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Abstract : In this paper, we prove that the extended duplicate graph of splitting graph of path admits graceful, odd-
graceful and even graceful labeling.
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l. INTRODUCTION:
Labeling in graph theory is an active area of research which gained popularity after the mid sixties of 20™ century.
Labeled graphs serve as useful models for a broad range of applications such as coding theory including design of good radar
type codes,missle guidance codes,convolution codes and communication network.Most graph labeling trace their origin to one

introduced by Rosa[4,6] in 1967 called S valuations renamed as graceful labeling by Golomb. For an extensive survey on

graph labeling and bibliographic references we refer to Gallian[3]. For all terminology and notations we follow Harary [5].
E.Sampthkumar [1,2] introduced the idea of splitting graph and duplicate graph. K.Thirusangu, B. Selvam and P.P. Ulaganathan

have proved that the extended duplicate graph of twig graphs is odd and even graceful labeling.[7].
II. PRELIMINARIES

In this section, we give the basic definitions relevant  to this paper. Let
G(V,E) be a finite, simple and undirected graph with p vertices and q edges.

Definition 2.1 Splitting graph: For each vertex v of a graph G, take a new vertex v'. Join V' to all the vertices of G adjacent to
v. The graph Spl(G) thus obtained is called splitting graph of G.
lllustration1 THE SPLITTING GRAPH OF PATH Spl(Ps)
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Definition 2.2 Duplicate Graph:Let G (V,E) be a simple graph and the duplicate graph of G is DG = (V1, E1), where the vertex
setVi=VuVandVnV =¢andf:V — V'is bijective (for v e V, we write f (v) = v’ for convenience) and the edge set E; of
DG is defined as the edge ab is in E if and only if both ab’and a b are
edges in E;.
Definition2.3 Extended duplicate graph of Splitting graph of Path: Let DG = (V1,E1) be a duplicate graph of splitting graph
of path G(V,E). Extended duplicate graph of splitting graph of path is obtained by adding the edge v.Vv,’ to the duplicate graph.

It is denoted by EDG Spl(Pm). Clearly it has 4m vertices and 6m-5 edges, where M > 2 is the number of length.
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Ilustration 2: EXTENDED DUPLICATE GRAPH OF SPLITTING GRAPH OF A PATH
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Definition 2.4 Graceful labeling: A function f is said to be graceful of a graph G with g-edges, if

labels are distinct odd numbers {1,3,5,......29-1}.
I11.  MAIN RESULTS

3.1 Graceful labeling

Algorithm: 3.1

Procedure [Graceful labeling for EDG(Spl(Pm)), m=2]
V «{vi, Vo, ... ,Vom, V'1, V2, ...,V 2m}

E<« {e1, e ....,e3m3, €3m2, €17,62" 50 cuevuenennnn €am-3’}
V1¢<—6mM-7,v2<—0,v1’<-6m-6,v,’«<—6m-5

for i =0 to [(m-2)/2] do

V3+4i¢— 1+6i

V4+4i¢— 2+6i

V’344i < 3+6i

V444 < 4+6i

end for

for i =0 to[(m-3/2] do
V5+4i¢— 6m-13-6i

Ve+4i<— 6M-9-6i

V544 <— 6m-12-6i

V64 <— 6m-8-6i

end for

end procedure

Theorem 3.1: The extended duplicate graph of splitting path graph Spl(Pm), m> 2 is graceful labeling.
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Proof: Let Spl(Pn), m>2 bea splitting path graph . In order to label the vertices, define a function
f:V—>{0,1,2,...q} asgiven inalgorithm 3.1.
The vertices vi, vp,, v’iand v’ receive label ‘6m-7’, ‘0’ , ‘6m-6" and * 6m-5’ respectively ;

For 0<i < [(m-2)/2] , the vertices V 3+ receive label ‘1+6i” ; the vertices v 4+4i receive label ‘2+6i” ; the vertices v 'z+i
receive label ‘3+6i’ ; the vertices v ‘4+4i receive label ‘4+6i’ ;

For 0<i < [(m-3)/2] , the vertices V s.4i receive label ‘6m-13-6i” ; the vertices v 6+4i receive

label ‘6m-9-6i’ ; the vertices v’s+4i receive label ‘6m-12-6i" ; the vertices v ‘+4i receive

label ‘6m-8-6i’ ;

Thus all the 4m vertices are labeled as {0,1,2......,6m-5} which are all distinct.

Hence the entire 4m vertices are labeled .

Now to compute the edge labeling , we define the induced function f*: E — N such that

f*(vivy) = | f(vi) - f(vj) | where vi vje V.

The edge functions are as follows:

The induced function yields the label ‘6m-5 for the edges €sm-2; the label ‘6m-10’ for the edge ey; the label ‘6m-11" for the
edge ey; the label ‘3’ for the edge es;the label 6m-7 for the edge ¢’1 ;the label 6m-8 for the edge e’»; the label 6m-6 for the edge
e’s;

For i=0 to [(m-3/2] For i=0 to [(m-4/2]

f *(e4+6i)=6m-13-12i  *(e746i)=6m-22-12i
T *(es+6i)=6m-9-12i T *(es+6i)=6m-23-12i
f *(eg+61)=6M-14-12i f *(e9+6)=6mM-18-12i
£ *(e4+6))=6M-16-12i f *('7+6))=6M-19-12i
£ *(e546)=6M-12-12i f *(c’g+6i)=6M-20-12i
£ *(e6+6)=6M-17-12i £ *(eg+6)=6M-15-12i

Thus all the 6m-5 edges are labeled as {1,2.3,.....,6m-5 } which are all distinct.
Hence the extended duplicate graph of splitting path graph SplP,), m > 2 admits graceful labeling.

Ilustration 3 : GRACEFUL LABELING FOR EXTENDED DUPLICATE SPILITTING GRAPH OF PATH
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3.2 Even Graceful labeling

Algorithm: 3.2

Procedure [Even Graceful labeling for EDG Spl(Pm)), m=>2]
V « {Vl, Vo, ... ,Vom, V1, V2, ... ,V’Zm}

E<« {e1, e ....,e3m3, €3m2, €1,€2° evrvrnrnnnn eam3’}
v1<—12m-14, vo<—0,v1’«-12m-12,v,’«-12m-10

for i =0 to [(m-2)/2] do

Vaui<— 2+12i

Varai<— 4+12i

V73441 <—6+12i

V4441 < 8+12i

end for

for i =0 to[(m-3/2] do

Vsai<— 12m-26-12i

Ve+ai<— 12m-18-12i

V5441 <— 12m-24-12i

Ve+ai <— 12mM-16-12i

end for

end procedure

Theorem 3.2: The extended duplicate graph of splitting path graph Spl(Pm), m>2 is even graceful labeling.
Proof: LetSpl(Pn), m=>2 bea splitting path graph . In order to label the vertices, define a function

f:V—>{0,1,2,...2q} asgiven inalgorithm 3.2.
The vertices vy, Vo, v’iand v’ receive label ‘12m-14", 0’ ,’12m-12" and ‘ 12m-10’ respectively ;

For 0<i < [(m-2)/2] , the vertices V s:4i receive label ‘2+12i° ; the vertices v a+4i receive label ‘4+12i” ; the vertices Vv’a+ai
receive label ‘6+12i° ; the vertices v ‘444 receive label ‘8+12i” ;

For 0<i < [(m-3)/2] , the vertices V s:4i receive label ‘12m-26-12i’ ; the vertices v g+4i receive

label ‘12m-18-12i’ ; the vertices v’s+4i receive label ‘12m-24-12i’; the vertices v ‘g+4i receive

label ‘12m-16-121" ;

Thus all the 4m vertices are labeled as {0,1,2......,12m-10} which are all distinct.

Hence the entire 4m vertices are labeled.

Now to compute the edge labeling , we define the induced function f*: E — N such that

f*vivy) = | f(vi) - f(vj) | where vi vje V.

The edge functions are as follows:

The induced function yields the label ‘12m-10 for the edges esm-2; the label ‘12m-20° for the edges e1; the label ‘12m-22’ for
the edges ey; the label ‘6’ for the edges es; ; the label ‘12m-14’ for the edges e’y; the label ‘12m-16’ for the edges e’»; the label
‘12m-12’ for the edges ¢’s;

For i=0 to [(m-3/2] f *(e7+61)= 12m-44-24i
f *(e4s6)=12M-26-24i f *(egs6i)= 12M-46-24i
f *(es+6i)= 12M-18-24i f *(egs6i)= 12M-36-24i
f *(ess6i)= 12M-28-24i f *(e’7461)= 12M-38-24i
£ (e’ 4r61)= 12M-32-24i f *(eg:61)= 12M-40-24i
f *(e’s+6)= 12m-24-24i f *(e’9+6i)= 12m-30-24

f *(e’6+6i)= 12m-34-24i
For i=0 to [(m-4/2]
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Ilustration 4 : EVEN GRACEFUL LABELING FOR EXTENDED DUPLICATE SPILITTING GRAPH OF PATH
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Thus all the 6m-5 edges are labeled as {2,4,6......,12 m-10 } which are all distinct.
Hence the extended duplicate graph of splitting path graph SplPn), m > 2 admits even graceful labeling.
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3.3 Odd Graceful labeling

Algorithm: 3.3

Procedure [Odd Graceful labeling for EDG (Spl(Pm)), m>2]
V « {V1, Vo, ... ,V2m, V’1, V’2, ,V’zm}

E « {81, €2, ...., €3m-3, €3m-2, €17,€2° 0 eeuviiinnnn. e3m.3’}
V1<—12m-16, vo«—0, v1’«-12m-13, vo’«-12m-11

for i =0 to [(m-2)/2] do

V3awaic— 2+12i

Vgraic— 4+12i

V’344i <-5+12i

Vaesi < T+12i

end for

for i =0 to[(m-3/2] do
Vsai¢— 12m-28-12i
Ve+ai¢— 12m-20-12i

V544i <— 12m-25-12i

Verai <— 12m-17-12i

end for

end procedure

Theorem 3.3: The extended duplicate graph of splitting path graph Spl(Pm), m > 2 is odd graceful labeling.
Proof: LetSpl(P), m=>2 bea splitting path graph . In order to label the vertices, define a function

f:V—{01,2,...29-1} asgiven in algorithm 3.3.
The vertices vy, Vo, v’iand v’ receive label ‘12m-16", 0’ ,’12m-13” and ‘ 12m-11’ respectively ;

For 0<i < [(m-2)/2] , the vertices V s:4i receive label ‘2+121° ; the vertices Vv a+4i receive label ‘4+12i” ; the vertices Vv’a+ai
receive label ‘5+12i° ; the vertices v ‘444 receive label “7+12i ;

For 0<i < [(m-3)/2] , the vertices V s.4i receive label ‘12m-28-12i" ; the vertices V g receive label ‘12m-20-12i" ; the
vertices v’sis receive label ‘12m-25-12i’; the vertices v ‘s+4i receive label ‘12m-17-12i ;

Thus all the 4m vertices are labeled as {0,1,2......,12m-11} which are all distinct.

Hence the entire 4m vertices are labeled .

Now to compute the edge labeling , we define the induced function f*: E — N such that

fxviv) = | f(vi) - f(v;) | where vi vje V.

The edge functions are as follows:

The induced function yields the label ‘12m-11" for the edges esm-2; the label ‘12m-21’ for the edges e1; the label ‘12m-23’ for
the edges ey; the label ‘5 for the edges es; the label ‘12m-15’ for the edges e’1; the label ‘12m-17’ for the edges €’2; the label
‘12m-13’ for the edges ¢’s;

For i=0 to [(m-3/2] For i=0 to [(m-4/2]

f *(ess6i)=12M-27-24i f *(e7461)= 12m-45-24i
f *(es+6)= 12M-19-24i f *(egs6))= 12m-47-24i
f *(e6+6i)= 12M-29-24i f *(egssi)= 12m-37-24i
f *(e’a+6i)= 12m-33-24i f *(e’1461)= 12m-39-24i
f *(¢’s+61)= 12M-25-24i £ (e’ 2+61)= 12M-41-24i
f *(¢’6+61)= 12M-35-24i £ *(e’361)= 12M-31-24i

Thus all the 6m-5 edges are labeled as {1,3,5,,.....,12 m-11 } which are all distinct.
Hence the extended duplicate graph of splitting path graph SplPn,), m > 2 admits odd graceful labeling.
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Illustration 5 : ODD GRACEFUL LABELING FOR EXTENDED DUPLICATE SPILITTING GRAPH OF PATH
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IV . CONCLUSION
In this paper, we presented algorithms and prove that the extended duplicate graph of splitting graph path

Spl(Pm), m > 2 admits graceful labeling, even graceful labeling , odd graceful labeling.
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