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Abstract:

Let G(V,E) be a graph with the vertex set V and the edge set E respectively. By a graph G=(V,E). We
mean a finite undirected with neither loops nor multiple edges. The number of vertices of G is called order of G
and it is denoted by p. Let G be a (p,q) graph. A super mean graph on G is an injection f: V—
{1,2,3,........p+q} such that, for each edge e=uv in E labeled by f*(e)=[ " (f(u)+f(v))[2]. The set f(v) U {f(e): e
€ E}forms {1,2,3,...... ptq}. A graph which admits super mean labelling is called super mean graph. The
splitting graph S'(G) of a graph G is obtained by adding a new vertex V' corresponding to each vertex V of G
such that N(V)=N(V"). We have showed that graphs S’(P,) and S’(C,) are super mean. Where Py, is a path on n
vertices and C, is a cycle on n vertices.
Keywords: Super mean labelling, path graph, cycle graph, splitting graph.

Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph with neither loops nor
multiple edges. Let G(V,E) be a graph with p vertices and g edges. The number of edges of g is called size of
G and it is denoted by g. Terms and notations not defined here are used in the sense of Harary [1].

In 2003, Somasundaram and Ponraj [2] have introduced the notation of mean labelings of graphs. Let
G be a (p,q) graph. A graph G is called a mean graph if there is an injective function f from the vertices of G to
{0,1,2,....q} such that when each edge e=uv is labeled with f*(e) = (f(u) + f(v) +1)[2 if f(u)+f(v) is even and f*(e)
= (f(u) + f(v) +1)|2 if f(u)+f(v) is odd, then the resulting edge labels are distinct. Furthermore, the concept of
super mean labeling was introduced by Ponraj and Ramya [3]. Letf:V—>{1,2,3...... p+q} be an injection on
G. For each edge e=uv and an integer m>2.

A vertex labelling of G is an assignment f: V(G) — {1,2,3.....p+q} be an injection for a vertex labeling
f, the induced smarandachely edge m — labeling f;” for an edge e=uv, an integer m>2 is defined by

fs*(e):( fu)+f (V)W

m
then f is called a smarandachely super m-mean labelling if f(V(G) U{f(e) : ec
EG)}={1,23....c.ccciin. ptq}. Particularly, in this case of m=2, we know that

F U)o F )+
2

M if f(u)+ f(v is even
f*(e)={ W)+ F(v)

if f(u)+ f(v) is odd

such a labelling is usually called super mean labeling. A graph that admits a smarandachely super mean m-
labeling is called smarandachely super mean graph if m=2. A super mean labelling of the graph P2® is shown in
Figure 1.1

4 6 10 12

Furthermore, discussions of mean and super mean labelings for some families of graph are provided in [4-10]
and Gallian [11]. The Splitting graph S’(G) of G is obtained by adding a new vertex v’ corresponding to each
vertex v of G such that N(v)=N(v’). For instance, when G=pn, Splitting graph of path S’(pn) is provided in figure
1. Since the problem on super mean labeling for graph variations are still open, the new our contributions are
stated in the following sections.
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Definitions:

Mean graph :A graph G is called a mean graph if there is an injective function f from the vertices of G to
{0,1,2,....q} such that when each edge e=uv is labeled with £'(e) = (f(u) + f(v) +1)|2 if f(u)+f(v) is even and f*(e)
= (f(u) + f(v) +1)|2 if f(u)+f(v) is odd, then the resulting edge labels are distinct.

Smarandachely edge m-labeling :A vertex labelling of G is an assignment f: V(G) — {1,2,3.....p+tq} be an
injection for a vertex labeling f, the induced smarandachely edge m — labeling f;" for an edge e=uv, an integer
m>2 is defined by

m

f;(e):( fu)+ f (v)—|

Super mean labelling :A super mean graph on G is an injection f: V— {1,2,3,........ ptq} such that, for each
edge e=uv in E labelled by f*(e)=[I" (f(u)+f(v))|2]. The set f(v)U{f'(e): e € E}forms {1,2,3,...... p+q}.

Super mean graph :A graph which admits super mean labelling is called super mean graph.

Splitting graph :The splitting graph S'(G) of a graph G is obtained by adding a new vertex V' corresponding to
each vertex V of G such that N(V)=N(V').

Path graph :The path graph Py, is a graph with n vertices that can be enumerated such that two vertices are
adjacent if and only if they are consecutive in the enumeration.

Cycle graph :The cycle graph C,, is a graph with n vertices that can be enumerated such that two vertices are
adjacent if and only if they are consecutive in the enumeration or are the first and last vertex in the enumeration.

Figure 1: The splitting graph of path on n vertices

2. On Super Mean Labeling for Splitting graph of path

The theorem proposed in this section deals with the super mean labelling for splitting graph on n vertices
S*(pn)-

Theorem 1.
The splitting graph of path on n vertices S’(pn) is a super mean graph for all n>3.

Proof:

Let V( S’ (pn)={vi: 1<i<n} U{vi : 1<i<n} and E(S’(pn)={ei,&i ,&i : 1<i<n-1} With &i=ViVi.1, &/ =ViV i1,
ei =V'iVis1 for 1<i<n-1, Immediately we have that the cardinality of the vertex set and the edge set of S’(pn) are
p=2n and q=4n-8 respectively, and so p+q=6n-8. Define an injection f: v(S’(pn)) —>{1,2,3...... 6n-8} for n>3
as follows. f(vi)=2i-1 for i=1,2,3....n. f(u;)= i+6n-13 for i=1,2,3.......n.

And so we have
f'(e) =21 fori=1,23...... n-1. f'(e’)=2n+2i-2 fori=1,2,3....n-1.
f'(e)=2n+2i-1 fori=1,2,3,....n-1.
Next we consider the following sets:
A={f(vi)=2i-1:i=1,2,3....n}., A={f(vi)=2i-1:i=1,2,3....n}., As={f(e) =2i :i=1,2,3...... n-1}.,
Ay ={f(e’)=2n+2i-2 : i=1,2,3...n-1}., As={f(e’’)=2n+2i-1:i=1,2.3,....n-1}.,
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5

U

It can be verified that f{v(S’(pn))) U f*(E(S’(pn)))=1= Ai={1,2,3...... 6n-8} and so f is a super mean labeling
of S’(pn). Hence S’(pn) is a super mean labelling for splitting graph of path on five vertices is provided in
figure 2.

18 19 20 21 22

Figure 2: The super mean labelling for splitting graph of path on 5 vertices S’(Ps)

Vi

Figure 3: The splitting graph of &cte i1 Vertices S°(Cr)
3. On Super mean labeling for splitting graph of cycle.

The theorem proposed in this section deals with the super mean labeling for splitting graph of cycle on
vertices.

The splitting graph of cycle on n vertices, S’(Chn) is a super mean graph if either n is odd and odd n>3 or n is
even and n>6.
Proof :

Let V(S’(Cn))={ vi: 1<i<n} U{vi : I<i<n} and and E(S’(Cn)={ei.&i,&i : 1<i<n}. Where
(VAVS l=i=n-—1 ' {ViV;+1 lsi=n-—-1L "{Vi’viﬂ l<i=n-L
o o[ 25 i- i -

i =

\VAVS n ' \VAVA i=n. v,Vv, i=n.

Immediately, we have that the cardinality of the vertex set and the edge set of S’(Cn) are p=2n and g=3n

respectively, and so p+q=5n. define an injection f: v(S’(Cn)) > {1,2,......... Sn} for odd n>3 as follows.
2i—1 i :1,2,3...__[2}; an+2i—1 i—1,2,3..... (D—‘;
2 fv;)= 2

v,)= n n
' 2i i=’72—1+1,|7g—|+2 ......... n. 4n + 2i i={§]+1,{EW+2 ....... n.

And so we have
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- n
- n+2 i=| =
f (ei): [2
2i+1, i=|2 |42 s2.n—1
2 2
n+1 i=n.
n
2n + 2i —1, 1=12,3.. ’75—‘
f (ei): n n
2n + 2i, izlr——l+1,|7——|+2 ........ n.
2 2
. _ n
2n + 21, i :1,2,3....’75—‘ —1;
. n .
f *(ei--): 3n + 2, i= ’75—1
2n + 2i +1, i:(£1+1,[£]+2 ....... n—1;
2 2
3n +1, i=n.

Next, we consider the following sets,

As={f(vi)=2i-1 for i=1,2..... [21 ;

A={f(vi)= 2i-1 for i=1,2,3.....[g—| +1, [ﬂ—l 2.0
2 2

As= {f(vi)=4n+2i-1 fori=1,2,3.....n7 ;
H
As={ f(vi)=4n+2i-8 for i:1,2,3.....( Q—‘ +1, [ ﬂ—‘ 2.0
2
As= {f'(e)) =2i fori=1,2,3....... n-1
3]

As= {f"(e)=n+2 for i= (D—| i
2
A={ f(e)=2i+1 fori=1,2,3..... [D_ +1, l’n—‘ =0 . n-1;
2

As={ f*(e;)=n+1for i=n.
Ag ={f'(e’)=2n+2i-1 for i=1,2,3..... PW :
2

Aw={ f'(e”)=2n+2i for i=1,2,3.....[3—| +1, l’n—|+2 ....... n.
2 2

Apn={ f'(e”)=2n+2i for i=1,2,3..... P] -1;
2

Ap={ f(e’”)=3n+2 for i= PW :
2
A={ f'(e)=2n+1+2i for i= [EW +1, TR+ 25 n-1;
2 [51
A= {f"(e)=3n+1 for i=n.

5
It can be verified that f(v(S*(Cr).))) UF(E(S’(Cn))))=lU A={1,23...... 6n-8} and so f is a super mean
i=1
labelling of S’(Cy). Hence S’(Cy) is a super mean graph for odd n>3.
Now define an injection f1.vs'(Cn)) —{1,2,3...... 5n}for even n>6 as follows

i, i=1
3i —3, i=23 an +1+i i=0,
f(v)—4 4i—7, i=4,56....2 41 4an +i i—23
V)= . . n
' 4n + 2i — 4 1=4,5.... —+1;
. .on n )= , ;
an—ai+8, i=2+22+3..n-1 £.(v) . 2
Zi i=n 3n +2i+1 I:E+2'§+3" n —1;
4n + 8 i=n.
And so we have
2i i=21
3i—1 =23 2n +1, i=1
. . n 2N +3i —3 i— 2,3
- _ 4i —5 i=456....-+1; ’ ’
f.o (e = > f(e])— 42N +4i —7, i = 4,5,6...% +1,
. n n '
4n — 41 + 6 |:E+2,E+3....n—1 6N — 4i + 8 i:%+2,%+3...n—1
4i I=n 2N + 7, i =1;
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2N + 2i i=1
2N + 3i — 1 =23
- - n
f, (ei): 2N + 4i —5 |f4,5,6_,___5_,_1,
6n—4i+6, i=24+2 2,3 n-1
2 2
2n + 4 i=n

It can be verified that f1(v(S’(Cn).))) U f1*(E(S’(Cn).)))={1,2,3.....5n} and so f; is a super mean labeling of
S’(Cn).

Hence S’(Cn) is a super mean graph for even n>6 for illustration, a super mean labeling for splitting graph
of cycle on 8 vertices is provided in figure 4.

40

34

Figure 4: The super mean labelling for splitting graph of cycle 3 8 vertices, S’(Cn)
Conclusion:

Here we propose new results corresponding to super mean labeling for splitting graph of path and cycle.
This work is an effort to relate Smarandachely super m-mean labeling and its dual for m>2. All results reported
here are in splitting graph of path and cycle S’(Pn) and S’(Cy). In future, it is not only possible to investigate
some more results corresponding to other graph families but also Smarandachely super m-mean labeling in
general as well.
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