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Abstract

In this paper, the notion of Generalized Schur Complement of m-symmetric matrices in Minkowski space are derived. Block
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matrices are derived in Minkowski space
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1 Introduction

Let C" be the space of complex complex vector in n -tuples. We shall index the components of a n — 1 . That is u = (uo, u1, u2,
C" from 0 to

ey Un—1).
Let G betheMinkowski metrictensor definedby
Gu = (ug, —u1, —u2, ..., —un—1). Clearly the Minkowski metric matrix

1 0

[

G= 0 —|n71] ,G=G" and G2 = In. (1.1)
Minkowski inner product on C" is defined by (u, v) =< u, Gv > where < . , . > denotes the conventional Hilbert space

inner product. A space with Minkowski inner product is called a Minkowski space denoted as M.

For A e C™" x,y € C", by using(1.1),
(A, y) = [Ax, Gy] = [x, A" Gy] = [x, G(GA" G)y] = [x, GA"Y] = (x, A”Y),

where A~ = GA™ G, A~ is called the Minkowski adjoint of A in M (A is the usual hermitian adjoint of A ). Suppose that

the square matrix M written as 2 x 2 block matrix

M:[A B] (1.2)

C D

where A is a s xs matrix and D is a t xt matrix withn = s + t. Here A and
D are square matrices, but B and C are not square unless n = m. Entries are generally assumed to be complex. If A

is square and nonsingular, then M can be decomposed as
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Lo A 0 Im A8 (1.3)

M= CAr i ]lo p-cas ][ o
This decomposition is often called Aitken block-diagonalization formula in the literature, see Puntanen and Styan [12].

Moreover, if both M and A are nonsingular, then the Schur complement S = D — cA 1B is nonsingular too, and the

inverse of M can be written in the following form

L +A Bs leat A-1BS-1

[

= A —slcat - S ] (1.4)
This well-known formula is called the Banachiewicz inversion formula for the inverse of a nonsingular matrix in the

literature, see Puntanen and Styan [12], and can be found in most linear algebra books. The two formulas in (1.3) and
(1.4)

and their consequences are widely used in manipulating partitioned matrices and their operations. When both A and M in
(1.2) are singular, the two formulas in (1.3) and (1.4) can be extended to generalized inverses of matrices.

2 Preliminaries

Definition 2.1. If A is nonsingular, the Schur complement of M with respect to A is defined as
M/A=D - CA™'B.

If D is nonsingular, the Schur complement of M with respect to D is defined as

M/D=A-BD C.

Matrices of the above form are called the Schur complement of A in M and the Schur complement of D in M respectively.

Definition 2.2. For A € C™", A is said to be Hermitian positive semi-definite denoted as A >0 if A is Hermitian and
[Ax, X] >0, for all X € C".

Definition 2.3. For any A € C™ " A™ is the Minkowski inverse of A if AATA = A, ATAAT = A™ AA™ and ATA are m-
symmetric.

For A e c™N A7 exists but the Minkowski inverse A™ need not exists in

m. The existence of A™ has been established by Meenakshi [9], by modifying

the definition of Minkowski adjoint as A~ = GA™ G, where G is the Minkowski metric matrix of order n.

Theorem 2.4. (Theorem 1 [9]) For A € C™*" A™ exists if and only if rk(AA™) = rk(A~A) = rk(A).
Definition 2.5. For A € C™", A is said to be m -symmetric in Minkowski space M if A= A",

Definition 2.6. A matrix A € C"*" is said to be range symmetric in m if and only if N(A) = N(A™).
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Theorem 2.7. (Theorem 2.2.8([7])) For A € C™" if A™ exists then (GA)™ exists and A™G is the Minkowski metric
tensor of order m . Conversely if (GA)™ exists, then A™ exists.

3 Schur complement of m-symmetric matrices using Minkowski inverse

In this section | have obtained Schur-complement of m-symmetric matrices using Minkowski Inverse.

Theorem 3.1. Let M be a block matrix with r(M) = r(A) + r(D). If
AATB=BDD™ and  CAA™=DD"C, then M has the Minkowski inverse
M™ and

AT+ATB(D-CA™B)"CA™ A™B(D-CA™B)"
M= [ —(D—CA™B)"cA™ — (D-CA™B)™ ]
(A-BD™C)™ —(A-BD™C)"BD™
=" —DnC(A—BDrC)n Dr+DnC(A—BDnC)nBDn (3.1)
Proof : Using linear transformation
I 0 AB I A"B A 0
[—CAm it J[c DIl o -1 ]:[0 D—CAmB]
From the rank additivity condition r(M) = r(A) + r(D) and r(D) =r(D —

CA™B). Also since B = BDD™ and C = DD™C.
If we demonstrate A™ + ATB(SD)MCA™ satisfies the Minkowski inverses, then we can say that (SA)™ = AT +
A™B(Sp)CA™. In fact,
(A - BD™C)(A™B(D — CA™B)"cA™) = AA™ + AA™B(D — CA™B)MCA™ - BD™CA™ - BD™CA™B(D — CA™B)"CA™.
= AA™ + (D — cA™B)™(AATBCA™ - BD™cA™BCA™) - BD™MCA™
= AA™ — BDMCA™ + (B - BD™CA™B)(D — CA™B)"cA™
= AA™ — BDMcA™ + BDM(D - cA™B)(D — CA™B)McA™
= AA™ — BDMCA™ + BDMCA™ = AA™.
Therefore
(A—BD™MC)(AM +AMB(D-CA™B)"cA™) ™ = (A-BD™MC)(A" +A"B(D-
cA™B)McA™).

On the other hand,

(A" + AMB(D - CA™B)™CA™)(A — BD™C) = ATA + ATB(D - CA™B)"CAMA — ATBD™ - ATB(D -
CA™B)"cA™BDMC

= A™A — AMBD™MC + ATB(D - CA™B)™(D — cA"B)D™C

A™A — AMBD™C + AMBD™C = ATA.

Hence, (A" + ATB(D — CA™B)™)(A — BD™C))~ = (A" + ATB(D - CA™B)™CA™)(A — BD™C.)

From the above two equalities, we have (A — BD™C)(A™ + A™B(D — CA™B)"cA™)(A — BD™'C) = AA™(A - BD™C)
= A -BD"Mc(A™ + A"B(D - cA™B)™cA™)(A — BD™C)(A™ + AMB(D -

CA™B)McA™)

AMAAT + ATB(D - cA™B)™M)cA™
A™+ ATB(D — cA™B)MCcA™.
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Hence (3.1) holds. Next to show that the matrix
AT+ATB(D-CA™B)MCA™ A"B(D-CA™B)"

—(b-cA™B)"cA™ —(D-CcA™)™ ]
is the m-inverse of M. Since

A™+ATB(D-CA™B)"CA™ A"B(D-CA™B)™ AA™ 0
[ -(-cA™s)"cAm - o-cag" IM=[ DD™ |
Further,
AT+ATB(D-CA™B)MCA™ A"B(D-CA™B)™ A B AA" 0 A B
M ~(D-CcA™B)"CcA™ - (D-CA™B)" M="c D o D™ ] ="c D =M
and
AT+ATB(D-CA™B)MCA™ -A"B(D-CA™B)™"M AT+ATB(D-CA™B)MCA™ -A"B(D-CA™B)™
(D cA™B)"cA™ (D CcA™B)" -(D-CA™B)"cA™ (D—-CA™B)™
- - m m ] [ m m - m m ]m [ m m m]
= A A 0 A +A B(D-CA B) CA  —A B(D-CA B)
0 D™D —(D-CA™B)"CcA™ (D-cA™B)"
m m m m m m m
A +A B(D-CA B) CA -A B(D-CA B)
=[ —(D-CA™B)"cA™ (D—cA™B)" ]

From the above, we can say that M has Minkowski inverse.

Theorem 3.2. Let M be of the form

[l

D

oz ™
1

then M is m-symmetric in M iff A is m-symmetric and B = —C~Gz1, C = —-G1B~ and D = D™, where G is the Minkowski

metric tensor of order as that
of A.

Proof : Since A is m-symmetric in M, then A= A~, where A~ = GA™G.

A is m-symmetric iff AG is Hermitian iff GA is Hermitian.

A is m-symmetric iff (Ax, ) = (x, A~X) for every X € C". AG is Hermitian implies that (AG) ™ = AG
G(AG)* G = GAGG

(AG)™ = GA.

By a theorem(Theorem 3.3 [8]), B = AA™B and C = CA™A and D = CA"B. Taking Minkowski adjoint and by using G ™1
= G1 and by a theorem, we get C = —G1(A™B) A.

= ~-G1B~(A™~A
= ~-G1B~AMA
= —G]_B~.

= (-G1(A™B)~A) ™

= -A~A"BG™1
= -AAMBG1
B =-BG1
B™=-(BG1) =-G1"B"=-G1B™ =C.
Also D B CA™B - 0. D = CA™B D* = (CA™B)* = B*(A™)*C*
=(BA™C)" = D. Thus by using the above M~ can be expressed in the form
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A cG
oL . ]
~ = ~G1B”~ D- Y
4 Partitioned Inverses of the Schur complement in Minkowski space
If A is non-singular, then
~ CGm
(M-)m="cse - D 1]
[ 1T 10 1
-l (AM)"c~G1 Ol 0 I 0
0 | 0 M~A™ (G1B™)(A)™ |
(AT (AT)  mCTGy (MT/AT) m 1 0
[ 11
= 0 MAT)" (GaB-)(A- ) 1
[ AYM+AMC G M TTAT)M(G1BT)(A )™ A)CTGMTIATY)™
= (M~ATY"G1B~(A™)™ (M~AT™ ]
Suppose that D* is non-singular, then
A~ Cc'G m
MM = [ -G1B~ D 1]
M~/D*)M M~/D*)MC Gy A
- [(D*)mGlBN(M o™ (d)"+D*)"G1B~(M~/D*)"C G (D) ]

If A~ and D are both Schur complements then M~/A™ and M~/D™ are all invertible. By comparing the above two

expressions for (M™)™, we get the (non-obvious) formula

(A~ -c~(@")"B™)"
= AYM —(AMG1B~(D* —G1B~(A)MC~G1)™(-G1B ) (A )™
Using this formula, we obtain another expression for the inverse of M~ involving the Schur complements of A~ and D*

[ m A” m *C ~Gl ]m m m
-G1B~ D"
(A™-C™(D") B7) (AY) C7Gy(D*-G1B™(A™) C Gy)
= (0" -G1B~(A)"CTG)"(-G1B ) A" (D" -G1B~(AT)"cTGy)" 1

IfwesetD* =land —C~G1 to CTG1 we get
(A~-C~(DMB)M = (AM+(A)MCG1(1+G1B~(A)MCG1)™(-G1B ) A)™,

a formula known as the Matrix Inversion formula.

Theorem 4.1. For any m-symmetric matrix M~ of the form

A

[

M- = -G1C —Gls~],

-C"G1
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If -G1B™ is invertible then the following properties hold.

0] If M~ >~ 0 if and only if (-G1B™) >0 and A~+C~G1(G1B)M(G1C) > 0 (ii)If (-G1B™) =~ 0, then M~ >0 if
and only if A~ + C~G1(G1B™)™(G1C) >
0.

Proof : We know that for any m-symmetric matrix T and any invertible matrix N , the matrix T is positive definite (T >~

0) if and only if N T N is positive definite. Thatis N TN~ > 0. But a block diagonal matrix is positive definite if
8

and only if each diagonal block is positive definite. Hence (i) satisfied. Similarly we can show that for any m-symmetric

matrix T and any invertible matrix N , we have T >0 if and only if N TN~ > 0.

Theorem 4.2. For any m-symmetric matrix M~ of the form

[A -C Gy
M- = —cic 6871,
If A™ is invertible then the following properties hold.
0] M~ ~0ifandonlyif A~ ~0and ~G1B~ — G1C(A™)MC~G1 ~ 0 (ii)lf A~ >0, then M~ >0 if and only if

~G1B~ - G1C(A™)MC~G1 > 0.

Proof : When —G1B ™ is singular ( (or) A™ is singular), it is still possible to characterize when a symmetric matrix M~
as above is positive semidefinite but this requires using a version of the Schur complement involving the Minkowski
inverse of —G1B ™, namely A~+C~G1(G1B™)"G1C (or the Schur complement, ~G1B~ + G1C(A™)™C~G1 of A™).

5 Singular Value Decomposition using

Minkowski Inverses

Every square n xn matrix M~ has a singular value decomposition (SV D). We can write M~ = UXV ~, where U and V
are orthogonal matrices and X is a diagonal matrix of the form ¥ = diag(c1, 62, ..., or, 0, ..., 0) and r is the rank of M.
The (si)® are called the singular values of M~ and they are the positive square roots of the non zero eigenvalues of M™M
and M M~ Also U and V are not unique. Furthermore, the columns of V are eigenvectors of M M~ and the columns of U

are eigenvectors of M™M. Hence M™ = UZV ~is a singular value decomposition of M~

L,

If rk(M~M) = rk(M™) = rk(M M™), then (M™)™ o exists. It is easy to check that M~(M™)™M~ = M7,
M)™MTMOH™ = (MM and both M~ (M ™)™ and (M™)™M ™ are symmetric matrices.

Infact M~ (MM =uUzv “VETUT S80)5 0 U I U R e o U-

and MT)™™M~ =vzITUTUzV "~ =1U)%0) VARSI 0\
immediately get (M~(M™) m2=M “(M™Yy m  (M™)m Loy o0 mo M
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) M) = (M)
So both M~ (M ™)™ and (M ™)™M ™~ are orthogonal projections. (since they both are symmetric). We claim that M~ (M ™)™
is the orthogonal projection onto ker(M ~)*, the orthogonal complement of ker(M ™). Obviously, range(M (M )" <
range(M™) and for any y = M~x € range(M™), as M~ (M™)™™~ =M™, we have M~ (M )Ty = M~ (MM ~x = M~

y. Therefore M~ (M ™)™y =y. so the image of M~ (M™)™ is indeed the

range of M ™. It is also clear that Ker(M™) <ker((M™)™M ™) and since M~ (M™)™M~ =M~
We also
have ker((M™)™M™) cker(M™) and so Ker(M™)™M™) = ker(M ™). Since
(M™)™M ™~ is Hermitian, range (M )™M ™) = ker(M )™M ™)< = ker(M ™)~
as claimed. It will also be useful to see that range(M ™) = range(M ~(M ™)™

(2, ]

with Z € C', Indeed if ,
z 0

[ 1, ~ I

y=M"x,thenU y=U"M"x=U"UZV "x=32V "x="0 Onr™ V' x=" oI,

consists of all vectory € C"  such that U-y =

where Xr is the r x r diagonal matrix diag(oy, ..., or) .
Conversely, if

UTy= 20° 1 theny=U [zo~
and ]
M-(M-)ny=U LT *Tuy

Oonfr

Ir 0

=U[0 Onfr]U’vU[ZOh']
' 0
:ulo OMleOJ:UleJ:y_

Therefore M~ (M ™)™y = y which shows that y belongs to the range of M ™.

Similarly, we claim that range((M )™M ™) = ker(M~)* consists of all vector

y € C" such that

Ir 0
Ify=(M™)"M"u, theny=(M")"M"u :V[ o O ]V u=V [zo~] ,forsomez e C".
Conversely, if
[z
and so, V-y="70"71 theny=V[zo]
MM~V lzo~ Ioy [o oAV .y L % J=Vlzo~J =y,

Iy 0

which shows that y € range(M™)™M™). If M~ is a symmetric matrix, then in general there is no SV D, ULV ~of M~

with U = V. However, if M~ >0, then the eigenvalues of M~ are nonnegative and so the nonzero eigenvalues of M~ are
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equal to the singular values of M~ and singular value decompositions of M~ of the form M~ = UZV " In this case U
and V are unitary matrices, M”™M and M M~ are Hermitian orthogonal projections. If M™ is a normal matrix which
means that M~ M = M M~ then there is an intimate relationship between singular value decompositions of M~ and block
diagonalization of M™. If M is a normal matrix, then it can be block diagonalized with respect to an orthogonal matrix
U, as M~ = UAU™, where A is the block diagonal matrix, where A = diag(B1, B2, ..., Bn), consisting either of 2 x 2

blocks of the form

AW
Bj= Wi i ]
with pj/4~ 0 or one dimensional blocks Bk = Ak. Assume that B1, B2, ..., Bp

are 2 x 2 blocks and that A2p+1, ..., An are the scalar entries. We know that the
numbers Ajxipj, and the 12p+k are the eigenvalues of A.

Let p2j—1 = p2j (/IJ) + (pj) forj=1,2,.
2p and assume that the blocks are ordered so that

p2p+j = Aj for j =Y
pl>p2>..>pn. Then it is easy to see that

UU~=U~U=UAUUA~U™ = UAA~U™, with AA™ = diag(p1? .., pnd).
So, the singular values o01>02  >...>on of A which are the nonnegative

square roots of the eigenvalues of AA~, aresuchthat  oj=pj, 1<j<n.
Forany A Crxn in mIf A ism-normal if and only if A~GA =
€

AGA™ (By Theorem 2.1.3. [7]). We can define the diagonal matrices T =
diag(e1, ..., o1, 0, ...,0) where r = rk(A), o1 >... >or >0, and B=
diag(al_lBl, UZ_ppr, 1, ..., 1) so that B is an orthogonal matrix and A = BX = (Bg, ..., Bp, 42p+1, ..., 4r, 0, ..., 0). But

then, we can write A= UAU™ = UBXZU ™~ and if we let V = UB, as U is orthogonal and B is also orthogonal, V is also
11

orthogonal and A = V XU~ is an SV D for A. Now, we get A" = UE™V ~ = UE™B~U™. However, since B is an
orthogonal matrix, (B) ™ = (B)™ and a simple calculation shows that E™B~ = ™81 = A™ which yields the formula

A" = UA™U ™. Also observe that if we write Ar = (B1, ..., Bp, A2p+1, .., Ar),
then Ar is invertible and
0

-1
An=L 0y ]
Therefore, the Minkowski inverse of a normal matrix can be computed directly from any block diagonalization of A, as

claimed. Next we will use the Minkowski inverses to generalize the result to the symmetric matrices
[ AT-C™Gy
M- = -Gi1C -G1B™ ]
where —G1B ™ (orA™) is singular.

Theorem 5.1. If P is an invertible symmetrix matrix, then the function f(x) =

Ly x™P x + x™b has a minimum value if and only if P >0, in whihc case this optimal value is obtained for a unique value
of x, namely x* = =P ™p, and with f(P ™b) = -2 b~P Mp.
Proof : Observe that 1x+P ™) P (x+P )= 1x"Px+x"b+ 1
Thus. f(x) = 1 i ~ I i71.\ L ~_rr21
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2 2 2
If P has some negative eigenvalue, say —A (with 1 >0), ifwe pick any
eigenvector uof P associated with /4, thenforany « € #with ar~ 0, if
we letx=au — P *1b, thenas Pu=—Au

we get

f(x):12(x+Pmb)~P(x+Pmb7—12b~Pmb -
1 . I

= 200 Pou— 2b"P"Db

1 1 .
- ~=2 a2|u)?2 = "2b"P M,
and as a can be made as large as we want and 4 > 0, we see that f has no minimum. Consequently, in order for f to have a

minimum, we must have

= >0. In this case, as (x + P ™b) ~P (x + P Mb) >0, it is clear that the minimum
value of f is achieved when x + P b = 0. That is x = —P Mb.

Theorem 5.2. If P is a symmetric matrix, then the function

f(x) = L) x™P x+x™b has a minimum value if and onlyif P >0 and
12

(I = P P ™b =0, in which case this minimum value is P * = —22 b~P ™b. Furthermore, if P = U~ZU is an SV D of P,
then the optimal value is achieved

0
byallx € C" oftheformx=-P M+ U~ [z ] ,foranyZ € """ wherer
is the rank of P.

Proof : The case where P is invertible is taken care of by Theorem 4.1. so, we may assume that P is singular. If P has

rank r < n, then we can diagonalize
P as [ ]

where U is an orthogonal matrix and where Zr is an r x r diagonal invertible matrix. Then, we have

1 b3 0.

f(x) = xU” [of O] Ux+x"U Ub
= _(Ux)~ ZrO]Ux+(U x)~U b.
200

y c

[]

Ux=": andUb:[d Jwithy,c e C"andz,d e C" .
1 lz 0J

we get f(x) = 2(UX)- "or 0" Ux+(Ux)"UD
1 0 y ¢

Il vz ] L]

1 .~
= 2y Zy+y c+zd.
For y=0, weget f(x=z7d,soifd=0, the function f has no minimum.

=20 2) [0 o

/

Therefore, if f has a minimum, then d = 0. However, d =0 means that
c and we m 1 ~
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know that b is in the range of P (here U is U ) which is

equivalentto (1 — PP )b =0. I1fd =0, then f(x) = ; y Zry +y candas

Xr is invertible, By Theorem 4.1, the function f has a minimum if and only if
z

r >0, which is equivalent to P > 0. Therefore, we proved that if f has a

minimum, then (I —P P ™Mb =0and P >0.
Conversely, if (I =P P ™b =0 and P >0. To prove that f does have a minimum.

When the above conditions hold, the minimum is achieved if y= —Zr_lc, z=0
and d = 0. That is For x givenby U x* = s and Ub= ¢ ,
P 3k [ o Jete o ¢ [0 ]

from which we deduce thatx™ =-U~"" o ] =—U- wll o 1=
13
-1
~ 5 c ~ * 1~ m
U [o OnUb=-P pandthe m 0 ntoo2
foranyx € C oftheformx =—P b+U™ [, JforanyzeC -.

Our previous calculations shows that f(x) = 712 b~P Mb. When a symmetric
AT -CTGy
matrix [ -cic -G8~ ] is positive semidefinite. Thus we want to know when
the function

[ A -C"G1  «x
fx,y)=(x"y") ~eic -68” [y ]
f(x,y) =x"A"x - 2x"C Gy -y G1B"y
has a minimum with respect to both x and y. Holding y constant, Theorem 4.2 implies that f(x, y) has a minimum if and
only if A>0and (I — AA™)By = 0 and then, the minimum value is

f(x*,y)= -y B A™By +y~cy =y~ (c - B~A"B)y.

Since we want f(x, y) to be uniformly bounded from below for all x,y we
must have (I AAm)B = 0. Now, f(x*,y) has a minimum if and only if
A>0, (I-AAMB=0, C — B~A™B > 0. Therefore we established that
f(x, y) has a minimum over all x, y if and only if A >0, (I - AA™B =
0, C - B~A™B >0. A similar reasoning applies if we first minimize with
respect to y and then with respect to X, but this time, the Schur complement
A~ - C~G1(G1BT)™C~G1)~, of —G1B ™ is involved. Putting all these facts

together we get our main result.

Theorem 5.3. Given any symmetric matrix

A~ -C™Gy
M- = [ ~GiIC -GiB- I

the
following conditions are equivalent. (i) M~ > 0(M Tispositivesemidef inite.)
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(i) AT>0,(1- AT(A)M(-C"G1) =0, - G1B™ - G1C(A™)™C~G1 >0.
(iii) - G1B™ >0, (I - G1B"BG1)(-G1C)* =0

Proof : If M~ >0, then by Theorem 4.1 and 4.2 it is clear that the above conditions are equivalent (using the fact ATAA™
=AMand cMcc™=c™.

14
Example 5.4.

[ 1 00

M= 0 -1 =i ]
0-i 2
be the partitioned matrix of the form
[AB

c D

where A and D are square and nonsingular matrices.Here M = M~ then we say that the matrix M is m-symmetric.
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