular)

openset VY.

upper (almost) perfectly continuous [14] if @-1(V) is clopen in X for every (regular) open

subset IV of Y.

lower (almost) perfectly continuous [14] if @3*(V) is clopen in X for every (regular) open

subset VV of Y.

upper (almost) z-supercontinuous ([4], [15]) at x € X if for each open (regular open) set V

with ¢(x) c V, there exists a cozero set U containing x suchthat @(U) c V.

lower (almost) z-supercontinous ([4], [15]) at x € X if for each open (regular open) set V
with @(x) NV # ¢, there exists a cozero set U containing x such that @(z) NV # ¢ each
z € U.

upper (almost) Dg-supercontinuous ([5], [15]) at x € X if for each open (regular open) set V

with ¢@(x) c V, there exists aregular F;-set U containing x suchthat @(U) C V..

(viii) lower (almost) Dg-supercontinuous ([5], [15]) at x € X if for each open (regular open) set V

(ix)

)

with @(x) NV # ¢; there exists a regular F;-set U containing x such that @(z) NV # ¢

foreach z € U.

upper (almost) strongly 6-continuous [26] at x € X if for each open (regular open) set V

with ¢(x) c V, there existsa 6-openset U containing x suchthat ¢@(U) c V.

lower (almost) strongly 6-continuous [26] at x € X if for eaah open (regular open) set V
with @(x) NV # ¢, there exists a 6-open set U containing x such that ¢(z) NV # ¢ for

each z e U.
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(xi) upper supercontinuous (§-continuous) [3] if for each x € X and each open (regular open) set

V' containing ¢(x), there exists a regular open set U containing x suchthat ¢@(U) c V.

(xii) lower supercontinuous (§-continuous) [3] if for each x € X and each open (regular open) set
V with @(x) NV # ¢, there exists a regular open set U containing x suchthat @(z) NV #
¢ foreach ze€eU.

(xiii) upper cl-supercontinuous [11] at x € X if for each open set VV with ¢(x) c V, there exists a

clopenset U containing x suchthat ¢@(U) c V.

(xiv) lower cl-supercontinuous [11] at x € X if for each open set V with @(x) NV % ¢, there
exists a clopen set U containing x suchthat ¢(z) NV # ¢ foreach z € U.

(xv) upper almost cl-supercontinuous [13] if for each x € X and each regular open set V in Y

containing ¢(x) there existsaclopenset U in X containing x suchthat @(U) c V.

(xvi) lower almost cl-supercontinuous [13] if for each x € X and each regular open set V in Y
with @(x) NV # ¢, there exists a clopen set U in X containing x such that (x) NV # ¢

foreach x € U.
3 Upper and lower z-perfectly continuous

Definition 3.1 ([30]) A multifunction ¢:X — Y from a topological space X into a topological space Y
is
(a) [30] upper z-perfectly continuous at x € X if for each cozero set V with ¢(x)cV, 3 a

clopenset U in X containing x such that ¢(U) c V. The multifunction is said to be upper

z-perfectly continuous if it is upper z-perfectly continuous at each x € X.

(b) [30] lower z-perfectly continuous at x € X if for each cozero set V with ¢(x) NV # ¢,
there exists a clopenset U in X containing x suchthat ¢(x) NV # ¢ foreach x € U.The
multifunction is said to be lower z-perfectly continuous if it is lowe z-perfectly continuous at

each x € X.

The interrelations among variations of continuity of multifunctions defined in Definitions 2.1, 2.2, 2.3,

2.4, 2.5 and upper (lower) z-perfectly continuity of multifunctions is illustrated in Figure 1.
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Examples

Example 3.1 Let X = R with usual topology U and Y = R with usual topology U. Let ¢:(X,U) =
(Y,U) be the identity map @(x) = x forall x € X. Then ¢ iscontinuous as well as z-supercontinuous

but not upper (lower) z-perfectly continuous.

4 Properties of upper z-perfectly continuous multifunctions

Proposition 4.1 If ¢:X — Y is upper z-perfectly continuous multifunction and {:Y — Z is upper

almost z-supercontinuous, then their composition 1 o ¢ is upper almost cl-supercontinuous.

Proof. Let V be aregular open set of Z.Inview of upper almost z-super continuity of 1, Y-1(V) is
cozero in Y and since ¢ is upper z-perfectly continuous, therefore ¢-1(p=1(V)) is clopen in X.

Now (Yo @)ZY(V) = o= (y=1(V)) isclopenin X.So o ¢ isupper almost cl-supercontinuous. o

Proposition 4.2 If ¢:X — Y be upper z-perfectly continuous multifunction and :Y — Z be upper

quasi z-supercontinuous then their composition 1 o ¢ is upper quasi cl-supercontinuous.

Proof.Let V bea B-opensetin Z.Inview ofupperquasi z-super continuityof ¥, ¥-1(V) iscozero
in Y andsince @:X — Y isupper z-perfectly continuous multifunction, therefore ¢-1(yp-1(V)) is

clopenin X.
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Now (Yo p)-1(V) = - (p-1(V)) isclopenin X.

Therefore 1 o ¢ is upper quasi cl-supercontinuous. O

Theorem 4.3 Let @:X — Y be multifunction. Then

(a) If ¢ isupper z-perfectly continuousand A c X thentherestriction ¢ ,:A —Y isupper z-

perfectly continuous.

(b) If Q ={U,:a € A} isalocally infinite clopen cover of X and if for each a € A, the restriction

$a = @y, Uqg =Y isupper z-perfectly continuous then ¢ isupper z-perfectly continuous.

Proof. (a) Let W be a cozero setin Y. Since ¢:X — Y is upper z-perfectly continuous ¢@-(W)

is clopenin X.
Now (¢ )Z'(W) = {x € A|lp(x) c W} = {x € Alx € p=' (W)} = An ¢p-*(W) whichisclopenin X.
So ¢, isupper z-perfectly continuous.

(b) Let W be a cozero set in Y. Since ¢, = ¢|Ua:Ua — Y is upper =z -perfectly continuous

(po)=r(W) isclopensetin U, and consequently clopenin X.

Since ¢:1(W) = Ugea ((pa)zl(W) = Ugea (¢:1(W) N Ug).

Now each ¢@-'(W)nU, is clopen in U,, hence in X. Thus ¢-(W) is open being the union of
clopen sets. Moreover since collection Q is locally finite the collection {¢p-*(W)NU,:a € A} is
locally finite collection of clopen sets. Since the union of locally finite collection of closed sets is closed,

¢-1(W) isalso closed and hence clopen.

Definition 4.4 ([32]) A topological space X is called an Alexandorf{f space if any intersection of open sets

in X isopenin X, equivalently any union of closed setsin X is closed in X.

Alexandorff spaces have been referred to as saturated spaces by Lorrain in [20].

Theorem 4.5 For each a € A, let ¢,:X — X, be a multifunction and let @:X — [[,es X, be defined
by @(x) = (pq(x)) for each x € X. If ¢ is upper z-perfectly continuous, then each ¢, is upper z-

perfectly continuous.

Further, if X is an Alexandorff space and each ¢, is upper z-perfectly continuous then ¢ is upper z-

perfectly continuous.
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Proof. Let ¢ beupper z-perfectly continuous. Now foreach «, ¢, = p, ° ¢ where p, denotesthe

projection map since each projection map p, is continuous and hence upper z-continuous, in view of

Theorem 4.3 it follows that each ¢, isupper z-perfectly continuous.

Conversely, suppose that X is an Alexandorff space and each ¢, is a upper z-perfectly continuous
multifunction. Since X is Alexandorff, to show that the function ¢ is upper z-perfectly continuous,
it is sufficient to show that ¢™1(S) is clopen for every subbasic cozero set S in the product space

[laen Xqo- Let Up X [1aen X, be asubbasic cozeroset S in []pep Xq where Up is cozero setin Xp.

Then @' (Up X [1gzp Xo) = ©=*(pg'(Ug)) = p="(Up) is clopen in X and so ¢ is upper z-

perfectly continuous: O

5 Properties of lower z-perfectly continuous multifunction

Proposition 5.1 If ¢:X — Y is lower z-perfectly continuous multifunction and :Y — Z is lower

almost z-supercontinuous, then their composition 1 o ¢ is lower almost cl-supercontinuous.

Proof. Let V be a regular open set of Z.In view of lower almost z-supercontinuity of ¥, ¥;1(V) is

cozero in Y and since ¢ is lower z-perfectly continuous, therefore @I(y¥;1(V)) is clopenin X.
Now (Y °@)i'(V) = o3 (3" (V)) isclopenin X.
So P o ¢ islower almost cl-supercontinuous. o

Proposition 5.2 If ¢:X — Y be lower z-perfectly continuous multifunction and :Y — Z be lower

quasi z-supercontinuous then their composition i o ¢ is lower quasi cl-supercontinuous

Proof. Let V bea B-opensetin Z.Inview of lower quasi z-supercontinuity of ¥,¥;*(V) is cozero
in Y andsince ¢@:X — Y isupper z-perfectly continuous multifunction, therefore @;1(y¥;1(V)) is

clopenin X.Now (o @)71(V) = ;1 (¥31(V)) isclopenin X.

Therefore 1 o ¢ islower quasi cl-supercontinuous. O

Theorem 5.3 Let ¢:X — Y be a multifunction. Then

(@) If ¢ islower z-perfectly continuous and A c X then the restriction ¢,:A <Y islower z-

perfectly continuous:

(b) If Q ={U,:a € A} is alocally finite clopen cover of X and if for each a € A, the restriction

$Pa =@y, Ug =Y is lower z-perfectly continuous then ¢ islower z-perfectly continuous.
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Proof. (a) Let W be a cozero setin Y.Since @:X — Y islower z-perfectly continuous, ¢@;1(W) is
clopenin X.

Now (<p|A);1(W) ={x €Alp(x)NW # ¢} = {x € A|x € ;1 (W)} = AN @7 (W), which is clopen in
X andso ¢, islower z-perfectly continuous.

(b) Let W be a cozero set in Y. Since ¢, = Py, Ua =Y s lower z-perfectly continuous, so

()31 (W) isclopensetin U, and consequently clopenin X.

Since Qoil(W) = Ugen ((pa)ll(W) = Ugea ((p:-l(W) N Ug).
Now each ¢@;'(W)nU, isclopenin U,k hencein X.

Thus ¢@;1(W) isopen being the union of clopen sets Moreover since collection Q islocally finite, the

collection @;*(W)NU,:a € A islocally finite collection of clopen set.

Since the union of locally finite collection of closed sets is closed, @3*(W) is also closed and hence

clopen. o

Theorem 5.4 Foreach a € A, let ¢,:X = X, be a multifunction and let ¢,:X = [lges X, be defined
by @(x) = (pu(x)) for each x € X. If ¢ is lower z-perfectly continuous, then each ¢, is lower z-
perfectly continuous. Further, if X is an Alexandorff space and each ¢, islower z-perfectly continuous

then ¢ islower z-perfectly continuous.

Proof. Let ¢ be lowe z-perfectly continuous. Now for each «, ¢, = p, ° ¢ where p, denotes the
projection map. Since each projection map p, is continuous and hence lower z-continuous, in view

of Theorem 5.3 it follows that each ¢, islower z-perfectly continuous.

Conversely, suppose that X is an Alexandorff space and each ¢, is alower z-perfectly continuous
multifunction. Since X is Alexandorff, to show that the function ¢ is lower z-perfectly continuous,
it is sufficient to show that @;1(S) is clopen for every sub basic cozero set S in the product space

[Taen Xo - Let Ug X [lgen X, be a subbasic cozero set in Xp. Then ¢3*(Up X [laxp Xo) =

(pll(pgl(Uﬁ)) =(p;1(Uﬁ) isclopenin X andso ¢ islower z-perfectly continuous.o
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