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. INTRODUCTION

In many branches of science, economics, computer science, engineering and the development of nonlinear analysis, the fixed
point theory is one of the most important tool. In 1989, Backhtin [2] introduced the concept of b-metric space. In 1993, Czerwik
[3] extended the results of b-metric spaces. Azam et al. [4] introduced new spaces called complex valued metric spaces and
established the existence of fixed point theorems under the contraction condition. Rao et al. [5] introduced the concept of complex
valued b-metric space which was more general than the well known complex valued metric space. P.Dhivya and M.Marudai [6]
introduced new spaces called complex partial metric space and established the existence of common fixed point theorems under
the contraction condition of rational expression. In 2019, M.Gunaseelan introduced new spaces called Complex partial b-metric
space. In this paper, we obtain a unique fixed point theorem on complex partial b-metric space under rational type contraction
which is generalized results of [1].

We recall some basic notions and definitions which will be useful for proving our main results.
Let [I be the set of Complex numbers and Z;, Z, €l . Define partial order < on [] as follows.

z1< zz if and only if Re.(z1)< Re.(z2) also Im.(z1)< Im.(zz)
It follows that z:< z, if one of the following conditions holds

1. Re(z)=Re(z,),Im(z)<Im(z,)

2. Re(z)<Re(z,),Im(z)=1Im(z,)

3. Re(z)<Re(z,),Im(z)<Im.(z,)

4. Re(z)=Re(z,),Im(z)= Im(z,)

In particular, we will write Z; < Z, if Z; # Z, and one of (1), (2) and (4) is satisfied and we will write Z;, < Z, if only (3) is

satisfied.

Definition [1]:
A complex partial b-metric on a non-empty set X is a function
Py - X x X —[ "such that for all x,y,ze X:

(i) 0< py, (X, X) < Py, (X, Y) (small self-distances)

(i) Py (X, ¥) = Pep (Y, X) (symmetry)

(iii) Pey (X, X) = Py (X, ¥) = Py (Y, Y) if and only if x = y(equality)

(iv) Jareal number S >1 such that P, (X, y) < S( Py, (X, 2) + Py (2, y))— P, (2, Z) (triangularity).

A complex partial b-metric is a pair (X ) pcb) such that X isanonempty setand P, isa complex partial b-metricon X . The

number S is called the coefficient of (X, pcb).

Remark [1].
In a complex partial b-metric space (X y Pep ) if X,y e X and pcb(X, y) =0, then x = Y, but the converse may not be true.
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Remark[1].
It is clear that every complex partial metric space is a complexpartial b-metric space with coefficientS =1 and every complex

valued b-metric isa complex partial b-metric space with the same coefficient and zero self-distance.
However, the converse of this fact need not hold.

Definition [1]
Let (X v Pep ) be a complex partial b-metric space with coefficientS . Let {Xn} be any sequence in X and X € X . Then:

(i) The sequence {X, } is said to be convergent with respect to 7, and converges to X, if lim p,, (X,,X) = p, (X, X) .
n—oo
(ii) The sequence {X, }is said to be Cauchy sequence in ( X, pcb) iflim p, (X,,X,) existsand is finite.
n—oo

(iii) ( X, Py ) is said to be a complete complex partial b-metric space if for every

Cauchy sequence {X,} in X there exists X € X such that lim pg (X, X,) =lim p,(X,,X) = Py, (X, X) .
n,m—ow n—o0

(iv) Amappings R : X — X is said to be continuous at X, € X if for every & >0, there exists & > 0 such that

R(B,, (%) < B, (R(%,,¢)).

Example[1]
Let Y =00 " ,g>1aconstantand Py, :Y xY —[1" be defined by
Pe (¥:1) = (Imax{y, 31"+ y =1 ") A+ D) forall y,1 €Y .

Then (Y, Py,) is a complete complex partial b-metric space with coefficient s = 2% > 1, but it is neither a b-metric nor a
partial metric space.

M. Gunaseelan[1], proved the following theorem.

Let (R, pcb) be a complete complex partial b-metric space with coefficient S>1 and Q : R — R be a mapping satisfying the
following condition:

Py, (Qr,Qp) < [ py, (r,Qr) + py, (P, Qp)I forall r, pe R,

Where « € [0, 1) . Then Q has a unique fixed point g € Rand P, (9,9) =0.
S

In this paper, we obtain unique fixed point theorem under rational type contraction.
2. Main Results

Theorem 1:

Let (M, pcb) be a complete complex partial b-metric space with coefficient $>1 and H : M — M be a mapping satisfying
the following condition:

pcb(Hm’ Hp) < 77 pcb (m! Hm) pcb(p’ Hp)
Pe, (M, P)

Wheren, 6 € [0,1) and 7+ <1. Then H has a unique fixed point t € H and P, (t,t) =0.
S

+0pg, (M, p)forall m,peM,

Proof:
Let My € M be arbitrary, define sequence {m,} in M such that m, = Mm,_, .

Forany ne N,

P, (M, M) = p,(Mm_,,Mm,)
Pes (My_y, MM, ;) P, (M, MM, )
Pes (M1, M)
=17 Pg (M, MM ) +6p, (M, m,)
(M, M, 1) < [ij(pcb(mn_l, m,))  where h=—— <1

1-7 1
Then it follows that
Py (M,,m ) <hp,(M ;M) <. <h"p, (M,,m,).

Sﬂ +5pcb(mn—l’mn)
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Forany n,r € N ,withr > n,
Pep (My M) <SP (M, ML) + Py (M, M )T = P (M1, ML)
<8P, (M, M, ) +S°[ Py (M1, My, ) + Py (M, 5, M, )] =P, (M5, M, )
<sp,(m,m . )+s*p, (M ,,m ) +s°p (M ,,m ,)+...+s"p,(Mm_,m)
<sh"p,, (m,m,)+s’h"*p,, (m,m,)+sh™?p_ (M, m)+...+s"h"*p_ (m,m,)
=sh"[1+sh+(sh)’ +......]p,, (M, M)
sh"

1 sh
Thus,

( pcb(ml ))

0)| =0

sh”
P (M, M, )| <
| cb r n| 1_ h
Asr,n — oo which implies that lim p,,(m,, m,) =0 such that {m,} is a Cauchy sequence in M .
n,r—oo

By completeness of M there exists t € M such that

.!Tol P, (M, 1) = nljgﬂw P, (M, ,m.)=p,tt)=0....... (1)
Next, we have to prove tis a fixed point of M .

Suppose that t is not a fixed point of H , then p,, (t, Ht) >0.

Forany ne N,

Peo (t, HE) < S[pg, (8, My,1) + Py My, HOT = Py (Mg 1M, )

<S[pg (t,m,,;) + Py, (HM, HE)J

Pes (M, HM, ) Py (¢, HE)

pcb(mn,t)

< S[ pcb (t! mn+1) + n + 5 pcb (mn ’ t)]

S
Sl—Sn pcb(t' n+1)+1 pcb( n? )
| pcb (t Ht) |< | pcb(t mn+1) | +1 | pcb(mn’t)l
As N — o0,

| p,, (t, Ht) [< 0, which is a contradiction.

Therefore tis a fixed point of H .
To prove the uniqueness of fixed point .
Suppose a,b € M be two distinct points of H .

Then py(a,a)=p,(b,b)=0.

Now,

b (ab) = ., (Ha, Hb) < p P @ HAP(O.HD) o)y
pcb (a’ b)

| pe (@,b) [£ 0, which is a contradiction.
Therefore t is a unique fixed point of H .This complete the proof.
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