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ABSTRACT 

In this paper we prove Banach fixed point theorem in intuitionistic fuzzy quasi-metric space. The existence 

of a solution for a recurrence equation which appears in the average case analysis of Quicksort algorithms 

is obtained as an application. We generalize the results of Romaguera, Sapena and Tirado  and also 

generalize several known results. 
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1.1 Introduction  

Fuzzy set theory was first introduced by Zadeh in 1965 to describe the situations where data are uncertain. 

Thenafter the concept of fuzzy sets was generalized as intuitionistic fuzzy set by Atanassov [1,2] in 1984, 

has a wide range of applications in various fields. 

With the help of continuous t-norm the concept of fuzzy metric space was modified by Kramosil and 

Michalek [3] and George and Veeramani [4]. The concept of fuzzy quasi-metric space was introduced by 

Gregori and Romaguera [5] by generalizing the concept of fuzzy metric space given by Kramosil and 

Michalek [6]. 

The concept of intuitionistic fuzzy quasi-metric space was introduced by Tirado [7] by generalizing the 

notion of intuitionistic fuzzy metric space given by Alaca, Turkoglu and Yildiz [8] to the quasi-metric 

setting and gave intuitionistic fuzzy quasi-metric version of the Banach contraction principle. Our basic 

references are  [9], [10], [11], [12], [13], [7]. 

In [11], Grabiec proved fuzzy versions of celebrated Banach fixed point theorem and Edelstein fixed point 

theorem. Romaguera, Sapena and Tirado [16] proved the Banach fixed point theorem in fuzzy quasi-metric 

spaces and applied the result to the domain of words. 

1.2  Preliminaries 

Definition 1.2.1. A binary operation ⋆ ∶  [0, 1] × [0, 1] →  [0, 1] is a continuous  𝑡 − 𝑛𝑜𝑟𝑚 if it satisfies 

the following conditions: 

(1) ⋆ is commutative and associative. 

(2) ⋆ is continuous. 

(3) 𝑎 ⋆  1 =  𝑎 for all 𝑎 ∈  [0, 1]: 
(4)𝑎 ⋆  𝑏 ≤  𝑐 ⋆  𝑑 whenever 𝑎 ≤  𝑐 and 𝑏 ≤  𝑑 with    𝑎, 𝑏, 𝑐, 𝑑 ∈  [0, 1] 

Definition 1.2.2. A binary operation 𝛻 ∶  [0, 1] × [0, 1] →  [0, 1] is a continuous  𝑡 − 𝑐𝑜𝑛𝑜𝑟𝑚 if it satisfies 

the following conditions: 

(1) 𝛻 is commutative and associative. 

(2) 𝛻 is continuous. 

(3) 𝑎 𝛻 0 =  𝑎 for all 𝑎 ∈  [0, 1]: 
(4) 𝑎 𝛻 𝑏 ≤   𝑐 𝛻 𝑑 whenever 𝑎 ≤  𝑐 and 𝑏 ≤ 𝑑 with   𝑎, 𝑏, 𝑐, 𝑑 ∈  [0, 1] 

Remark 1.2.1. The concept of triangular norms (𝑡 − 𝑛𝑜𝑟𝑚) and triangular conforms  (𝑡 − 𝑐𝑜𝑛𝑜𝑟𝑚) are 

known as the axiomatic skeletons that we use for characterizing fuzzy intersections and unions 
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respectively. These concepts were originally introduced by Menger [17] in his study of statistical metric 

spaces. Several examples for these concepts were purposed by many authors. 

 

Definition 1.2.3. A 5-tuple (𝑋, 𝑀, 𝑁,⋆, 𝛻) is said to be an intuitionistic fuzzy quasi-metric space if X is an 

arbitrary set,  ⋆ is a continuous t-norm,  𝛻 is a continuous t-conorm and 𝑀 and 𝑁 are fuzzy sets on 𝑋2 ×
 [0, 1) satisfying the following conditions: 

(1) 𝑀(𝑥, 𝑦, 𝑡) +  𝑁(𝑥, 𝑦, 𝑡) ≤  1, ∀ 𝑥, 𝑦 ∈  𝑋 and 𝑡 >  0: 

(2) 𝑀(𝑥, 𝑦, 0) =  0  ∀  𝑥, 𝑦 ∈  𝑋: 

(3) 𝑀(𝑥, 𝑦, 𝑡) =  𝑀(𝑦, 𝑥, 𝑡) =  1, 𝑖𝑓𝑓 𝑥 =  𝑦  ∀ 𝑡 >  0: 

(4)𝑀(𝑥, 𝑦, 𝑡) ⋆ 𝑀(𝑦, 𝑧, 𝑠) ≤  𝑀(𝑥, 𝑧, 𝑡 +  𝑠) ∀ 𝑥, 𝑦, 𝑧 ∈  𝑋  and 𝑠, 𝑡 >  0: 

(5) for all 𝑥, 𝑦 ∈ 𝑋, 𝑀(𝑥, 𝑦, . ): [0, 1) →  [0, 1] is left continuous. 

(6) 𝑁(𝑥, 𝑦, 0) =  1 ∀ 𝑥, 𝑦 ∈  𝑋: 

(7) 𝑁(𝑥, 𝑦, 𝑡) =  𝑁(𝑦, 𝑥, 𝑡) =  0 𝑖𝑓𝑓 𝑥 =  𝑦 ∀ 𝑡 >  0: 
(8) 𝑁(𝑥, 𝑦, 𝑡) 𝛻 𝑁(𝑦, 𝑧, 𝑠) ≥  𝑁(𝑥, 𝑧, 𝑡 +  𝑠) ∀ 𝑥, 𝑦, 𝑧 ∈  𝑋    and 𝑠, 𝑡 >  0: 
(9) for all 𝑥, 𝑦 ∈  𝑋, 𝑁(𝑥, 𝑦, . ): [0, 1) →  [0, 1] is right continuous. 

In this case, we say that (𝑀, 𝑁,⋆, 𝛻) is an intuitionistic fuzzy quasi-metric (an ifqm) on X.  If in addition 𝑀 

and 𝑁 satisfy 𝑀(𝑥, 𝑦, 𝑡)  =  𝑀(𝑦, 𝑥, 𝑡) and 𝑁(𝑥, 𝑦, 𝑡)  =  𝑁(𝑦, 𝑥, 𝑡) for all 𝑥, 𝑦 ∈  𝑋 and 𝑡 >  0 then (𝑀, 𝑁,
⋆, 𝛻) is called intuitionistic fuzzy metric on X and (𝑋, 𝑀, 𝑁, ⋆, 𝛻) is called an intuitionistic fuzzy metric 

space. 

 

Example 1.2.1. Let (𝑋, 𝑑) be a quasi-metric space. Define 𝑡 − 𝑛𝑜𝑟𝑚 𝑎  ⋆  𝑏 = 𝑚𝑖𝑛{𝑎, 𝑏}  and 𝑡 −

𝑐𝑜𝑛𝑜𝑟𝑚 𝑎  𝛻 𝑏 =  𝑚𝑎𝑥{𝑎, 𝑏} and for all 𝑥, 𝑦 ∈  𝑋 and 𝑡 >  0,        𝑀𝑑(𝑥, 𝑦, 𝑡)  =  
𝑡

𝑡 + 𝑑(𝑥,𝑦)
   𝑎𝑛𝑑   

𝑁𝑑(𝑥, 𝑦, 𝑡) =
𝑑(𝑥,𝑦)

𝑡 + 𝑑(𝑥,𝑦)
. 

Then (𝑋, 𝑀, 𝑁,⋆, 𝛻) is an intuitionistic fuzzy quasi-metric space. We call this intuitionistic fuzzy quasi-

metric (𝑀, 𝑁) induced by the metric 𝑑 the standard intuitionistic fuzzy-quasi metric. Furthermore it is easy 

to check that (𝑀𝑑)−1  =  𝑀𝑑−1 , (𝑀𝑑)𝑖  =  𝑀𝑑𝑖 , (𝑁𝑑)−1  =  𝑁𝑑−1 , (𝑁𝑑)𝑖  =  𝑁𝑑𝑖 . The topology 𝜏  
generated by 𝑑 coincides with the topology 𝜏𝑀𝑁𝑑

 generated by the induced intuitionistic fuzzy quasi-metric 

(𝑀, 𝑁, ⋆, 𝛻) . 
 

Remark 1.2.2. It is clear that if (𝑋, 𝑀, 𝑁,⋆, 𝛻)  is an ifqm-space then (𝑋, 𝑀,⋆) is a fuzzy quasi-metric 

space. Conversely if (𝑋, 𝑀,⋆) is a fuzzy quasi-metric space on 𝑋, then (𝑋, 𝑀, 1 − 𝑀, ⋆, 𝛻) is an ifqm-

space where 𝑎 𝛻 𝑏 =  1 − [(1 − 𝑎) ⋆ (1 − 𝑏)] for all 𝑎, 𝑏 ∈  [0, 1].  If (𝑀, 𝑁,⋆, 𝛻) is an ifqm on 𝑋, then 

(𝑀−1, 𝑁−1,⋆, 𝛻) is also an ifqm on 𝑋 where 𝑀−1 and 𝑁−1 are the fuzzy sets in 𝑋 ×  𝑋 ×  (0, 1) defined by 

  𝑀−1(𝑥, 𝑦, 𝑡)  =  𝑀(𝑦, 𝑥, 𝑡) and 𝑁−1(𝑥, 𝑦, 𝑡) =  𝑁(𝑦, 𝑥, 𝑡).   
Moreover if we denote 𝑀𝑖 and 𝑁𝑠, the fuzzy sets on 𝑋2 × [0, 1) given by   

 𝑀𝑖(𝑥, 𝑦, 𝑡) = 𝑚𝑖𝑛{𝑀(𝑥, 𝑦, 𝑡), 𝑀−1(𝑥, 𝑦, 𝑡)} 

 𝑎𝑛𝑑 

    𝑁𝑠(𝑥, 𝑦, 𝑡) = 𝑚𝑎𝑥{𝑁(𝑥, 𝑦, 𝑡), 𝑁−1(𝑥, 𝑦, 𝑡)}.   
Then (𝑀𝑖 , 𝑁𝑠,⋆, 𝛻) is an intuitionistic fuzzy metric on 𝑋. In order to construct a suitable topology on an 

ifqm-space (𝑋, 𝑀, 𝑁,⋆, 𝛻) it seems natural to consider balls 𝐵(𝑥, 𝑟, 𝑡) defined similarly to Park [16] and 

Alaca, Turkoglu and Yildiz [1] by  

𝐵(𝑥, 𝑟, 𝑡) = {𝑦 ∈  𝑋 ∶  𝑀(𝑥, 𝑦, 𝑡) >  1 −  𝑟. 𝑁(𝑥, 𝑦, 𝑡) <  𝑟  ∀  𝑥 ∈  𝑋}  𝑟 ∈  (0, 1) and 𝑡 >  0:  

Then one can prove as in Park [16] that the family of sets of the form  

{𝐵(𝑥, 𝑟, 𝑡): 𝑥 ∈  𝑋, 0 <  𝑟 <  1, 𝑡 >  0} is a base for the topology 𝜏𝑀,𝑁 on 𝑋. 

Definition 1.2.4. Let (𝑋, 𝑀, 𝑁,⋆, 𝛻) be an intuitionistic fuzzy metric space. A sequence {𝑥𝑛}𝑛 𝑖𝑛 𝑋 is called 

a Cauchy if for each 𝜖 ∈  (0, 1) and each 𝑡 > , there exists 𝑛0 ∈  𝑁 such that 𝑀(𝑥𝑛, 𝑥𝑚, 𝑡)  >  1 − 𝜖,
𝑁(𝑥𝑛, 𝑥𝑚, 𝑡)  <  𝜖 

whenever 𝑛, 𝑚 ≥  𝑛0. We say that (𝑋, 𝑀, 𝑁,⋆, 𝛻) is complete if every Cauchy sequence is convergent. 
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Definition 1.2.5. A sequence {𝑥𝑛}𝑛 in an intuitionistic fuzzy metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻) is said to be 

converges to a point 𝑥 ∈ 𝑋 if and only if 𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥, 𝑥𝑛, 𝑡)  =  1  and 𝑙𝑖𝑚
𝑛→∞

𝑁(𝑥, 𝑥𝑛, 𝑡)  =  0 for all 𝑡 >  0. 

 

Definition 1.2.6. Let (𝑋, 𝑀, 𝑁,⋆, 𝛻) be an intuitionistic fuzzy metric space. A sequence {𝑥𝑛}𝑛 𝑖𝑛 𝑋 is called 

𝐺 −Cauchy if for each 𝑝 ∈  𝑁 and each 𝑡 >  0, 

𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥𝑛, 𝑥𝑛+𝑝, 𝑡)  =  1 and 𝑙𝑖𝑚
𝑛→∞

𝑁(𝑥𝑛, 𝑥𝑛+𝑝, 𝑡)  =  0. 

 We say that (𝑋, 𝑀, 𝑁,⋆, 𝛻)  is 𝐺 −complete if every 𝐺 −Cauchy sequence is convergent. 

 

1.3. The Banach Fixed Point Theorem In Intuitionistic Fuzzy Quasi-Metric  Space 

Definition 1.3.1. A  𝐵 −contraction on an intuitionistic fuzzy metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻)  is a self mapping 

f on X such that there is a constant 𝑘 ∈ (0, 1) satisfying 

          𝑀(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡)  ≥  𝑀(𝑥, 𝑦, 𝑡)  

and     𝑁(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤ 𝑁(𝑥, 𝑦, 𝑡)         for all 𝑥, 𝑦 ∈ 𝑋, 𝑡 >  0. 

Theorem A. Let (𝑋, 𝑀, 𝑁,⋆, 𝛻) be a 𝐺 −complete intuitionistic fuzzy metric space and 𝑓 ∶  𝑋 →  𝑋 be a 

self-map such that 

         𝑀(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡)  ≥ 𝑀(𝑥, 𝑦, 𝑡) 

 and     𝑁(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤  𝑁(𝑥, 𝑦, 𝑡), 
for all 𝑥, 𝑦 ∈  𝑋, 𝑡 >  0 with 𝑘 ∈  (0, 1). Then 𝑓 has a unique fixed point. 

Generalizing in a natural way the notations of G-completeness and B-contraction to intuitionistic fuzzy 

quasi-metric spaces we introduce the following concepts. 

 

Definition 1.3.2. A sequence {𝑥𝑛}𝑛 in an intuitionistic fuzzy quasi-metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻) is said to be 

𝐺 −Cauchy if it is a 𝐺 −Cauchy sequence in the intuitionistic fuzzy metric space (𝑋, 𝑀𝑖 , 𝑁𝑠 , ⋆, 𝛻). 
 

Definition 1.3.3. An intuitionistic fuzzy quasi-metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻) is called 𝐺 −bicomplete if the 

intuitionistic fuzzy metric space (𝑋, 𝑀𝑖 , 𝑁𝑠 ,⋆, 𝛻) is G-complete. In this case we say that (𝑀, 𝑁, ⋆, 𝛻) is a 

fuzzy quasi-metric on 𝑋. 

 

Definition 1.3.4.  A 𝐵 −contraction on an intuitionistic fuzzy quasi-metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻) is a self 

mapping 𝑓 on 𝑋 such that there is a constant 𝑘 ∈ (0, 1) satisfying 𝑀(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≥  𝑀(𝑥, 𝑦, 𝑡). Let 

(𝑋, 𝑀, 𝑁,⋆, 𝛻) be a 𝐺 −bicomplete intuitionistic fuzzy quasi-metric space such that       𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥, 𝑦, 𝑡)  =  1 

and 𝑙𝑖𝑚
𝑛→∞

𝑁(𝑥, 𝑦, 𝑡)  =  0  

for all 𝑥, 𝑦 ∈  𝑋. Then every  𝐵 −contraction on 𝑋 has a unique fixed point  and  𝑁(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤
 𝑁(𝑥, 𝑦, 𝑡), for all 𝑥, 𝑦 ∈  𝑋, 𝑡 >  0.  
The number 𝑘 is called a contraction constant of  f. 

Theorem 1.3.1 

Proof. Let 𝑓 ∶  𝑋 →  𝑋 be a 𝐵 −contraction on 𝑋 with contraction constant 

𝑘 ∈  (0, 1). Then 

   𝑀(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≥ 𝑀(𝑥, 𝑦, 𝑡)   
𝑎𝑛𝑑  

    𝑁(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤  𝑁(𝑥, 𝑦, 𝑡),   
                                                                 for all 𝑥, 𝑦 ∈  𝑋, 𝑡 >  0. 

 It immediately follows that 

 𝑀𝑖(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≥  𝑀𝑖(𝑥, 𝑦, 𝑡) and 

 𝑁𝑠(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤  𝑁𝑠(𝑥, 𝑦, 𝑡),  
for all 𝑥, 𝑦 ∈ 𝑋, 𝑡 >  0: Hence 𝑓 is a 𝐵 −contraction on the 𝐺 −complete fuzzy metric  space (𝑋, 𝑀𝑖 , 𝑁𝑠 ,⋆
, 𝛻) and by 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝐴, f has a unique fixed point. 
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Definition 1.3.4.  A generalized 𝐵 −contraction on an intuitionistic fuzzy quasi-metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻) 

is a self mapping 𝑓 on 𝑋 such that there is a constant 𝑘 ∈ (0, 1) satisfying 

    𝑀(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡)  ≥ 𝑚𝑖𝑛{𝑀(𝑥, 𝑦, 𝑡), 𝑀(𝑥, 𝑓(𝑥), 𝑡), 𝑀(𝑦, 𝑓(𝑦), 𝑡)}  

 𝑎𝑛𝑑     𝑁(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤ 𝑚𝑎𝑥{𝑁(𝑥, 𝑦, 𝑡), 𝑁(𝑥, 𝑓(𝑥), 𝑡), 𝑁(𝑦, 𝑓(𝑦), 𝑡)} 

     for all 𝑥, 𝑦 ∈ 𝑋, 𝑡 >  0. 

The number 𝑘 is called a contraction constant of f . 

Proof. Let 𝑓 ∶  𝑋 →  𝑋 be a  weak 𝐵 −contraction on 𝑋 with contraction constant 𝑘 ∈  (0, 1). Then 

    𝑀(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡)  ≥ 𝑚𝑖𝑛{𝑀(𝑥, 𝑦, 𝑡), 𝑀(𝑥, 𝑓(𝑥), 𝑡), 𝑀(𝑦, 𝑓(𝑦), 𝑡)}  

 𝑎𝑛𝑑      𝑁(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤ 𝑚𝑎𝑥{𝑁(𝑥, 𝑦, 𝑡), 𝑁(𝑥, 𝑓(𝑥), 𝑡), 𝑁(𝑦, 𝑓(𝑦), 𝑡)} 

for all 𝑥, 𝑦 ∈  𝑋, 𝑡 >  0. 

 It immediately follows that 

𝑀𝑖(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡)  ≥   𝑚𝑖𝑛{𝑀𝑖(𝑥, 𝑦, 𝑡), 𝑀𝑖(𝑥, 𝑓(𝑥), 𝑡), 𝑀𝑖(𝑦, 𝑓(𝑦), 𝑡)}  

 𝑎𝑛𝑑 

𝑁𝑠(𝑓(𝑥), 𝑓(𝑦), 𝑘𝑡) ≤ 𝑚𝑎𝑥{𝑁𝑠(𝑥, 𝑦, 𝑡), 𝑁𝑠(𝑥, 𝑓(𝑥), 𝑡), 𝑁𝑠(𝑦, 𝑓(𝑦), 𝑡)} 

for all 𝑥, 𝑦 ∈ 𝑋, 𝑡 >  0: Hence 𝑓 is a weak 𝐵 −contraction on the 𝐺 −complete fuzzy metric  space 

(𝑋, 𝑀𝑖 , 𝑁𝑠 ,⋆, 𝛻) and by 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 𝐴, f has a unique fixed point. 

1.4. G-Bicompleteness In Non-Archimedean Intuitionistic Fuzzy Quasi-Metric Space 

Definition 1.4. 1. An intuitionistic fuzzy quasi-metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻) is called a non-Archimedean 

intuitionistic fuzzy quasi-metric space if (𝑀, 𝑁,⋆, 𝛻) is a non-Archimedean intuitionistic fuzzy quasi-metric 

on X, that is,  𝑀(𝑥, 𝑦, 𝑡) ≥ 𝑚𝑖𝑛{𝑀(𝑥, 𝑧, 𝑡), 𝑀(𝑧, 𝑦, 𝑡)}   
       𝑎𝑛𝑑  𝑁(𝑥, 𝑦, 𝑡) ≤ 𝑚𝑎𝑥{𝑀(𝑥, 𝑧, 𝑡), 𝑀(𝑧, 𝑦, 𝑡)}, 
for all 𝑥, 𝑦, 𝑧 ∈  𝑋 and 𝑡 >  0. 

 

Lemma 1.4.1. Each 𝐺 −Cauchy sequence in a non-Archimedean intuitionistic fuzzy quasi-metric space is 

a Cauchy sequence. 

 

Proof. Let{𝑥𝑛} be a 𝐺 −Cauchy sequence in the non-Archimedean intuitionistic fuzzy quasi-metric space 

(𝑋, 𝑀, 𝑁,⋆, 𝛻), then for each 𝑡 >  0, we have    𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥𝑛, 𝑥𝑛+1, 𝑡)  =  1 and 𝑙𝑖𝑚
𝑛→∞

𝑁(𝑥𝑛, 𝑥𝑛+1, 𝑡)  =  0, 

which implies that, for each 𝜖 ∈  (0, 1), there is 𝑛0 ∈ 𝑁 such that 

𝑀𝑖(𝑥𝑛, 𝑥𝑛+1, 𝑡)  >  1 − 𝜖  and 𝑁𝑠(𝑥𝑛, 𝑥𝑛+1, 𝑡)  <  𝜖 , for each 𝑛 ≥ 𝑛0, 

Now let 𝑚 >  𝑛 ≥ 𝑛0.  Then 𝑚 =  𝑛 +  𝑗, for some 𝑗 ∈  𝑁. So 

 𝑀𝑖(𝑥𝑛, 𝑥𝑚, 𝑡) ≥ 𝑚𝑖𝑛 {
𝑀𝑖(𝑥𝑛, 𝑥𝑛+1, 𝑡), 𝑀𝑖(𝑥𝑛+1, 𝑥𝑛+2, 𝑡),

… , 𝑀𝑖(𝑥𝑛+𝑗−1 , 𝑥𝑛+𝑗, 𝑡) 
}  

  > 1 − 𝜖  
 and 

 𝑁𝑠(𝑥𝑛, 𝑥𝑚, 𝑡) < 𝑚𝑎𝑥 {
𝑁𝑠(𝑥𝑛, 𝑥𝑛+1, 𝑡), 𝑁𝑠(𝑥𝑛+1, 𝑥𝑛+2, 𝑡),

… , 𝑁𝑠(𝑥𝑛+𝑗−1 , 𝑥𝑛+𝑗, 𝑡) 
}  

    < 𝜖. 

We conclude that {𝑥𝑛}   is a Cauchy sequence in (𝑋, 𝑀, 𝑁,⋆, 𝛻).  
 

Theorem 1.4.1. Each bicomplete non-Archimedean intuitionistic fuzzy quasi-metric space is 

𝐺 −bicomplete. 

 

Proof. Let {𝑥𝑛} be a 𝐺 −Cauchy sequence in the bicomplete non-Archimedean intuitionistic fuzzy quasi-

metric space (𝑋, 𝑀, 𝑁,⋆, 𝛻): By 𝐿𝑒𝑚𝑚𝑎 4.1, {𝑥𝑛} is a Cauchy sequence in (𝑋, 𝑀, 𝑁,⋆, 𝛻). Hence there is 

𝑥 ∈  𝑋 such that 

𝑙𝑖𝑚
𝑛→∞

𝑀(𝑥, 𝑥𝑛, 𝑡)  =  1 and 𝑙𝑖𝑚
𝑛→∞

𝑁(𝑥, 𝑥𝑛, 𝑡)  =  0, for all 𝑡 >  0. 

 We conclude that 

(𝑋, 𝑀𝑖 , 𝑁𝑠 ,⋆, 𝛻) is 𝐺 −complete, that is, (𝑋, 𝑀, 𝑁,⋆, 𝛻) is 𝐺 −bicomplete. 

 

http://www.jetir.org/


© 2019 JETIR  May 2019, Volume 6, Issue 5                                           www.jetir.org  (ISSN-2349-
5162) 

 

JETIR1905D04 Journal of Emerging Technologies and Innovative Research (JETIR) www.jetir.org 16 

 

Corollary 1.4.2. Each complete non-Archimedean intuitionistic fuzzy metric space is G-complete. 

 

1.5. Application To The Domain Of Words 

Let  𝛴  be a non-empty alphabet. Let  𝛴∞  be the set of all finite and infinite sequences ("words") over  𝛴, 

where we adopt the convention that the empty sequence 𝜙 is an element of  𝛴∞.  The symbol ⊑ denote the 

prefix order on  𝛴∞  , that is, 𝑥 ⊑  𝑦 ⟺  𝑥 is a prefix of 𝑦.  Now, for each 𝑥 ∈ 𝛴∞ denote by 𝑙(𝑥) the 

length of 𝑥. Then 𝑙(𝑥) ∈  [1, ∞) whenever 𝑥 ≠ 𝜙 and 𝑙(𝜙)  =  0. For each 𝑥, 𝑦 ∈ 𝛴∞ let 𝑥 ⊓ 𝑦 be the 

common prefix of 𝑥 and 𝑦. Thus the function 𝑑⊑ defined on  𝛴∞ ×  𝛴∞  by 

 𝑑⊑(𝑥, 𝑦) = {
0   𝑖𝑓  𝑥 ⊑ 𝑦 

2−𝑙(𝑥⊓𝑦)  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
  

is a quasi-metric on  𝛴∞ (We adopt the convention that 2∞  =  0). Actually, 

𝑑⊑ is a non-Archimedean quasi-metric on  𝛴∞  and the non-Archimedean quasi metric (𝛴∞ )𝑠 is the Baire 

metric on  𝛴∞, that is, (𝛴∞  )𝑠(𝑥, 𝑥)  =  0 and (𝛴∞  )𝑠(𝑥, 𝑦)  =  2−𝑙(𝑥⊓𝑦) for all 𝑥, 𝑦 ∈  𝛴∞  such that 𝑥 ≠
 𝑦. It is well known that (𝛴∞  )𝑠  is complete. From this fact it is clear that 𝛴∞ is bicomplete. The quasi-

metric  𝛴∞ , which was introduced by Smyth [20], will be called the Baire quasi-metric. Observe that 

condition 𝑑⊑(𝑥, 𝑦)  =  0 can be used to distinguish between the case that 𝑥 is a prefix of 𝑦 and the 

remaining cases. 

Example 1.5.1. Let 𝑑⊑ be a (non-Archimedean) quasi-metric on a set 𝑋 and let  𝑀𝑑⊑
 𝑎𝑛𝑑 𝑁𝑑⊑

 are fuzzy 

sets in 𝑋 ×  𝑋 × [0, 1) given by 

 𝑀𝑑⊑
(𝑥, 𝑦, 𝑡) =

𝑡

𝑡 + 𝑑⊑(𝑥,𝑦)
   and 

 𝑁𝑑⊑
(𝑥, 𝑦, 𝑡) =

𝑑⊑(𝑥,𝑦)

𝑡 + 𝑑⊑(𝑥,𝑦)
 

for all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 >  0. Then (𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨) is a (non-Archimedean) intuitionistic fuzzy quasi-metric 

on 𝑋, where ∧ denotes the continuous  

 

𝑡 −norm and ∨ denotes the continuous 𝑡 −conorm given by 𝑎 ∧ 𝑏 = 𝑚𝑖𝑛{𝑎, 𝑏} and 𝑎 ∨ 𝑏 = 𝑚𝑎𝑥{𝑎, 𝑏} . 

 It is clear that 𝜏𝑀𝑁𝑑⊑
 = 𝜏𝑑⊑

 and that (𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨)  is bicomplete if and only if (𝑋, 𝑑⊑)  is bicomplete. 

Proposition 1.5.1. ( 𝛴∞, 𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨) is a 𝐺 −bicomplete non-Archimedean intuitionistic fuzzy quasi-

metric space. 

Proposition 1.5.2. ( 𝛴∞, 𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨) is a 𝐺 −bicomplete non-Archimedean intuitionistic fuzzy quasi-

metric space. 

The intuitionistic fuzzy non-Archimedean quasi-metric (𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨) is 

given by 𝑀𝑑⊑1
(𝑥, 𝑦, 0)  =  0 and 𝑁𝑑⊑0

(𝑥, 𝑦, 0)  =  1 for all 𝑥, 𝑦 ∈ 𝛴∞. 

𝑀𝑑⊑1
(𝑥, 𝑦, 𝑡)  =  1 and 𝑁𝑑⊑0

(𝑥, 𝑦, 𝑡)  =  0 if 𝑥 is a prefix of 𝑦 and 𝑡 >  0,  𝑀𝑑⊑1
(𝑥, 𝑦, 𝑡) =  1 − 2−𝑙(𝑥⊓𝑦)  

and  𝑁𝑑⊑0
(𝑥, 𝑦, 𝑡) =  2−𝑙(𝑥⊓𝑦)  

if 𝑥 is not a prefix of 𝑦 and 𝑡 ∈ (0, 1), 
𝑀𝑑⊑1

(𝑥, 𝑦, 𝑡) = 1 and 𝑁𝑑⊑0
(𝑥, 𝑦, 𝑡) = 0 if 𝑥 is not a prefix of 𝑦 and 𝑡 >  1. 

𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 4.5.2 allows us to apply any of the 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 4.5.1 and 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4.3.1 to the complexity 

analysis of quicksort algorithm, to show, in direct way, the existence and uniqueness of solution for the 

following recurrence equation: 

 𝑇(1)  =  0 and 𝑇(𝑛) =
2(𝑛−1)

𝑛
+

𝑛+1

𝑛
 𝑇(𝑛 − 1), 𝑛 ≥ 2  

The average case analysis of Quicksort is discussed in [14] (see also [6]), where the above recurrence 

equation is obtained 

Consider as an alphabet  𝛴  the set of non-negative real numbers, that is, 

 𝛴 =  [0, 1).  We associate to 𝑇 the functional 𝛷 ∶  𝛴∞ →   𝛴∞ given by  (𝛷(𝑥))
1

=  𝑇(1)  and (𝛷(𝑥))
𝑛

=
2(𝑛−1)

𝑛
+

𝑛+1

𝑛
 𝑥(𝑛−1), 𝑛 ≥ 2  
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If 𝑥 ∈  𝛴∞ has length 𝑛 <  1, we write 𝑥 =  𝑥1𝑥2𝑥3 … 𝑥𝑛, and if 𝑥 is an infinite word we write 𝑥 =
 𝑥1𝑥2𝑥3 … 𝑥𝑛 … Next we show that 𝛷 is a 𝐵 −contraction on the 𝐺 −bicomplete non-Archimedean 

intuitionistic fuzzy quasi-metric space ( 𝛴∞, 𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨) with contraction constant   
1

2
 . 

To this end, we first note that, by construction,  

               we have 𝑙(𝛷(𝑥))  =  𝑙(𝑥)  +  1 

for all 𝑥 ∈  𝛴∞ (in particular 𝑙(𝛷(𝑥))  =  1 whenever 𝑙(𝑥)  =  1 ). 

Furthermore, it is clear that  𝑥 ⊑  𝑦 ⇔ 𝛷(𝑥)   ⊑ 𝛷(𝑦),  
and consequently  𝛷(𝑥 ⊓  𝑦)  ⊑  𝛷(𝑥)  ⊓  𝛷(𝑦), for all 𝑥, 𝑦 ∈ 𝛴∞. 

Hence   𝑙(𝛷(𝑥 ⊓  𝑦))  ⊑  𝑙(𝛷(𝑥) ⊓  𝛷(𝑦)), for all 𝑥, 𝑦 ∈ 𝛴∞. 

From the preceding observations we deduce that for all 𝑥, 𝑦 ∈  𝑋, if 𝑥 is a prefix of 𝑦, then  

𝑀𝑑⊑
(𝛷(𝑥), 𝛷(𝑦),

𝑡

2
)  =   𝑀𝑑⊑

(𝑥, 𝑦, 𝑡) = 1  

and            𝑁𝑑⊑
(𝛷(𝑥), 𝛷(𝑦),

𝑡

2
)  =   𝑁𝑑⊑

(𝑥, 𝑦, 𝑡) = 0.  

and if 𝑥 is not a prefix of 𝑦, then for all 𝑡 >  0, 

 𝑀𝑑⊑
(𝛷(𝑥), 𝛷(𝑦),

𝑡

2
)  =

𝑡

2

(
𝑡

2
)+2−𝑙(𝛷(𝑥) ⊓ 𝛷(𝑦)) 

  

     ≥  
𝑡

2

(
𝑡

2
)+2−𝑙(𝛷(𝑥 ⊓ 𝑦)) 

  

     ≥  
𝑡

2

(
𝑡

2
)+2−(𝑙(𝑥 ⊓ 𝑦)+1) 

  

     ≥  
𝑡

𝑡+2−(𝑙(𝑥 ⊓ 𝑦)) 
  

     ≥  𝑀𝑑⊑
(𝑥, 𝑦, 𝑡)  

and 

 𝑁𝑑⊑
(𝛷(𝑥), 𝛷(𝑦),

𝑡

2
)  =

2−𝑙(𝛷(𝑥) ⊓ 𝛷(𝑦)) 

(
𝑡

2
)+2−𝑙(𝛷(𝑥) ⊓ 𝛷(𝑦)) 

  

     ≤  
2−𝑙(𝛷(𝑥 ⊓ 𝑦)) 

(
𝑡

2
)+2−𝑙(𝛷(𝑥 ⊓ 𝑦)) 

  

     ≤  
2−(𝑙(𝑥 ⊓ 𝑦)+1) 

(
𝑡

2
)+2−(𝑙(𝑥 ⊓ 𝑦)+1) 

  

     ≤  
2−(𝑙(𝑥 ⊓ 𝑦)) 

𝑡+2−(𝑙(𝑥 ⊓ 𝑦)) 
  

     ≤  𝑁𝑑⊑
(𝑥, 𝑦, 𝑡)  

Therefore, 𝛷 is a 𝐵 −contraction on ( 𝛴∞, 𝑀𝑑⊑
, 𝑁𝑑⊑

,∧,∨) with contraction constant  
1

2
 . So, by 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 1.3.1, 𝛷 has a unique fixed point 𝑧 =  𝑧1𝑧2𝑧3 …, which is obviously the unique solution to the 

recurrence equation 𝑇, that is, 𝑧1  =  0 and 

   𝑧𝑛 =   
2(𝑛−1)

𝑛
+

𝑛+1

𝑛
 𝑧(𝑛−1), 𝑛 ≥ 2 . 
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