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Abstract : In this paper, we introduce two new irregular colourings namely acyclic irregular colouring and b-irregular colouring
and investigate an acyclic irregular chromatic number of line and middle graph of star, bi-star and double star graph and b-
irregular chromatic number of K-ary tree, (2,n)-barbell tree and friendship graph.
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l.Introduction

The concept of irregular colouring was studied by Avudainayaki, Selvam [1] and Burris [2]. The concept of acyclic colouring was
introduced by B.Grunbaum [5] and studied about acyclic chromatic number by [3,4,6]. The b-chromatic number was introduced
by Lrving and Manlove in [7]. In this paper, we introduce two new irregular colourings namely acyclic irregular colouring and b-
irregular colouring and investigate an acyclic irregular chromatic number of line and middle graph of star, bi-star and double star
graph and b- irregular chromatic number of K-ary tree, (2,n)-barbell tree and friendship graph.

1. Terminologies

Definition 2.1 Colouring A proper colouring of a graph G is a function ¢: V(G) — N having the property that c(u) # c(v) for
every pair u, v of adjacent vertices of G. A k-colouring of G uses k colours. The chromatic number y (G) is the least positive

integer k for which G admits k-colouring.

Definition 2.2 Irregular colouring

For a graph G, a colouring c: V(G)— {1,2,3,....,k} of the vertices of G for some positive integer k, the colour code of a vertex v of
G (‘with respect to c) is the ordered (k+1)-tuple code(Vv) = (ao, a1, &,..., &) Where ao is the colour assigned to v and 1< i<k, a; is the
number of vertices of G adjacent to v that are coloured i. The colouring c is irregular if the different vertices have different colour

codes and the irregular chromatic number is denoted by ¥, (G)

Definition 2.3 Acyclic colouring
A acyclic-colouring of a graph is colouring if every cycle uses at least three colours. The acyclic chromatic nhumber of G is
denoted by a(G).

Definition 2.4 b-colouring
The b-colouring of a graph G is a colouring of the vertices where each colour contains a vertex that has a neighbour in all other

colour classes. The b-chromatic number %, (G) of a graph G is the largest integer that the graph has b-colouring with b number
of colours.

Definition 2.5 Star graph
The complete bigraph K is called star graph.

Definition 2.6 Bistar
The bistar graph Bm,n is the graph obtained from K by joining m pendent edges to one end and n pendent edges to the other end of
K. Let u and v be the vertices of K, and us,Us,...,um and vi,Vvo,...,vn be the pendent vertices joined to u and v respectively.

Definition 2.7 Double star graph
Double star Ky is obtained by K1, by joining a new pendant edges of the existing n pendant vertices.

Definition 2.8 Line graph
In the line graph L(G), vertices are the edges of G and edges aretwovertices of L(G) adjacent whenever the corresponding edges
of G are adjacent.
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Definition 2.9 Middle graph
The vertex set of the middle graph M(G) is the union V(G) and E(G) and (i) x,y are in E(G) and x,y are adjacent in G, (ii) X is in

V(G) and x,y € E(G) are incident in G.

Definition 2.10 K-ary tree
A graph G is called an K-ary tree if G is a rooted tree such that the root has degree k and all the other vertices have degree k+1.

Definition 2.11 (2,n) -Barbell graph
The (2,n)-Barbell graph is the simple graph obtained by connecting two copies of a complete graph K, by a bridge and it is

denoted by B(Kn, Ky),n>3.

Definition 2.12 Friendship graph
The friendship graph T, is a set of n triangles having a common central vertex and V(Tn)={V1,V2,...,Van+1} With vy as the central

vertex and E(Tn)={ vaVi / 2<i<2n+11}U{ voiVais1 / 1<i<n} respectively.
111.Main Result

Definition 3.1 Acyclic irregular colouring
An irregular colouring of a graph G is an acyclic irregular colouring if every cycle uses at least three colours. The acyclic

irregular chromatic number of G is denoted by y,;, (G).

Definition 3.2 b- irregular colouring
The b-irregular colouring of a graph G is an irregular colouring of the vertices where each colour contains a vertex that has a

neighbour in all other colour classes. The b-irregular chromatic number ;(bir(G) of a graph G is the largest integer that the graph
has b-irregular colouring with b number of colours.

Algorithm 3.1 We use the following algorithm to determine an acyclic irregular chromatic number of the line graph of star graph.
Procedure (Acyclic irregular colouring of L(Ky),n>2)

Input: Ve{uy,uUz,...,un}

E—{ewer...enn-1)2}

if n>2

fori=1tondo

Uji

end for

end if

end procedure

Theorem 3.1 For any star graph Kuin, ¥, (L(Kyn)=n.

Proof- Let L(Kyn) be the line graph of star graph. The vertex set and edge set of L(Kz,) is as follows; V(L(Kyn))={ui/ 1<i<n},
E(L(Kyn)={uiti+/1<i<n-1, 1<j<n-i}. In L(Kyp), the vertices ug,Uz,...,un form a complete graph of order n. Thus we have ;.
(K1,n) >n. Using algorithm 2.8, we coloured the vertices of L(Ka1,,) by using n colours. In the way of minimum colouring, the line
graph of star graph contains no bi-coloured cycle and no same colour codes. Hence ;. (L(Kin)=n.

Example: Acyclic irregular colouring of line graph of star

Algorithm 3.2
We use the following algorithm to determine an acyclic irregular chromatic number of the line graph of bi-star graph.
Procedure: (Acyclic irregular colouring of L(Bnn),n>2)
Input: Ve{v, ui,Uy,...,un,V1,Va,...,Vn}
E—{eye2...n%n}
if n>2
vel
Vnen+2
fori=1tondo
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Ui<i+1

end for
fori=1ton-1do
Vi—i+l

end for

end if

end procedure

Theorem 3.2 For any bi-star graph Bnn, ¥, (L(Bnn)=n+2.

Proof- Let L(Bnn) be the line graph of bi-star graph. The vertex set and edge set of L(Bn,) is as follows; V(L(Bnn))={V,v;,ui/
1<i<n}, E(L(Bnn))={ Uili+j, ViVisj / 1<i<n-1, 1<<n-i}u{vui, vvi /1<i<n}. In L(Bn,), the vertices v,us,Uy,...,un form a complete
graph of order n+1. Therefore we need at least (n+1) colours to colour the vertices of L(Bnn). The following colouring for L(Bn)
is acyclic irregular. For 1<i<n, ¢(v)=1, c(ui)=i+1; For 1<i<n-1, c(v;)=i+1; c(vn)=n+2. In the way of minimum colouring, the line

graph of bi-star graph contains no bi-coloured cycle and no same colour codes. Hence ;. (L(Bnn)=n+2.

Algorithm 3.3 We use the following algorithm to determine an acyclic irregular chromatic humber of the line graph of double
star graph.
Procedure: (Acyclic irregular colouring of L(K1nn),n>2)
Input: Ve{ us,Uy,...,un,Vi,Va,...,Vn}
E—{ 61,82,...,8(n2+ ny2}
if n>2
fori=1tondo
Ui<i
end for
fori=1ton-1do
Vi—i+1
end for
Vel
end if
end procedure

Theorem 3.3 For any double star graph Kinn, ¥,ir (L(K1nn))=n.

Proof- Let L(ki,nn) be the line graph of double star graph. The vertex set and edge set of L(kinn) is as follows; V(L(K1,nn))={vi,ui/
1<i<n}, E(L(k1n,n))={ Uili+j/ 1<i<n-1, 1<j<n-i}u{viui/1<i<n}. In L(kynn), the vertices us,uy,...,un form a complete graph of order
n. Therefore ;. (L(Kinn))>n. The acyclic irregular colouring of L(kinn) is as follows; For 1<i<n, c(ui)=i; For 1<i<n-1, c(vi)=i+1,
c(vn)=1. In the way of minimum coloring, the line graph of double star graph contains no bi-colored cycle and no same color
codes Hence ¥, (L(Kinn)=n.

Example: Acyclic irregular colouring of line graph of double star

Algorithm 3.4
We use the following algorithm to determine an acyclic irregular chromatic number of the middle graph of star graph.
Procedure: (Acyclic irregular colouring of M(Ky),n>2)
Input: Ve{v,ui,Uz,...,un,W1,Wa,...,Wn}
E<—{ el,ez,...,e(n2+3 n )/2}
if n>2
fori=1tondo
Wi<—i
end for
ven+l
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Ur<n+1

for i=1ton-1do

Ui<—i

end for

end if

end procedure

Theorem 3.4 For any star graph Kuin, i, (M(Kyn)=n+1.

Proof- Let M(K1,,) be the middle graph of star graph. The vertex set and edge set of M(K1,,) is as follows; V(M(K4,n))={Vv,ui,w;
/1<i<n}, EM(Kyn))={ui/1<i<n}Uu{w; wis/1<i<n-1, 1<j<n-i}. In M(Kay,n), the vertices v,wi,Wa,...,w, form a complete graph of
order n+l. Thus we have Y. (M(Kyn)>nt+l. In M(Kyp), deg(wi)#deg(ui), it follows that code(wi)#code(ui). SO ¥,

(M(Kyn)<ntl. Hence x,;, (M(Kyn)=n+1.
Example: Acyclic irregular colouring of middle graph of star

Algorithm 3.5

We use the following algorithm to determine an acyclic irregular chromatic number of the middle graph of bi-star graph.
Procedure (Acyclic irregular colouring of M(Bpn),n>2)
Input: V<{u,v,w, U,Us,...,un,V1,Va,...,Vn, $1,52 ,...,8n, t1,t2 ,...,tn}
E<—{e1es...n%5n+2 }

if n>2

u<1l

ve2

s1 <1

Vi «n+2

wen+2

fori=1tondo

ti—i+1

Ui<i

end for

fori=2tondo

Si<i+2

end for

fori= 1ton-1 do

Visr i

end for

end if

end procedure

Theorem 3.5 For any bi-star graph Bnn, ¥, (M (Bnn)=n+2.

Proof- Let M(Bnn) be the middle graph of bi-star graph. The vertex set and edge set of M(Bnn) is as follows;
V(M(Bnn))={u,v,w,vi,ui,t;,si/1<i<n}, E(MM(Bnn))={ titi+j, SiSi+j / 1<i<n-1, 1<j<n-i}u{ uw, vw}u{ws;,wti,ut;,vs;Visi,uiti /1<i<n}. In
M(Bnn), the vertices u,w,ty,to,...,tn form a complete graph of order n+2. Therefore we need atleast (n+2) colours to colour the
vertices of M(Bnn). The following colouring for M(Bn) is acyclic irregular. For 1<i<n, c(u)=1, c(v)=2, c(s1)=1, c(vi)=n+2,
c(w)=n+2, c(ui)=i, c(tj)=i+1; For 2<i<n, c(s;)=2+i; For 1<i<n-1, c(vi+1)=i. In the way of minimum coloring, the middle graph of bi-
star graph contains no bi-colored cycle and no same color codes. Hence ;, (M(Bnn)=n+2.

Example: Acyclic irregular colouring of Middle graph of Bi-star
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Algorithm 3.6 We use the following algorithm to determine an acyclic irregular chromatic number of the middle graph of

double star graph.

Procedure: (Acyclic irregular colouring of M(Kynn),n>2)
Input: Ve<{ u,us,Uz,...,un,V1,Va,...,Vn, S1,52 ,...,8n, t1,t2 ,...,tn}
E<—{ el,ez,...,e(n2+ oan )/2}

if n>2

fori=1tondo
Vi<—i

Sii

Uie—n+1

end for

fori=1ton-1do

ti—i+1

end for

thel

u<—n+1

end if

end procedure

Theorem 3.6 For any double star graph Kinn, i (L(K1nn))=n+1.

Proof- Let M(kinn) be the middle graph of double star graph. The vertex set and edge set of M(Kinn) is as follows;
V(M(Kgnn))={u,vi,ui,siti /1<i<n}, EM(kynn))={ usi, uisi, Uiti, viti Siti / 1<i<n} U{Sisi+j /1<i<n-1, 1<j<n-i}. In M(Ka,nn), the vertices
U,51,82,...,sn form a complete graph of order n+1. Therefore y,;, (M(Kinn))>n+1. The acyclic irregular colouring of M(kinn) is as
follows; For 1<i<n, c(vi)=c(si)=i, c(uj)=n+1;For 1<i<n-1, c(t)=i+1, c(tn)=1, c(u)=n+1. In the way of minimum colouring, the line

graph of double star graph contains no bi-coloured cycle and no same colour codes. Hence ;. (M (Kinn)=n+1.
Example: Acyclic irregular colouring of Middle graph of double star

Algorithm 3.7

We use the following algorithm to determine b-irregular chromatic number of k-ary tree graph, m>3.
Ve{V,v1,Va,..., vk, U, Uz,...,u’}

E—{ 61,62,...,€k2+k}

ifk>3

Vv « k+1

for i=1to k do

Vi « i

Ui < i+l

end for
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for i=1to k-1do

for j=1to i do

Ukitj < ]

end for

end for

fori=2tokdo

for j=0to k-i do

Ukij < k+1—]j

end for

end for

end if

end procedure

Theorem 3.7 For k>3, g, (k-ary tree)=k+1.

Proof- From the structure of k-ary tree, the vertex set and edge set of k-ary tree as follows; V(k-ary
tree)={V,U1,Uz,...,u%,V1,Va,...,vi} and E(k-ary tree) = {vvi/1<i<k} U {viuj/1<i<k, 1<j<k}. Define a function f:V«<{1,2,3,...} such
that f(u)£f(v) if uve E. The b-irregular colouring pattern of k-ary tree as follows; f(v)=k+1, f(v1)=1, for 1<i<k, f(vi)=i and
f(ui)=i+1; for 1<i<k-1, 1<, f(uwis)=j; for 2<i<k, 0<j<k-i ,f(uxij)=k+1-j. In the way of minimum b-irregular colouring, we need at

most k+1 colours to colour the vertices of k-ary tree. Hence ;. ( k-ary tree)=k+1.

Examble: b-irregular colouring of k-ary tree

Algorithm 3.8
We use the following algorithm to determine an b-irregular chromatic number of (2,n)-Barbell graph B(K, ,K, ), n>2.

Procedure (b-irregular colouring of (2,n)-Barbell graph B(K, ,Kn ), n>2)

Input: Ve—{vi,v,...,vp, U1,Uz,...,un}

E<{e1ez....8 n2ne1}

ifn>3

Ui n+l

fori=1tondo

Vi <« i

end for

fori=1ton-1do

Uirg <

end for

end if

end procedure

Theorem 3.8 Forn>3, x,, (B(K,,K,)=n+1

Proof- Let B(Kn,Kn) be the (2,n)-Barbell graph. Let {vi,va,...,vn} be the vertices of first complete graph denoted as K! and
{u1,Uz,...,un} be the vertices of second complete graph denoted as K2. Define a function f:V<{1,2,3,...} such that f(u)£f(v) if uve
E, The b-irregular colouring pattern of B(K,,Kn) as follows; f(u1)= n+1; for 1< i< n, f(vi)=i; for 1< i< n-1, f(ui+1)=i. In the way of
minimum b-irregular colouring, we used at most (n+1) colours to colour the vertices of (2,n)- Barbell graph and the difference
between the number of appearance of each pair of colours does not exceed one. Hence y,; (B(K,,K,)=n+1.

Example: b-irregular colouring of B(Ks,Ks)
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Algorithm 3.9

We use the following algorithm to determine the b-irregular chromatic number of the friendship graph T,, n>3.
Procedure (b-irregular colouring of friendship graph Ty, n>3)
Input: V<—{V1,V2,. . .,V2n+1}

E<—{ 61,62,...,62n}

if n>3

Vi1

Vons < 2

fori=1tondo

Vi « i+1

end for

fori=1ton-1do

Voj+1 « 142

end for

end if

end procedure

Theorem 2.3 For n>3, y,, (T, ) =n+1.

Proof- Let T, be a friendship graph. The vertex set and edge set of friendship graph is as follows; V(T,)={vi/1<i<2n+1} and
E(Tn)={v1vi/2<i<2n+1}. Define a function f:V«{1,2,3,...} such that f(u)#f(v) if uve E. The b-irregular colouring pattern of
friendship graph is as follows; f(vi)=1, f(vans1)=2, for 1<i<n, f(vz)=it+1; for 1<i<n-1, f(Vzi+1)=2+i. In the way of b-irregular
colouring, we need at most n+1 colours to colour the vertices of friendship graph and the difference between the number of

appearance of each pair of colours does not exceed one. Hence y,, (T,)=n+1.
Example: b- irregular colouring of Friendship graph

111. CONCLUSION
we have determined the acyclic irregular chromatic number for line graph of star, bi star, double star and middle graph of star, bi
star, double star graph and b-chromatic number of k-ary tree and (2,n)-barbell graph, friendship graph.
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