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Abstract- In this chapter we have studied uniform convergence of iterative combination of Bernstein-Kantorovitch
polynomials. Let rez#10.11 ,p > 1. The Bernstein-Kantorovitch polynomials are defined as
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Again, the iterative combinations I, (f,x) of operator sequence . {Kn (f, x)}mis defined as

k
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m=1
where
Ki(f,x) = Kn(Kaf, ), K3 (f,X) = K (K3 f, ), K (f, X) = Kn (K7 f, ).
Here, we show that 1, (f,Xx) converges to f(x) uniformly on [0,1].
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1. INTRODUCTION AND BASIC RESULTS- Lorentz!™ defined a sequence of polynomials {B, (f,x)}  for

f €[0,1].
by equation (1),
(B.(10} = 2 p,, (IC) where

Py (x) = ncvxv(]- - x)n—v

kantorovitch modified equation (1) for ferr[o0,1] by
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It can be also written as

Kn(fﬂ x) 1 (3)
= f w (Tl, x, t)f‘(t)dt)

Where, n (4)
Wn,x,t) =m+1) 2 Pnp (P, » (0,

. v e ’ v v+1
P, (t) is characteristic function of [n_-f-l ) m)

K, (-, x) is linear positive operator from LP[0,1] to C[0,1].
It follows from (2) that

K.(1,x) =1 ; xe[0,1] 5)
2nx + 1
0 = 2D (6)
, ~3n(n— Dx*+6nx+1 (7)
Kn (8%, 2) = 3(n+ 1)2

Therefore, first and second order moments are computed as

wy(x) = K, (t —x,x) = 1—2x (8)
2n+1)
() = K. ((t —x)%x = 3(n—Dx +1 ©
Ho () = Ka (£ =2)% x = 3(n + 1)?

Where x = x(1-x)

Moreover, the general moment of ™" order of Bernstein — Kantorovitch polynomial is related to moments of
Bernstein polynomial (LorentZ*4) by

n+1
— )2 10
W) = oSy B0 (10)

The iterative combinations [, , (f, x) : of operator sequence {r«,(f,x) ,x}n>1 is defined as
k
L (1) = ) (=1 g, Ki(F, %)

m=1

(11)
where

Kii (f,x) = Ky (K f, %),

Ki'(f, x) = K (K™ f, ).
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2. 1,,(.,x) AS AN APPROXIMATION METHOD

Here, we have shown that |, (., X) is a method of approximation for functions in LP(]).

Lemma :- | The sequence {K,(f,.)}., is L" -bounded.

Proof :- we use Holder’s inequality in summation and then in integration to obtain

1
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We next use Fubini’s theorem to interchange in
1 LI |
J; |K, (f, x)|P dx s;L J; (N + D)pp, () [ () [Pihy,, () dtdx
1
=D | o+ DI OP Y0 x
v=0""°
1
XU Pn,v(x)dx)dt = £ pon; - (12)
0
This prove that
K (oM leproar = IS llerpoar - (13)

Corollary 2:- The sequences

Proof:- We use (13) repeatedly in

(K" (f, ) st and {1, (f ")}n>1 are LP — bounded.
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”;(?;n (f:')”L?’[u.ﬂ = ”1{11 (Krj;n_lff)”LP[U.u

= T oDl erroa

= een

(14)

= ”f”LP|U.1| ’

And using (14)

Kk
e F ooy = . Ky WKE D | ppo.
m=1

= zk”f”LP[o,ﬂ .

(15)

This completes the proof.

Theorem 1:- Let f ec[0,1]. then I, (f,.) converges to (f.) uniform on [0,1]
Proof:- It follows from continuity of on [0,1] that for a given & > 0 such that
[fCx) — fQ)l < ¢ if |x; — x| < 8.

Now,

e (F,20) = FCO gy = 2KUKT(F(O) = £C, 0l cp
(16)

= 2X|IK, (f (6) — £C0, Ol eqy -

(Analogously (14) and (15))

Let (t) be characteristic function of set {t e [0,1];|t — x| < &}.

IKa(f(2) = £(2),20)] < f W(nx,0) If(£) = £(o)l de

- f W, O pOIF(6) - OO dt + j Wn,xt) (1-$(0) X [£(t) - &) dt
0 0

! 2l e 1
< {"J; W(n,x, t)dt +TC“]L W(n,x,t) (t —x)*dt. (17)

This is compounded with (5) and (9) so that for every,x ¢ 1
(18)

K, (F) = F@, 0] <o (e + %) .

This estimate in conjunction with (16) completes the proof of the theorem.

Theorem 2 : The sequence {lnx(f,)}, ., converges to f in LP[I].

Proof: Let {f,},»; be a sequence of functions in C[/]converging uniformly to

Then
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||In_k(f,-7('.) - f(x)"Lp“] < ||‘(nk(f - f?"x)”LP[,i]
+ ”"n.k(fr-x) - f?’(x)”l‘p[‘,] + [If:(x) - f(x)”Lp[,-]

< Cl"f - fr”LP[I] + ||[n,k(frrx) - fr(x)”me + |Ifr(1) - f(I]“LP[;]

From coro.(2)
< allf = frllem + [Tnx(fr %) -fr(l')"c:ﬂ

The proof now follows from theorem 1.

3. Conclusion:- Iterative combination of Bernstein Kantorovitch polynomials 17,,,(f,x) , Converges to f(x)
uniformly on [0,1].
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