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Abstract: Multiobjective transportation problem with mixed constraints is one of the special class of vector minimum problem in 

which the objective functions are conflicting in nature, non commensurable and constraints are inequality and equality type. In this 

paper, we have proposed a method to obtain a solution of multiobjective transportation problem with mixed constraints in which the 

availability and/or demand constraints are in-equations instead of usual equations using fuzzy programming technique with new 

exponential membership function. This method gives efficient solutions and the best compromise solution for the multiobjective 

transportation problem with mixed constraints. LINGO software is used to find the best compromise solution. The proposed 

algorithm is illustrated by a numerical example. 
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1 Introduction 
 
The purpose of classical single objective transportation problem model with equality constraints is 
to minimise the total shipping cost which satisfy total supply and demands. This model discuss 
about the fixed amount of supply and demand. But in real life, most of the problems have 
inequality and equality type constraints with multiple objectives for example in production 
inventory, job scheduling, allocation problems and investment analysis.  

Appa [4] has discussed about the single objective transportation problem and its variants. He con-

sidered 81 problems by taking all combinations of the form of coefficients of objective function, supply 

constraints, demand constraints and relation of total supply and total demand. He studied 54 problems 

by eliminating repetitive cases and discussed its solution by converting the inequality constraints into 

equality constraints. Kligman and Russel [9] transformed the single objective transportation problem 

with mixed constraint into an equivalent transshipment problem and then the transshipment problem is 

replaced by standard transportation problem. Brigden [7] has given the necessary and sufficient 

conditions for the existence of a feasible solution of single objective transportation problem with mixed 

constraints. He transformed the transportation problem with mixed constraints into classical single 

objective transportation problem by adding two more constraints and obtained the optimal solution. But 

Iserman [8] got the solution by adding only one column constraint and one row constraint in 

transportation problem with mixed constraints of size m × n. 
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Adlakha and Kowalski [2] provided an heuristic algorithm to find more for less solution of 

classical and fixed charge transportation problem. Next Adlakha et al. [3] provided a heuristic 

algorithm to find a solution for transportation problem with mixed constraints where more for less 

parodox exists. Pandian and Natarajan [12,13] developed a new approach which uses shadow 

prices (Modi Index) for solving transportation problem with mixed constraints and also for finding 

an optimal more for less solution. Mondal et al [10] obtained optimal solution of a single objective 

transportation problem with mixed constraints by using an algorithm based on VAM method. 

Acharya et al [1] has developed an efficient algorithm for finding more-for-less paradoxical solution 

under fuzzy environments. Pandian and Anuradha [11] developed path method for finding an 

optimal more for less solution to a transportation problem. 
 

 

2 Mathematical model for the multiobjective transportation problem 
with mixed constraints 

 

In real world, all transportation problem with mixed constraints are not always single objective type.  
We have more than one objective function in transportation problem with mixed constraints. 

Consider m origins Oi (i = 1,2,...., m) and n destinations Dj (j = 1,2,..., n). At each origin Oi, let ai be 

the quantity of a homogeneous product which we want to transport to j
th

 destinations Dj to satisfy the 

demand for bj units of the product there. Zk is the k
th

 objective function and c
k
ij is the k

th
 penalty 

criterion. The penalty could represent transportation cost, delivery time, under used capacity, quantity 

of goods delivered etc from the i
th

 supply point to the j
th

 destination of k
th

 objective Zk. A variable xij 

represents the unknown quantity to be transported from origin Oi to destination Dj.  
The mathematical model for the multiobjective transportation problem with mixed constraints is 

given as follows: 
 

    
 m    n   

Minimize Zk =∑ ∑ cij
kxij        k = 1,2,...., K (2.1) 

     i=1 j=1  

subject to    
    

            n  

i ϵ I1 = {1,2,... m1} 

 

              ∑ xij = ai, (2.2) 
     j=1    

    
                     n 

    ai, i ϵ I2 = {m1 + 1,...,m2} 

 

          ∑ xij          ≥   (2.3) 
    j=1    

    
        n 

≤  ai, i ϵ I3 = {m2 + 1,..., m} 

 

       ∑ xij     (2.4) 
    j=1    

    
         m  

j ϵ J1 = {1,2,...,n1} 

 

∑ xij = bj, (2.5) 
      i=1    

    
         m         

≥   bj, j ϵJ2 = {n1 + 1,..., n2} 

 

 ∑ xij (2.6) 
      i=1    

    
         m 

≤   bj, j ϵ J3 = {n2 + 1,...,n} 

 

∑ xij (2.7) 
     i=1    

xij  ≥ 0  (2.8) 
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 where, I1 ∪ I2 ∪ I3 = {1,2,....,m} = I= the index set for supply points  

and J1 ∪ J2 ∪ J3 = {1,2,.....,n} = J=the index set for destinations; 

     with ai > 0, ∀ i ∈ I;      bj > 0, ∀ j ∈ J and ck
ij ≥   0, ∀ i ∈ I,  ∀ j ∈ J and k = 1, 2,...., K 

 

If k = 1, in (2.1), it gives the single objective transportation problem with mixed constraints. 
The feasibility conditions are as per Brigden [7]. The model is useful for many practical 
purposes such as investigating the effect of increasing and decreasing the availability at 
various origins and/or increasing and decreasing the requirements at various destinations. 

 

 

3 Algorithm for obtaining the best compromise solution of 
multiobjective transportation problem with mixed constraints 

 

Bit et al [6] developed fuzzy programming technique with linear membership function for the 
solution of multiobjective transportation problem which gives efficient solution as well as the 
best compromise solution. We propose here the fuzzy programming technique with new 
exponential membership function to solve multi-objective transportation problem with mixed 
constraints. It also gives the best compromise solution. The proposed algorithm is as 
follows: 

 

Step 1: Solve the multiobjective transportation problem with mixed constraints as a single 
objective transportation problem with mixed constraints using only one objective 
(ignore all others) each time by any method given by (Adlakha et al [3], Pandian and 

Natrajan [12, 13] and Mondal et al [10]. Let xi
* be the optimal solution for the ith single 

objective transportation problem with mixed constraints, where i = 1, 2, 3,..., K. 
 

Step 2: From the results of step 1, determine the corresponding values for every objective at 
each solution derived. 

 

Step 3: From the results of step 2, determine the lower bound value (Lk) and upper bound 

value (Uk) for each objective from the following pay off matrix.(The diagonal of the pay 

off matrix constitutes the individual ideal solution for the each objective).  
The pay off matrix is: 
 

 x1
* x2

* …… xK
* 

Z1 Z1(x1
*) Z1(x2

*) …… Z1(xK
*) 

Z2 Z2(x1
*) Z2(x2

*) …… Z2(xK
*) 

⁞ ⁞ ⁞ ⁞ ⁞ 

⁞ ⁞ ⁞ ⁞ ⁞ 

ZK ZK(x1
*) ZK(x1

*) ……. ZK(xK
*) 

 
where, Lower bound = Lt = {Zt(xt

*)}; 
and     Upper bound = Ut = Max{ Zt(x1

*), Zt(x2
*), ….., Zt(xK

*)} 

                                                       ∀ t=1,2,...,K  

Step 4: From Step 3, we find the lower bound (Lk) and the upper bound (Uk) corresponding to  
the sets of k,  k = 1, 2,...., K solutions. Each column of pay off matrix represents a 
nondominated solution. Thus we get K nondominated solutions from the pay off matrix. 
The initial fuzzy model of multiobjective transportation problem with mixed constraint  
[(2.1) to (2.8)] is given as: 

 

Find xij           {∀ i ∈I  and  ∀  j ∈ J} 
 

such that   

Zk      Lk k = 1, 2,....,K  

and constraints (2.2)-(2.8) 
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Step 5: A new exponential membership function (Paratane and Bit [14])    for kth objective  

              function is defined as: 

 
 

                                         
 

              where  is the non zero parameter prescribed by the decision maker, n = 2,4,6,…,12. (Here 
            , because if  ,  then   ) 
 
Step 6: Then the equivalent nonlinear programming model for multiobjective transportation problem 
             with mixed constraints (2.1)-(2.8) is as follows:   

Maximize    

subject to 

 ≤  for all k=1, 2, ..., K 
and constraints (2.2)-(2.8) 
 ≥ 0 

where      

 
We can solve this crisp model by existing nonlinear programming algorithm or LINGO software.  
We get the values of decision variables and  after solving this nonlinear programming 
problem. Then substituting these values of decision variables in each Zk(x), k=1,2,...,K, we get 
the best compromise values of the objectives. 

Step 7: Further in step 6, we consider xij ≥ 0, ∀ i ∈ I, ∀ j ∈ J and integers as the values of ai’s,  ∀ i ∈ I  
            and bj’s, ∀ j ∈ J are positive integers and then we apply fuzzy mixed integer nonlinear   
           programming technique to get integer values of xij. 
 
 

4 Numerical Example 
 

Consider the multiobjective transportation problem with mixed constraints [P1]: 
 

Min Z1 = 10x11 + x12 + 7x13 

+ 5x21 + 7x22 + x23  
+ 8x31 + 9x32 + 2x33 

Min Z2 = 2x11 + 5x12 + 4x13 

+ 6x21 + 3x22 + x23 

+ 8x31 + 9x32 + 2x33 

 subject to        (4.1) 
           
       3   3 

x2j ≥   6;           

 3  

             ∑ x1j = 5;    ∑ ∑ x3j  ≤  9 (4.2) 
      j=1   j=1     j=1  

               
        3   3 

xi2 ≥   10; 

     3  

           ∑ xi1 = 8;      ∑       ∑xi3  ≤  5 (4.3) 
 i=1   i=1     i=1  

  xij  ≥  0; i = 1, 2, 3; j = 1, 2, 3 (4.4) 

Step 1: Considering each objective separately, we get value of each objective as:  

Z1(x1
*) = 80; where x1

* : x12 = 5; x21 = 8; x22 = 5   (V. Adlakha et al [3])   

Z2(x2
*) = 58; where x2

* : x11 = 5; x21 = 3; x22 = 10  (Adlakha et al [3],Mondal et al [10]) 

Step 2: Substituting x1
* in Z2(x) and x2

* in Z1(x), we get Z2(x1
*) = 88 and Z1(x2

*) = 135.  
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Step 3: The pay off  matrix is: 
 

 x1
* x2

* 

Z1 80 135 

Z2 88 58          
 

Step 4: The upper and lower bound values for Z1(x) and Z2(x) are:  

For Z1(x) : U1 = 135; L1 = 80; and U1 - L1 = 55 

For Z2(x) : U2 = 88; L2 = 58; and U2 - L2 = 30 

From this table, we get the non dominated solutions of [P1] as (80,88) and (135,58). 
 

Step 5: Let the values of   and n be   = 2 and n = 4, Then the membership function value for each  

             objective  is  given as:          

                      

                     and                 

  
Step 6: Then the equivalent nonlinear programming problem for [P1] is : 

Maximize    

subject to 

                                                                                       

                                                          
 

and  constraints (4.2)-(4.4) 
          ≥ 0 

 

       Solving this nonlinear programming problem, we get the solution as: 
x*: x11 = 2.5,  x12 = 2.5,  x21 = 5.5, x22 = 7.5, 

 

        which gives the best compromise solution as Z1(x*) = 107.5, Z2(x*) = 73  and  = 0.8824.   

        Also the membership function values of Z1(x*) and Z2(x*) are    = 0.8824  and  

         = 0.8824 respectively. 

Step 7: By applying fuzzy mixed integer nonlinear programming technique, we get the integer solution  
as: 

 

x*: x11 = 3,  x12 = 2,  x21 = 5, x22 = 8    and Z1(x*) = 113,  Z2(x*) = 70,  = 0.7716 
 

And the membership function values are = 0.7716  and   = 0.95. 
 

 

5 The best compromise solution of multiobjective transportation 

problem with mixed constraints using different membership 

functions 
 

5.1 Linear membership function: 

The linear membership function   (Bit el al [6]) for kth objective function is defined as: 
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According to step 6, the equivalent linear programming problem for [P1] using linear membership 
function is as follows: 

Maximize    

subject to 

                                 

 

with constraints (4.2)-(4.4) 

 ≥ 0 
 

 The solution is: 
     x*: x11 = 2.5,  x12 = 2.5,  x21 = 5.5, x22 = 7.5  which gives the best compromise solution as  

     Z1(x*) = 107.5,   Z2(x*) = 73 and  =  0.5 

     By applying fuzzy mixed integer linear programming technique, we get: 

  x*: x11 = 3,  x12 = 2,  x21 = 5, x22 = 8    and Z1(x*) = 113,  Z2(x*) = 70,  = 0.4. 

 

5.2 Exponential membership function: 
 

The exponential membership function  (Zangiabadi and Maleki [15]) for kth objective 

function is defined as: 

 
       where 

                               
According to step 6, the equivalent nonlinear programming problem for [P1] using exponential 
membership function is as follows: 
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Let s=1 

Maximize   

subject to 

                                           

 

                                            

 
                                            with constraints (4.2)-(4.4) 

             ≥ 0 
The solution is: 

     x*: x11 = 2.5,  x12 = 2.5,  x21 = 5.5, x22 = 7.5  which gives the best compromise solution as  

     Z1(x*) = 107.5,   Z2(x*) = 73 and  = 0.3775 

     By applying fuzzy mixed integer linear programming technique, we get: 

  x*: x11 = 3,  x12 = 2,  x21 = 5, x22 = 8    and Z1(x*) = 113,  Z2(x*) = 70,  = 0.2862 
 

 

5.3 Hyperbolic membership function: 
 

The hyperbolic membership function  (Bit [5]) for kth objective function is defined 

as: 

                     

                             
where 

                               
 
According to step 6, the equivalent nonlinear programming problem for [P1] using 
hyperbolic member-ship function is as follows: 

Maximize =   

subject to 

               

                                     

                                     with constraints (4.2)-(4.4) 
                                                       ≥ 0 

 The solution is: 
     x*: x11 = 2.5,  x12 = 2.5,  x21 = 5.5, x22 = 7.5  which gives the best compromise solution as  

     Z1(x*) = 107.5,   Z2(x*) = 73 and  = 0.5 

     By applying fuzzy mixed integer linear programming technique, we get: 

  x*: x11 = 3,  x12 = 2,  x21 = 5, x22 = 8    and Z1(x*) = 113,  Z2(x*) = 70,  = 0.23 
 

    
     The ideal solution for this numerical example [P1] is Z1(x) = 80; Z2(x) = 58. The membership 
function values corresponding to this ideal solution are = 1; = 1 in the membership 
space. Similarly, the membership function value of Z1(x) and Z2(x) corresponding to best compromise 
solution x* are  and  respectively in the membership space. The solution is 

acceptable if the distance   between the points ( , ) and (1,1) is minimum, where 

     
 

The non dominated solutions of [P1] are (80,88) and (135,58). The distance between the ideal 
solution and the nondominated solution (80,88) is  = 0.8646. Also the distance between the ideal 
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solution and the nondominated solution (135,58) is  = 0.8646. The best compromise solution of 

numerical example [P1] obtained by our algorithm is Z1(x*) = 107.5, Z2(x*) = 73 and the 
membership function values are  = 0.8824 and = 0.8824. Thus the distance 
between the ideal solution and our best compromise solution is   = 0.1661. Also, by applying 
fuzzy mixed integer nonlinear programming technique, the best compromise values are          

Z1(x*) = 113; Z2(x*) = 70 and the distance  = 0.2337. In both of the cases, the distance obtained 
by our algorithm   = 0.1661 or   = 0.2337 which is less than the distance  = 0.8646. It shows 
that the values of Z1(x) and Z2(x) obtained by our proposed algorithm can be considered as the 
best values. 
 

 

6 Conclusion 
 

In this paper, we have shown the application of fuzzy programming technique with new exponential 

membership function and obtained the best compromise solution for multiobjective transportation 

problem with mixed constraints. We have obtained noninteger as well as integer solution of the numer-

ical example. In both of the cases, the solution is acceptable by decision maker. And also it is 

observed that the best compromise solution obtained by our proposed algorithm is same as the best 

compromise solution obtained using different membership functions in fuzzy programming technique. 

It shows that the representation of membership function is not unique. The value of membership 

function of an objective represents the satisfaction level of the objective. 
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