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Abstract:
In this paper, we have established bounds for dominator colouring in line graph of a Kn. The distinct
dominator chromatic parameters used here are dominator chromatic number 4 (L((Kn )))

total dominator chromatic number yd (L((Kn ))), 2- dominator chromatic number y2d

inverse dominator chromatic number z4' (L(G)) and also proper colouring is applied to  (L((Ka))),
find the chromatic number z(L(Kn ))of L(Kn). Using these parameters we have studied

some of its properties and illustrated with examples.
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1. Introduction:

In graph theory, colouring and domination are two important areas which have been extensively
studied where vast number of practical problems are involved. The dominator colouring possesses the
blends of graph coloring as well as domination in graphs. Dominator colouring was introduced by
Ralucca Michelle Gera in 2006.(1). In this paper, we determined the distinct parameters of dominator
chromatic number for line graph of a complete graph L(Kn). We start with notation and more formal
definitions.

Definition 1.1: (4)

An assignment of colours to the vertices of a graph such that no two adjacent vertices get the same
colour is called proper colouring of a graph. The minimum number of colours needed to colour a

graph G is called the chromatic number and is denoted by » (G )
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Definition 1.2:

A non- empty subset D of V is called a dominating set of G if every vertex of D is adjacent
to each vertex of V-D. The domination number y(G) of a graph G is the minimum
cardinality of a dominating set of G.

Definition 1.3: (1)

A proper colouring is called dominator colouring if each vertex of the graph dominates
every vertex of some colour class. The dominator chromatic number x4 (G)is the minimum
number of colours required for a dominator coloring of G.

Definition 1.4: (3)

The total dominator colouring of a graph G is a proper colouring of G in which each
vertex of the graph is adjacent to every vertex of some colour class. The total dominator
chromatic number g (L(Ky ))of G is the minimum number of colour classes in total
dominator colouring of G.

Definition 1.5: (2)

The 2- dominator colouring of graph G with minimum degree atleast one is a proper
colouring of graphs with the extra property that every vertex in the graph properly

dominates a two colour class. The 2- dominator chromatic number g 2 (L(Kn ))of G is the
minimum number of colour

classes in 2- dominator colouring of G.
Definition 1.6:

The inverse dominator colouring of graph G is a proper colouring of G in which every
vertex in D' properly dominates the colour class in V- D’ . The inverse dominator
chromatic number

xd' (L(Kn ))of G is the minimum number of colour classes in inverse dominator colouring
of G.

Definition 1.7:

The graph in which any two distinct vertices are adjacent is called complete graph
and it’s denoted by Kn , where n is the order of the graph.

Definition 1.8:

Line graph L(G) of a graph G is that the vertices of L(G) are the edges of G and two
vertices of L(G) are adjacent if the corresponding edges of G are adjacent.
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2. Bounds on Distinct dominator chromatic number in line graph of a complete
graph L(Kn):

Theorem 2.1:
Let L(Kn) be a line graph of a complete graph. Then #(L(Kn))= zd (L(Kn))=nVvn>5

Proof:
Given that, L(Kn) is a line-graph-ef-ta-and-hence by definition of line graph we have vertices and ( ~1( ~2) edges.

We prove this by induction method,
By the definition of proper colouring, #(L(K n)) is the chromatic number of
L(Kn) For n=6, we get the line graph of order 15 and size 60 we have, (ie)
V(L(Ks))={v1, v2, v3,...,vi5}

By the definition of proper colouring, we assigned the colors set C1, C2, Cs, Cs, Cs, Cs to the
vertices vi, V2, V3, V4, Vs, ...... vis such that no two adjacent vertices get the same colour.

- AL(Kg))=n=6
For n=7, we get the line graph of order 21 and 105 edges.
(ie) V(L(K7))= {v1, v2, vs,...,v21}

By the definition of proper colouring, we assigned the colours Ci, C2, Cs, C4, Cs, Cs, C7 for the
vertices vi, V2, V3, V4, Vs, ...... v21 such that no two adjacent vertices get the same colour.

ALKz ))=n=7
Similarly, for n= 8 the line graph is of order 28 and size 168.

Therefore by proper colouring we assigned the colours C1, C2, Cs, C4, Cs, Cs, C7, Cs for the
vertices {v1, vz, V3, V4, Vs,...... v28} such that no two adjacent vertices get the same colour.

- A(L(Kg))=n=8

Proceeding in this way for all n > 5, we have Z(L(Kn )): n > (1)

Let y4 (L(Ky )) be the dominator chromatic number for line graph of Kn.
For n= 6, we have V(L(Ke)) = {v1, v2, v3,...,vi5}

The dominating set of L(Ks) is D= {vs, vs, vi3}
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By the definition of dominator colouring, we assigned colour (C1) to the dominating set

D= {vs, vs, vi3}. Since no two of its vertices are adjacent in dominating set and the remaining
vertices of V-D are colored by C2, Cs, Cs, Cs, Cs using proper colouring C2= { v1, ve},

Ca={ v2, v7, vi1}, Ca={ v4, vs}, C5={ vs, V1o, Vis}, Ce={ V12, vi4} S0

by the definition of dominator colouring, we have

xd (L(Ks ) = 6
For n=7, we have V(L(K7)) = {vz, vz, v3,...,v21} and size 105.
The dominating set of V(L(K?7)) is D= {v1, v1s, vis}

Since no two vertices of D are adjacent, so we required colour one (Cz) for proper colouring and the
remaining vertices of V(L(K7)) ={ vz, vs, v4, Vs, V6, V7, V8, V9, V10, Vi1, V12, V13, V14, Vi1, V12, V13, V14,
Vie, V17, V19, V20, V21 }are assigned by distinct colours Cz, Cs, Cs4, Cs, Cs, C7 respectively such that
Co={ vz, va, ve }, Ca={ vs, vs5, v7 }, Ca={ vs, V14, vi6 }, Cs= { v9, V17, V19 }, Ce={ V10, V13, v21}, C7={

Vi1, V12, V20}

Since each vertex dominates every vertex of atleast one colour class, so the dominator chromatic
number of L(K?) is,

1o (L(K7))=n=7
For n= 8, we have V(L(Ks)) = {v1, v2, vs,...,v28} and size 168.
The dominating set of V(L(Ks)) is D= {v1, vi2, vis, V25}
By the definition of dominator colouring, we need colour (C1) for the dominating set
D= {v1, v12, v15, v25} as no two vertices are adjacent and for the remaining vertices in V(L(Ks))
colors C2, Cs, Cs, Cs, Ce, C7, Cs are assigned respectively such that C2= { vz, vi17, vo },
Ca={ v3, vs, v2s }, Ca={ v4, V9, V16, V23}, Cs= { Vs, V10, V18, V26 }, Ce={ Vs, V11, V14, V21}
Cr={ v7, v13, v19, vaa}, Cs={ v22, v27 }

Since each vertex dominates every vertex of atleast one colour class, so the dominator chromatic
number of L(Ks) is,

72d(L(Kg))=n=8

Proceeding in this way for all n > 5, we have y(L(Kn ))=n
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In general, for all n > 5 the graph L(Kn) has _( =1 vertices and _(—1( —-2) edges. The vertex set

of L(Kn) is given by V(L(Kn))= {v1, Va......, vi} where k = N(0 =1) and the domination number

2
is given by y (L(K ))=| £—|| where 7 (L(K ))is the integral part of N
n | n
[2] 2
Therefore by the definition of dominator colouring we have,
72d (L(Kn))=n > (2)

From equation (1) & (2) we conclude that x(L(K n))= 74 (L(Kn))=nVvn>5

Example 2.1.1:
Consider the graph L(Ks)
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By the definition of proper colouring, we assigned the colours C1, C2, C3, C4, Cs, Ce for the
vertices vi, V2, V3, V4, Vs, ...... v1s such that no two adjacent vertices get the same colour.

Hence, C1i= { v1, Vo, vi3 }, C2= { v2, v7, v11 }, C3={ v3, V6}, Ca= { v4, vs, V15 }, C5={ Vs,
vio} Ce= { vi2, vi4}

~.We have 7(L(K))=6

To find the dominator chromatic number:

Consider the graph L(K7)

C vz C3 vs Csa Cs
G Ve Vo
Vs vio Ce
C v vu C7
Cs vs 122 C7
C: w2 viz Ce
vis Csq
Civi
vis C1
Ce va vis Csa
V20 vi7 Cs
C7 V19 vis C1
Cs
Fig: 2
6
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By the definition of dominator colouring, we assigned colour (C1) to the dominating set

D={v1, v1s, vi8} and colours C2, C3, C4, Cs, Cs, C7 for the vertices in V-D such that each
vertex in L(K7) dominates every vertex of some colour class.

(ie) Co={ v2, v4, 6 }, C3= { v3, v5, v7 }, Ca={ vs, V14, V16 }, C5= { V9, V17, V19 }, Ce={ V10, V13,

v21} C7= { vi1, v12, vao}

~.We have g (L(K7))=7

In general we have, y(L(K n))= 74 (L(Kn)) =nforn>5

2.2 Relation between chromatic number and dominator chromatic number:

For any line graph of a complete graph L(Kn) , AL(K n))< 74 (L(Kn )) where 7(L(K n ))=
xd (L(Kn))=nvn>5

Hence the result follows.

2.3 Relation between domination number, chromatic number and dominator chromatic

number:
From the definition of domination number, chromatic number and dominator chromatic number, we get Max { z(L(Kn )),7 (L(Kn ))} < 7¢ (L(Kn )) < AL(Kn )) + 7(L(Kn )) where y
fl
(L(Kn))=" |
forn> 3.
Theorem 2.4:

Let L(Kn) be a line graph of a complete graph, then the 2- dominator chromatic number of L(Kn)

denoted by zg (L(Kn)) , is exactly equal to (n+2) of order n >3.

(ie) 74 2 (L(Kn ))= (n+2) ¥ n >3,
Proof:

Let L(Kn) be the line graph of a complete graph. This theorem can be proved by the method

of induction,

When n= 4, we’ve L(K4) graph with 6 vertices and 12 edges.
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Let D2 be the 2- domination set of L(Kas). We define D2 = {v1, v3, vs} < V(L(K4)).

Now by the definition of 2- dominator colouring we required distinct the colours C1, Cz, C3 to

the vertices in

2-dominating set D2 = {v1, vs, vs} and the remaining vertices of V-D assigned colours C4, Cs, Cs
such that that every vertex in the graph properly dominates a two colour classes.

~.The 2- dominator chromatic number x4 » (L(Kn ))for L(Ka) is 6.

(ie) za 2 (L(K4 )= (4+2) = 6
When n=5, we’ve L(Ks) graph with 10 vertices and 30 edges.
Let D2 be the 2- domination set of L(Ks). We define D2 = {v1, v, v7, vs, va} < V(L(K5)).

Now by the definition of 2- dominator colouring we required distinct colors C1, C2, Cs for the

vertices in 2-dominating set D2 = {v1, v3, V7, vs, vo} and colours Cs, Cs, Cs, C7 to the vertices in

V-D2 such that that every vertex in the graph properly dominates a two colour classes.

. The 2- dominator chromatic number x4 2 (L(Ky ))for L(Ks) is 7.

(ie) za 2 (L(Ks )= (5+2) =7
When n= 6, we’ve L(Ks) graph with 15 vertices and 60 edges.
Let D2 be the 2- domination set of L(Ks). We

define D2 = {v1, vs, Vs, V9, V10, V12, Vid} < V(L(Kae)).

Now by the definition of 2- dominator colouring we required the colours C1, C2, Cs, Ca for the
vertices in 2-dominating set D2 = {v1, v3, Vs, V9, V10, V12, Via}and colours Cs, Cs, Cs, C7, Cs to the

vertices in VV-D2 such that that every vertex in the graph properly dominates a two color classes.

~.The 2- dominator chromatic number x4 » (L(Kn ))for L(Ks) is 8.

(ie) za 2 (L(Kg ))=(6+2) =7
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Similarly for n terms we have y4 2 (L(Kn ))= (n+2)
In general we conclude that y4 » (L(Kn ))= (n+2) for n >3.

Example 2.1.2:
Consider the graph L(Ka4)

C1 Vi
Cs

Va

vz C2

Ve

Cs

Fig: 3

By the definition of 2- dominator colouring we assigned the colors C1, C2, Cs for the vertices
in 2-dominating set D2 = {v1, vs, vs} and colours C4, Cs, Cs to the vertices in

V-D2 = { vz, v4, v6 } such that that every vertex in the graph properly dominates a two
colour classes.

~.The 2- dominator chromatic number x4 » (L(Kn ))for L(Ka) is 6.

(ie) xd 2 (L(K4 )): (4+2)=6

In general, we have x4 2 (L(Kyq ))= (n+2) for n >3.
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Theorem 2.5:

For any line graph of a complete graph L(Kn), the inverse dominator chromatic number of
L(Kn) denoted by x4’ (L(Kn)) is equal to (n-1) for all even n >3.

(ie) 7o' (L(Kn ))=n-1v n>3andniseven, nez"

Proof:

Given that, L(Kn) is the line graph of a complete graph and 4’ (L(Ky ))is the inverse

dominator chromatic number of line graph of a K.

For n=4, we have V(L(K4)) = {va, vz, vs,..., V6}
The dominating set is D= {v1, ve} < V(L(K4))

Since D' = {v2, vs} < V-D is the inverse dominating set of L(Ka4), by the definition of inverse

dominator colouring we assigned colour (C1) for both the vertices in the inverse dominating set
D' = {v2, vs} since the vertices are not adjacent in D’ and colors Cz, Cs, Ca to the vertices in

V- D’ such that that every vertex in D’ properly dominates some colour class in V- D’ .
~. The inverse dominator chromatic number yq' (L(Ky )) for L(Ka) is 4.

(ie) ' (L(Ks)) = 4-1=3

For n=6, we have V(L(Ks)) = {va1, v2, vs,...,vi5}

The dominating set is D= {vs, ve, v13}. Since D' ={v1, V12, vi4} < V-D is the inverse dominating
set of L(Ke), by the definition of inverse dominator coloring we assigned the colour (Cz1) for the
vertex in inverse dominating set D' ={v1, vi2, vi4} and assigning colours C2, Cs, Ca, Cs, Cs to the

vertices in V- D’ such that that every vertex in D' properly dominates the colour class in V- D’ .

~.The inverse dominator chromatic number ' (L(Ky )) for L(Ks) is 6.

(ie) 7o' (L(Kg ))=6-1=5

Proceeding in this way, for n vertices we have,

10
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xd (L(Kn))=n-1forn>3, forallevenn eZ"
Therefore from (1) and (2) we have, x4’ (L(Knq )) is equal to (n-1) for all even n >3 .

(ie) z¢' (L(Kn )) = n-1 for n > 3 where n is even.

Example 2.1.3:

Consider the line graph of Ka
vi C3
C

Va

Y,

vz C2

G wve

Fig: 4
For n=4, we have V(L(K4)) = {v1, v2, v3,..., V6}
The dominating set is D= {v1, ve} < V(L(K4))

Since D' = {v2, vs} c V-D is the inverse dominating set of L(Ka4), by the definition of inverse

dominator colouring we required colour (C1) for the vertices in the inverse dominating set

D' = {v2, vs} and colours C2, Cs, Ca to the vertices in V- D’ such that that every vertex in D’

properly dominates the colour class in V- D’ .

Therefore, y¢' (L(K4)) =4-1=3

11
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2.6 Observations:

1. AL(Kn))= 74 (L(Kn ) = 7a 2 (L(Kn )= 2 (L(Kn )= 10 (L(Kn )) = 3 for line
graph of complete graph K.

2. For any line graph of a complete graph L(Kn), the chromatic number 4(L(K n )) and

dominator chromatic number x4 (L(Kn )) is equal to n’ forn > 5.

3. Total dominator colouring ytd (L(Kn )) is always greater than x4 2 (L(Kn )) and zd' (L(Kn )).

3. Conclusion:

In this paper, we have obtained exact bounds for distinct dominator chromatic number and also
found the relation between domination number, chromatic number and dominator chromatic
number. This paper can be extended by using distinct parameters and obtained various bounds

for line graph of a complete graph L(Kn).
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