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Abstract: in this paper, we discussed the concept of chromatic number of a fuzzy graph. We established
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1.1 Introduction

One of the most important properties of fuzzy graph model is fuzzy graph colouring. The fuzzy colouring of a
fuzzy graph was defined by the authors in Eslachi and Onagh[12]. Then pourspasha[9] also introduced different

approaches to colour the fuzzy graph.

Fuzzy dominator colouring and fuzzy chromatic number on Cartesian product of simple fuzzy graph was
introduced by R.Muthuraj and Sasireka [10]. In this paper ,we deals with finding a fuzzy chromatic number of

Cartesian product of fuzzy path and cycle.

Definition 1.1:

e A walkis called a path if all its vertices are distinct.

e A V,—V, walk is called closed if v, =V, . A closed walk V,V,,V,,...,V, =V, in which n>3 and
Vo, Vp,V,, ...,V are distinct is called a cycle of length n. The graph consisting of a cycle of length n is

denoted by C, .

JETIR1904K99 | Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org | 694


http://www.jetir.org/

© 2019 JETIR April 2019, Volume 6, Issue 4 www.jetir.org (ISSN-2349-5162)

Example:1.1

Vi

Vs
)
®
v V3
4 G V,,V,,V,, Vs a path.

Definition 1.2

Let V be a finite non empty set. The triple G = (V,J,,u) is called a fuzzy graph on Vwhere o and u
are fuzzy sets on V and E respectively such that y(u,v) < O'(U)AO'(V) forall u,veV and (u,v)€E. For fuzzy

G= (V , O, ,u) , the elements V and E are called set of vertices and set of edges of G respectively.

Example:1.2
u3z 0.8
0.6
s us 0.9
G
Definition 1.3:

The Cartesian productG = G, xG, =(V, X ) of graphs G,and G, . LetV =V, xV,, and
X ={(uu, Mo, ueV, v, e X, WUluw M vow)iweV,. (v, Je X,

Let 0, be a fuzzy subset of Vi and let 4 be a fuzzy subset of X . for every i=1,2. Define the fuzzy subsets

0, X0, of Vand g4 X i, of X as follows:
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(Glxaz ) (U1’U2 ) =min{01(U1)’02( 2)} for all U1andU2EV
(41 % 21 ) (U, U, ) (U, v, ) = min{o; (Uy), a1, (U, V, )} for all U €V, and (u,,V,) € X,
(11 115 ) (uy, W) (v, W) = min{O'2 (W),,ul(ul,vl)}for all WeV, and (uz,v2 )e X,

Then the fuzzy graph G= (O-l X Gz’,ulx luz ) is said to be the Cartesian product of G, = (Gl,,Lll) and

G, :(O-zuuz)-

Example:

0.5
U ¢

0.5

vy 0.8
0.8 0.7
0.9 0.7
V3 0.7 vy
H

0.5 2 0.5 3
0.5 0.5 0.5
0.6 L/Ap] 0.6
Uy vy A
) 0.6 3 0.6 0.6
0.6
GxXH

2.PRELIMINARIES

Proposition2.1:

If G and H are fuzzy path on m and n vertices and Cartesian product of Gand H is,Gx H

graph on mn vertices. Then ;(f (G xH ) =2.

U vy
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Proposition 2.2:

If G is a fuzzy path on m vertices and H is a fuzzy cycle on n vertices and the Cartesian product of G and

His GxH js4 fuzzy graph on (m xn ) vertices then
X (G x H ): 2,

7(GxH=2) y (GxH )=3.
3: Result on chromatic number of Cartesian product of fuzzy paths and cycles
Let G = (Vl,al,,ul) be fuzzy path graph and H = (VZ,O'Z,,uZ) be a fuzzy cycle. The Cartesian product

GxH= (V, X ) of fuzzy path and cycle of G and H.
Where V =V, xV,, X ={(u,u,),(u,v,)/u eV, (u,,v,) e X,} - Uf(u, w), (v, w)/weV,,(u,v,) e X, |
To prove this theorem we use independent fuzzy path and fuzzy cycles which does not have unique weak arc

in fuzzy path and cycle of G x H . Therefore, all arc would be strong arc.

Brook’s gave an upper bound for the chromatic number in case of crisp graphs and stated that ‘For a

connected graph which is neither an odd cycle nor a complete graph, the chromatic number ;((G) < A(G)'.

Theorem 3.1:

If (Gx H) is a Cartesian product of fuzzy graph on (Mmxn) vertices where G is a fuzzy path graph of m

vertices and H is a fuzzy cycle graph of n vertices, ¥ m,n>2 then

3ifmiseven, nisodd
2 if m is odd, n is even
2 if m and n are even
3 if m and n are odd

;(f(GxH):

Proof:

Let G be a fuzzy path of m vertices and H be a fuzzy cycle of n vertices.The Cartesian product of G and H is

(G x H ) with mn vertices.LetV (G) = {ul, e um} be a vertex set of fuzzy path graph.
\ (H ) = {vl,vz,...,vn} be a vertex set of fuzzy cycle graph.We assign the colours to the vertices as follows.

Case (i)Suppose that M= 2k, N=2K +1 then to prove y (GxH)=3,vk=123,..
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When m=2,n=3 fork=1WehaveV (G)= {ul,uz} V(H)= {vl,vz,vs} and its Cartesian product is

’

V(U XH)= a =UuVv,a, =uyVv,,a; =UuUV,
a, =WV, a5 =U,V,, 8 =U,V, '

V(GxH)=6
We assign colours to the vertices of Gx H as follows.Assign colour 1 to vertices & and @ as these vertices
are non adjacent.Now assign colour 2 to the vertices &, and @, and assign colour 3 to vertices &;and & . Hence we

required 3 colours for proper colouringof (G x H ) .Thus ;(f (G xH ) =3.

Proceeding in this way, for the graph (G x H ) having (mxn) verticeswhen m=2k and n=2k +1

Vv k=1,2,3,...i.e) The graph (GxH ) contains (2k)(2k +1) elements.

ulvl""'ulVZ""’ulV2k+l
TRVARNTRVASSR TRV
U,V .., ULV, L, ULV

|e) V(GXH): 371 372 3Y2k+1

u2kV1 u2k\/2 u2I<\/2k-*-1

V(G xH)|=(2k)(2k +1) =4k’ + 2k

let S, = {ulv yeeny Usz2k+1} be the subset of V (G xH ) and ,all the vertices of S, are assigned with Colour 1 since no
two of its are adjacent.Let S, = {uzvl, ey u2k_2V2k_3} be another subset of V (G xH ) all the vertices of S, are
assigned with colour 2 and the remaining vertices of V (G xH ) is S, = {ulvs, ...u2kv2k} assigned with colour
3.Therefore we required 3 colours for fuzzy vertex proper colouring.Hence the fuzzy chromatic number of (G x H ) is
x (G xH ) =3.

Case (ii)Suppose that M =2k +1, n=2K thento prove ' (GxH)=2,vk=123,...

When m=3, n=4 We have V (G) = {ul,uz,us} \ (H ) = {Vl,VZ,V3,V4} and its Cartesian product is

a =uVv,a, =uV,,a; =U\V;a, =uU\V,
V(GxH)=qa,=U,V,, a5, =U,V,,a, =U,V;,a, =UyV,

ay =UgV,, 845 =UgV,, 8, =UsV;, 8, =UgY,

V(GxH)=12
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Assign colour 1 to vertex set {ai, a;,8,,38,,3,, aﬂ} .Since these vertices are non adjacent..

Now assign colour 2 to the vertices {az,a4, a;, a,, aio,aﬂ} since these vertices are non adjacent.

Since @ and &, are adjacent vertices we assigned with different colour 1 and 2.

f
Hence we required colours for proper colouringof (G x H ) .Thus V4 (G x H )= 2

In general, let (G x H ) be a graph having (mx n) Takem=2k+1 and n=2k V k=1,2,3,... The graph

(G x H ) contains (2k +1)(2k) elements.

TAVRTAVARRRTAYAS

u2k+lvl’ T u2k+1V2k
V (GxH)|=(2k+1)(2k)=4k* + 2k

Let S, = {UV;,UV;, ..., Uy, Vy, | be the subset of V (G x H ) and by definition of proper colouring ,all the vertices of
VZH} be another subset of

S, are assigned with colour 1 since no two of its are adjacent ,let S, = {ulvz,u1v4,..., Uy g

\% (G xH ) ,all the verticesof 52 are assigned with colour 2.Therefore we required 2 colours for fuzzy vertex proper

colouring

Hence the fuzzy chromatic number of (GxH) is ' (GxH)=2.
Case (iii) If M= 2k, n=2K then to prove ' (GxH)zZ,‘v’k=ZLZ,3,...When m=2, n=4

We have V (G)={u,,u,} V(H)={V,V,,V,,V,} and its Cartesian product is

’

V(GX H)—{ai =UVy, 8, =UV,, 83 = U Vs, 8, =U,Y, }
85 = UV, 85 = U,V,,8; =U,V3,85 = U,V

V(GxH) =8
We assign colours to the vertices of Gx H as follows. Assign colour 1 to vertices {ai, a,, a6,a8} and assign

colour 2 to the vertices {a2 ,a,,8s, a7}

Since & and @, are adjacent vertices we assigned with different colour 1 and 2.Hence we required 2 colours

for proper colouringof (G x H ) .Thus ;(f (G x H ) =3.
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In general, let (G xH ) be a graph having(mx n) with m=2k and n=2k Vk=12,3,...
The graph (G X H) contains (2k)(2k) elements.

UV UV U;Vyy
etV (GxH )=, 20 T2 el
UniVis UpiVier ooy Uy Vi
V (GxH)|=(2k)(2k) =4k’
Let us colour the vertices of the graph as follows.
Let S, = {ulvz,..., (VA VA u2kV2k} be the subset of V(G xH ) and by definition of proper colouring all the

vertices of S, are assigned with colour 1 since no two of them are adjacent.Let S, = {uzvl, ey uszZH} be the subset

of V (G xH ) ,all the vertices of S2 are assigned with colour 2 since no two of it is adjacent.Therefore we required 2

colour for fuzzy vertex proper colouring,

Hence the fuzzy chromatic number of (G x H ) is y' (GxH)=2.
Case (iv) Suppose that M=2k+1, n=2k +1 thento prove ' (GxH)=3,V k=1,2,3,...

When m=3, n=3 We have V (G) = {u,,u,,u;} V(H)={v,V,,V,}and its Cartesian product is

’

V(Gx H)_{al =UVy,a, =U\V,, 83 =UV3,8, =U,V;, 85 =U2V2}
a; = U,V;,8; =UgVy, 85 =UgV,, 85 = U,V

V(GxH)=9
We assign colour to the vertices of (G x H ) as follows.

Assign colour 1 to vertices {ai, as,as} since these vertices are non adjacent so we assign same colour.Now
assign colour 2 to the vertices {az,a4} since these vertices are non-adjacent so we assign same colour.Hence we

required 3 colours for proper colouringof (G x H ) .Thus ;(f (G xH ) =3.

Proceeding in this way, In general, let (G x H ) be a graph having (m X n) takem=2k +1 and n=2k +1

vV k=12,3,...The graph (G x H ) contains (2k +1)(2k +1) elements.
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uv,, uv,, UV g

LotV (G ) = {U20r Ualer il
u2k+1vl’ u2k+1v2""'u2k+1v2k+l

V (GxH)|=(2k +1)(2k +1) = (2k +1)° =4k + 4k +1

Let us colour the vertices of the graph as follows.

Let S, = {ulv S V A\ VA u2kV2k} be the subset of G (V xH ) and by definition of proper colouring all the
vertices of S, are assigned with colour 1 since no two of it is adjacent.Let S, = {u1v3, u,vy,,..., u2k+1V2k_l} be the subset
of V (G xH ) and all the vertices of 32 are assigned with colour 2 since no two of it is adjacent.The remaining vertices
of V (G x H ) isS; = {ulv3, ey u2kv2k} assigned with colour 3.Therefore we required 3 colour for fuzzy vertex proper
colouring.Hence the fuzzy chromatic number of (Gx H )is »' (G x H)=3.Then from the above four cases, we have

2" (GxH)=3ifmiseven, nis odd and m, n are odd.Since we have ¥ (GxH)=2 if mis odd, nis even and m, n

are even.Hence proved.

Example:

Case (i)

U ¢
0.5 0.8 0.7
® 0.9 0.7
G H
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1
0.5 K Uy vy 0.5 N;S Uy v3
U v ¢

0.5 2 0.5 3
0.5 0.5 0.5
Uy Vq 0.6 vy ® 0.6 Uy vy
2& 3 06 /0.6'
1
0.6
GXH

Cartesian product of Fuzzy path and Cycle on 2 & 3 (P2 X C3) with fuzzy colouring.

Satisfying the definition of fuzzy colouring for fuzzy graph G < H is shown in the table below.

Vertices Colour1l | Colour2 | Colour3 A=0o Vi N A =0
(Max 7,) i, j,k=12,3
UV, 0.5 0 0 0.5 0
u,v, 0 0.5 0 0.5 0
UV, 0 0 0.5 0.5 0
U,V 0 0.6 0 0.6 0
U,V, 0 0 0.6 0.6 0
u,V, 0.6 0 0 0 0
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Fuzzy Colouringof (P, xC,).

Example:
Case (ii)
0.4 V1 0.5 Vy
“le 0.5 ¢ %07
04
U, ® 0.7 0.5 0.7
0.3
@ @
103 ® 03 O.9v4 0.8 ’, 0.8
G H
1 0.4
0.4 ﬂ wv, 04 um‘m
L 4 @ uv
1 0.4 2 04 I 04 o| '
04 04 0.4 0.4
u2 v(l)s 07‘ u2 V2 07.u2 V3 0.7 u2 v4
0.5 0.7 2 0.7 1
2 0.5
0.3 0.3 0.3 0.3
5 v03 0.3.U3 V2 03.U3 V3 0.3 U3 V4
3V
~03__5 03 | 03 7,
0.3
GxH

Cartesian product of Fuzzy path and Cycleon3 & 4 (P3 X C4) with fuzzy colouring.

| 703
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Satisfying the definition of fuzzy colouring for fuzzy graph G x H is shown in the table below.

Vertices Colour 1 Colour 2 Al=c viny; =0
(Max 7;) i,j=12
A% 0.4 0 0.4 0
u,Vv, 0 04 0.4 0
U,V, 0.4 0 0.4 0
Uy, 0 0.4 0.4 0
U,V 0 0.4 0.4 0
u,Vv, 0.7 0 0.7 0
U,Vs 0 0.7 0.7 0
u,V, 0.7 0 0.7 0
Uy, 0.3 0 0.3 0
Uy, 0 0.3 0.3 0
UV, 0.3 0 0.3 0
u,v, 0 0.3 0.3 0

Fuzzy Colouringof (P3 X C4) .
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Example:

Case (iii)

0.5 Vi 0.4 Vs
Uy ¢ 049 0.6
03 0.4 0.6
@ L]
u ®03 0.8v4 0 v307
G H
0.4
1
0.4 ﬁ U vy 0.5 umo.s
® ® Uy v
i 0.4 2 05 1 o5 o '*
0.3 0.3 0.3 0.3
v 03] Hv2  03]1vs 03]V
2& 1 0.3 2 03 1
0.3
GXH

Cartesian product of Fuzzy path and Cycleon 2 & 4 (P2 ><C4) with fuzzy colouring.
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Satisfying the definition of fuzzy colouring for fuzzy graph G x H is shown in the table below.

Vertices Colour 1 Colour 2 Al=0o 7~y =0
(Max 7;) i,j=12
TA'A 0.4 0 0.4 0
Uy, 0 0.5 0.5 0
uv, 0.5 0 0.5 0
Uy, 0 0.5 05 0
UV, 0 0.3 0.3 0
UV, 0.3 0 0.3 0
UV, 0 0.3 0.3 0
u,v, 0.3 0 0.3 0

Fuzzy Colouringof (P, xC, ).

Example:

Case (iv)

0.5 vl 0'8
U ¢
0.4
vy $oa 0.3 0.6
0.2
U; o 0.3 0.6
G H
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0.2
0.5 ﬁ upvy 0.5 h “1V3
“V1 T4 Al 31 03
0.4 0.4 0.4
0 ﬁ wv, 04 mtg?
2 3 1l
0.2 0.2 0.2
0.2 0.2 u3vy, 10.2 0.2 0.2] u3V;
Uz vy ¢
3 1 3
0.2
GxH

Cartesian product of Fuzzy path and Cycle on 3 & 3 (P, xC;) with fuzzy colouring.

Satisfying the definition of fuzzy colouring for fuzzy graph G x H is shown in thetable below

Vertices Colour 1 Colour 2 Colour 3 Al =c Vi Ay AY, =0
(Max 7) i,j,k=123
Uy, 0.5 0 0 0.5 0
Uy, 0 0.5 0 0.5 0
UV, 0 0 0.3 0.3 0
U,V 0 0.4 0 0.4 0
UV, 0 0 0.4 0.4 0
UV, 0.3 0 0 0.3 0
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Observation3.1.1:

m, n are odd .

Observation3.1.2:

UV, 0 0.2 0 0
UV, 0.2 0 0.2 0
UV, 0 0.2 0.2 0

Fuzzy Colouring of (P3 X C3) .

If Gx H is a Cartesian product of fuzzy path on m and fuzzy cycle on n vertices then ' (GxH) =3, where

If Gx H is a Cartesian product of fuzzy path on m and fuzzy cycle on n vertices then ' (GxH) = 2, where m, n

are even and m, n are odd and even vertices of G and H.

4.CONCLUSION

In this paper,we have established the bounds for fuzzy chromatic number Cartesian product on

path and cycle of simple graph and we observed that the fuzzy chromatic number and chromatic number are same.
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