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Abstract: Let 𝐺 = {𝑉, 𝐸}  be a connected simple graph. The transformation graph G - + -   of this G is the 

graph with the union of vertex set and edge set in which the adjacency of two vertices a and b is defined as 

follows: (i) a and b in V(G) are adjacent if and only if they are non- adjacent in G (ii) a and b in E(G) are 

adjacent if and only if they are adjacent in G (iii)a and b in V(G)  while the other is in E(G) , they are not 

incident in G . In this paper we established the color class and chromatic number to the transformation 

Cycle, Path , Star graphs. 
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Introduction: 1.0 

 

            In Graph,  graph coloring is one of the most important concept . The proper coloring of a graph is the 

coloring of the vertices and edges with minimal number of colors such that no two vertices should have the 

same color .A graph that permits a k-coloring is called k-colorable. The chromatic number (𝐺) of a graph 

G,  (𝐺) is minimum number of colors needed for proper coloring. 

           Wu and Meng introduced the transformation graph  Gxyz  of G. Since the set {+,-} has eight distinct 

three permutations, they introduce eight types of transformation graphs.  We shall investigate the 

transformation graph G- + - of some graphs. 

 

Definition: 1.1 

 

        A graph G is an ordered pair (V(G) , E(G)) consisting of a non- empty set V(G) of vertices and a set 

E(G) , disjoint from V(G)  of edges together with an incidence function G  that associates with each edge 

of G is an ordered pair of vertices of G. 

 

Definition: 1.2 

 

walk is an alternating sequence of vertices and edges starting and ending with vertices. 

A walk in which all the vertices are distinct is called a path. A  path containing n- vertices is denoted by Pn. 

      

A closed path is called Cycle. A cycle containing n-vertices is denoted by Cn, the length of a cycle is the 

number of edges occurring on it. 

 

Definition: 1.3 

 

A Star graph is a graph in which n-1 vertices have degree 1 and a single vertex have degree n-1. The n-1 

vertex are connected to a single central vertex. A star graph with total n-vertex is termed as  Sn. 

 

 

 

Definition: 1.4 

 

          The transformation graph G xyz   of G is defined on the vertex set V(G) ∪ 𝐸(G). Two vertices (or 

edges)  and  of G are joined by an edge in G - + -  if and only if their associativity in is consistant with the 

corresponding term of G. 
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 Definition:1.5 

 

     Let 𝐺 = (𝑉(𝐺), 𝐸(𝐺))  be a graph and x,y,z be three variables taking values  +  or −.  The 

transformation graph  𝐺𝑥𝑦𝑧  is the graph having  𝑉(𝐺) ∪ 𝐸(𝐺)   as the vertex set and for ∝, 𝛽 ∈ 𝑉(𝐺) ∪
𝐸(𝐺) ∝ 𝑎𝑛𝑑  𝛽 are adjacent in  𝐺𝑥𝑦𝑧  if and only if one of the following holds: 

 

(i) ∝, 𝛽 ∈ 𝑉(𝐺). ∝ 𝑎𝑛𝑑  𝛽 are adjacent in G if 𝑥 =  +;  ∝ 𝑎𝑛𝑑  𝛽   are not adjacent in G if 𝑥 =  − . 

(ii) ∝, 𝛽 ∈ 𝐸(𝐺). ∝ 𝑎𝑛𝑑  𝛽 are adjacent in G if 𝑦 =  +;  ∝ 𝑎𝑛𝑑  𝛽   are not adjacent in G if 𝑦 =  − . 

     (iii)       ∝∈ 𝑉(𝐺),   𝛽 ∈ 𝐸(𝐺). ∝ 𝑎𝑛𝑑  𝛽 are incidentt in G if 𝑧 =  +;  ∝ 𝑎𝑛𝑑  𝛽   are not                

                   incident in G if 𝑧 =  − . 
 

Theorem: 2.1 

 

  Let G = Pn  ( n ≥ 4) be any path graph with n-vertices, then  (G- + -) = ⌈
𝑛

2
⌉+1 

 

Proof: 

 

 Let G = Pn  be a path graph with ‘n’ vertices  

       To prove   (G - + -) = ⌈
𝑛

2
⌉+1 

The vertex set of G is V(G) = {𝑣𝑖 /1≤ 𝑖 ≤ 𝑛} and the edge set of G is E(G) = {𝑒𝑖 /1 ≤  𝑖 ≤ 𝑛 − 1}   

The adjacency of G is, 

 Each 𝑣𝑖 ∈ 𝑉(𝑃𝑛)  is adjacent to, 

    𝑁(𝑣𝑖) = {𝑣𝑖−1,𝑣𝑖+1 / 2 ≤ 𝑖 ≤ 𝑛 − 1} 

    𝑁(𝑣𝑖) =𝑣2  and  𝑁(𝑣𝑛) = 𝑣𝑛−1 

Each 𝑒𝑖 ∈ 𝐸(𝑃𝑛) is adjacent to, 

     𝑁(𝑒𝑖) = {𝑒𝑖−1, 𝑒𝑖+1}  

     𝑁(𝑒1) = 𝑒2  and  𝑁(𝑒𝑛) = 𝑒𝑛−1 

Each 𝑒𝑖 ∈ 𝐸(𝐺) is incident with 𝑣𝑖−1 and 𝑣𝑖+1 where 1 ≤ 𝑖 ≤ 𝑛 − 1 

The vertex set of G- + - is V(G- + - ) = 𝑉( Pn) ∪ 𝐸(Pn) 

By the definition of the transformation ( Pn
- + -) 

The adjacency in V(G- + -) is as follows: 

Those pair of vertices (𝑣𝑖, 𝑣𝑖) are not adjacent in G are neighbouring  vertices in    G- + - .                                                                                                         

Those pair of edges (𝑒𝑖,  𝑒𝑗) which are connected in G , are neighbouring vertices in G- + - . 

 In similar, the  pair (𝑣𝑖, 𝑒𝑖) are not incident in G  , are neighbouring vertices in  G- + -  

  

 Now, the vertices of V(G- + -) can be classified as follows: 

 

          C1 =  {𝑒2𝑗, 1 ≤ 𝑖 ≤ ⌈
𝑛

2
⌉ − 1}                                                                               …….. (1) 

          Ci =  {𝑣2𝑖−3, 𝑒2𝑖−3, 𝑣2𝑖−2  / 2≤ 𝑖 ≤ ⌈
𝑛

2
⌉}                                                                                  …….. (2) 

          Ck  = {
𝑣𝑛                              𝑖𝑓  𝑛  𝑖𝑠 𝑜𝑑𝑑

  𝑣𝑛−1, 𝑒𝑛−1 , 𝑣𝑛          𝑖𝑓 𝑛  𝑖𝑠 𝑒𝑣𝑒𝑛    
}  𝑤ℎ𝑒𝑟𝑒 k =  ⌈

𝑛

2
⌉ + 1                …….. (3) 
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The elements of equation (1) , are independent in G- + -. 

        Hence, a particular color C1  can be given to all the vertices of equation (1) 

The elements of equation (2) ,  are independent in G- + -. 

         Therefore the new colors Ci , to apply all the vertices in equation (2) . 

  In similar,  The elements of equation (3) , is independent in G- + - .  

        Therefore, we use a different color  Ck , to give  the vertices of equation (3) . 

        Therefore, the total numbers of color class is the minimum coloring number of 

 the graph G- + -. 

       That is,  (G- + -) = 1+⌈
𝑛

2
⌉-1+1 

                                  = ⌈
𝑛

2
⌉ + 1 

Therefore, the chromatic number of  is G- + -, 

                    (G- + -)  = ⌈
𝑛

2
⌉ + 1 

                  Hence, the proof. 

 

Theorem: 2.2 

 

Let G = Cn   (n = 1, 2, 3,.. ,n) be the cycle graph with n-vertices, If (n ≥ 3 )  then  

 

 (G- + -) = ⌈
𝑛

2
⌉ + 1 

 

Proof: 

 

 Let Cn be the cycle graph with ‘n’ vertices of G 

 To prove  (G- + -) =⌈
𝑛

2
⌉ + 1 

The vertex set of G is V(G) = {𝑣𝑖 /1≤ 𝑖 ≤ 𝑛}  and the edge set of G is E(G) = {𝑒𝑖 /1≤ 𝑖 ≤ 𝑛}   

The adjacency of G is, 

 Each vertex 𝑣𝑖 is adjacent to  

     𝑁(𝑣𝑖) = {𝑣𝑖−1,𝑣𝑖+1 /2 ≤ 𝑖 ≤ 𝑛 − 1} 

Each 𝑒𝑖 is adjecent to 

      N(𝑒𝑖) = { 𝑒𝑖−1, 𝑒𝑖+1} 

Each 𝑒𝑖 is incident with 𝑣𝑖 and 𝑣𝑖+1 where 1 ≤  i≤  n-1 

     N(𝑒𝑛)  =  {𝑣1, 𝑣𝑛} 

The vertex set of  Cn- + -  is V(Cn- + -) = V(Cn) ∪E(Cn).  

By the definition of the transformation (G- + -) 

The adjacency in V(G- + -) is as follows: 

       Those pair of vertices (𝑣𝑖 , 𝑣𝑗) are not adjacent in Cn , are neighbouring vertices in G- + - .   

       Those pair of edges (𝑒𝑖 , 𝑒𝑗) which are adjacent in Cn , are neighbouring vertices in G- + - .                                                                                                      

 In similar, the pair (𝑒𝑖, 𝑣𝑖) which are not incident in Cn , are neighbouring   vertices in G- + -  .                                                                                                   

 Now, the vertices of V(G) can be classified as follows: 
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 C1 =  { 𝑒2𝑗, 1 ≤  j ≤ ⌈
𝑛

2
⌉}                                                                                                              ………….(1) 

 Ci = {𝑣2𝑖−3, 𝑒2𝑖−3, 𝑣2𝑖−2  / 2≤ 𝑖 ≤ ⌈
𝑛

2
⌉ }                                                                                      ………….(2) 

 Ck= {
𝑣𝑛 , 𝑒𝑛                 ,          𝑖𝑓  𝑛  𝑖𝑠 𝑜𝑑𝑑

𝑣𝑛−1, 𝑒𝑛−1 , 𝑣𝑛     ,         𝑖𝑓  𝑛  𝑖𝑠 𝑒𝑣𝑒𝑛  
}   where  k  =  ⌈

𝑛

2
⌉ + 1                                    ………….(3) 

 The elements of equation (1) , are independent in G- + -. 

        Hence, a particular color C1  can be given to all the vertices of equation (1). 

The elements of equation (2) ,  are independent in G- + -. 

         Therefore the new colors Ci , to apply all the vertices in equation (2) . 

  In similar, The elements of equation (3) , is independent in G- + - .  

        Therefore, we use a different color to color Ck , to give  the vertices of equation (3) . 

        Therefore, the total numbers of color class is the minimum coloring number of  the graph G- + -. 

 That is ,   (G- + -  )  =  1+⌈
𝑛

2
⌉ − 1 + 1 

                                     =  ⌈
𝑛

2
⌉+1 

Therefore, the chromatic number of  is G- + -  , 

                   (G- + -  )  =  ⌈
𝑛

2
⌉+1 

                Hence, the proof. 

Theorem: 2.3 

 Let G = Sn be a star graph with ‘n’ vertices of G,  then  (G- + -  ) = n. 

Proof: 

        Given Sn be a star graph with ‘n’ vertices of G. 

         To prove  (G- + -  ) = n 

Choose a vertex 𝑣0   be the centre vertex which degree is n-1. 

The vertex set of Sn is V(G) ={𝑣𝑖 /0≤ 𝑖 ≤ 𝑛} and the edge set of Sn is E(G) = {𝑒𝑖 /1≤ 𝑖 ≤ 𝑛}   

The adjacency of G is, 

Each 𝑣𝑖 is adjacent to , N(𝑣𝑖) = {𝑣0} for all i = 1,2,……..n 

Each 𝑒𝑖 is incident with 𝑣𝑖 and 𝑣𝑖 . 

The vertex set of G is V(G- + -  ) = V(Sn) ∪ E(Sn) 

The adjacency in V(G- + -  ) is as follows: 

Since all 𝑣𝑖 ∈ V(Sn) , 0 ≤ 𝑖 ≤  𝑛 are independent in G, hence 𝑣𝑖 ∈V(G- + -  ), 0 ≤ 𝑖 ≤ 𝑛 form a clique  (complete 

subgraph) of n vertices in G- + -   . 

 Hence, we need n colors to color all the vertices vi ∈ V(G- + -  ). All elements 𝑒𝑖 ∈ E(Sn) are adjacent in G. 

 Therefore, 𝑒𝑖 ∈ V(G- + -  ) are independent in G- + -   incident with the vertex 𝑣𝑖 ∈ V(Sn). 

 Therefore, the pair (𝑣𝑖 , 𝑒𝑖) ∈ V(G- + - ) are disjoint. 
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 Hence, we can use the same color to color the pair of vertices (𝑣𝑖, 𝑒𝑖)∈ V(G- + -). 

 N(𝑣𝑖) = {𝑣𝑖 /1≤ 𝑖 ≤ 𝑛}   where v0 ∈ V(Sn). Therefore, v0 is an isolated vertex in V(G- + -). 

 Hence, we can use any one of the color which was assigned for the 

 vertices (𝑣𝑖, 𝑒𝑖) ∈ V(G- + -). 

Therefore, the total number of the color class is the minimum coloring number of the graph G- + - . 

               That is,  (G- + -) = n  

                  Hence, the proof. 

 

References: 

1) J. A. Bondy and U. S. R. Murthy “Graph Thory with Applications”, American Elsevier, New York, Macilan London,1976. 

2)  Chandrakala S.B, K. Manjula, “Clique Partition of transformation graphs”, International J. Math combin.vol(2016). 

3) Harary F, Graph Theory , Narosa Publishing House (1969). 

4) Preethi Gupta , “A Study on Vertex- Edge Coloring Techniques with Applications”  International Journal of Core 

Engineering & Management , Volume 1, Issue 2, May 2014. 

5) Vijay. V. Teli and Present V.Patil , “On the Transformation Graph G-+-”,  Haliyal, Belagavi, 2016. 

6) Wu. B, Zhang L, zhang  Z, “The transformation graph Gxyz  when xyz = -+-” Discrete Mathematics , 2005. 

     

 
 

 

 

http://www.jetir.org/

