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 Abstract :  

Domination is one of the recent research area in graph theory. Many domination parameters  have been 

studied by authors depend upon the situation and its application. Graph transformation is one of the fastest 

developing area in graph theory. In this paper, we have studied the domination parameters of star ,duplication 

of star graphs and its transformation. Also we have analyze the relation between these parameters. 
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 Introduction : 1 

 Graph theory is one of the florescent area to find the solution for some unsolved problems in real life which 

are motivated by objects and relation between them. Wu and Meng have studied the concept of  Graph 

transformation and many applications have been studied in this topic. It is used in cell biology and  cancer 

treatment. 

 

Definition :2.1  

  A graph G = (V, E ), where V is a finite set of elements called vertices and E is a set of unordered 

pairs of distinct vertices of G called edges.  

Definition :2.2   

The degree of a vertex v in G is the number of edges incident on it. A graph G is said to be k-

regular if all its vertices are of degree k.  

Definition :2.3  

  Every pair of its vertices are adjacent in G, is said to be complete, the complete graph on 'n' 

vertices is denoted by Kn . 

Definition : 2.4 

A graph G is said to be bipartite if the vertex set of V(G) can be partitioned in to two subsets X 

and Y such that every edge of G has one end in X and the other end in Y. A bipartite graph G with | X | = 

m and | Y| = n is said to be complete if every element in one partition is adjacent with all elements of the 

other partition and is denoted by Km, n.  

K1, n is called a Star graph. 
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Definition :2.5   

A set D  V is a dominating set of G if every vertex v  V – D is adjacent to at least one vertex of D. 

We call a dominating set D is a minimal if there is no dominating set D'  V(G) with D D and D D. 

Further we call a dominating set D is minimum if these is no dominating set DV(G) with | D' |  | D |. 

The cardinality of a minimum dominating set is called the domination number denoted by (G) and the 

minimum dominating set D of G is also called a - set.  

Definition: 2.6 

Let 𝐺 = (𝑉(𝐺), 𝐸(𝐺))  be a graph and x, y,z be three variables taking values  +  or -.  The 

transformation graph 𝑮𝒙𝒚𝒛  is the graph having  𝑉(𝐺) ∪ 𝐸(𝐺)   as the vertex set and for ∝, 𝛽 ∈ 𝑉(𝐺) ∪

𝐸(𝐺), ∝ 𝑎𝑛𝑑  𝛽 are adjacent in  𝐺𝑥𝑦𝑧  if and only if the following holds: 

(i) ∝, 𝛽 ∈ 𝑉(𝐺), ∝ 𝑎𝑛𝑑  𝛽 are adjacent in G if x = +;  ∝ 𝑎𝑛𝑑  𝛽   are not adjacent in G if x = -  

(ii) ∝, 𝛽 ∈ 𝐸(𝐺). ∝ 𝑎𝑛𝑑  𝛽 are adjacent in G if y = +;  ∝ 𝑎𝑛𝑑  𝛽   are not adjacent in G if y = -  

(iii) ∝∈ 𝑉(𝐺), 𝛽 ∈ 𝐸(𝐺), ∝ 𝑎𝑛𝑑  𝛽 are incident in G if z = +;  ∝ 𝑎𝑛𝑑  𝛽   are not incident in G if z = - . 

Definition: 2.7 

 Duplication of a vertex v of a graph G produces a new  graph G′ by adding a new vertex v ′such that 𝑁 

(v )′  = 𝑁(v) . In other words, a vertex  v′ is said to be duplication of  v  if all the vertices which are adjacent to 

v in G are also adjacent to v′ in G′.  For a graph G, the graph obtained by duplication of all  the vertices of G is 

denoted by  𝑫(𝒗𝑮). 

 Lemma : 3.1 

      Let G be any star graph with n+1 vertices (K 1,n ) then γ(G)=1 and γ t(G) =2. 

 Lemma : 3.2 

    Let (K 1,n ) be any star graph with n+1 vertices; G is a transformation of (K 1,n ), that is  

    G =  K  1,n 
- - - then γ (G ---) =3 . 

 Proof : 

 For example,  K 1,4 and G = K 1,4 
- - -   is  given in Figure : 1 
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   Let  G = K 1,n 
- - - . The vertices of G is denoted by V(G) = { vi ,ei ,v / i = 1,2,3….n } 

   In G,  d(vi) = 2(n-1) ,   d(ei) = n-1,  d(v) = 0. 

   That is,  N(vi) = { vi, ej / i ≠  j , j = 1,2,3…n } 

                 N(ei) = { vj / i ≠  j , j = 1,2,3…..n} 

                 N(v) = { } 

 Hence, every element vi ∈ V(G) is adjacent with all elements of V(G) other than v, ei for all i. Therefore, each 

set { vi ,ei ,v / i = 1,2,3….n } is a dominating set of G. 

 Hence, |𝐷(𝐺)| = 3. 

 Also, every set { vi ,ei ,v / i = 1,2,3….n } are independent in G. 

 Therefore, { vi ,ei ,v / i = 1,2,3….n } is an independent dominating set with minimum cardinality. Hence, γ(G) 

= 3 . Thus, 𝛾 (K 1,n ) ≤  γ(G)  where G = K 1,n 
- - -   . 

 Hence the theorem. 

  

Theorem: 3.3                        

 Let K 1,n be any star graph with n+1 vertices. G is a graph obtained from K 1,n by duplicating all the vertices , 

then 𝛾 (G) = 2. 

 Proof: 

 Let K 1,n be a star graph with n+1 vertices. G is a graph obtained from K 1,n by duplicating all the vertices. 

Then the graph  K 1,n and G is given below in Figure : 2. 
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Let V(K 1,n ) be the vertex set of K 1,n and V(G) be the vertex set of G, the duplication of K 1,n . 

 Therefore, V(K 1,n ) = { v,vi / i = 1,2,3,…n} 

                  V(G) =  { v, v’, vi ,vi’ / i = 1,2,3,…n} 

 In G, N(v) = { vi ,vi’/ I = 1,2,…n} 

 That is, all vertices other than v’ is adjacent with v and v’ is independent to v. 

 Hence D = { v,v’} is the minimum dominating set and independent dominating set of G. 

 Therefore, 𝛾 (G)= 𝛾𝑖 (G) = 2. 

 Hence 𝛾 (K 1,n) ≤  𝛾 (G). 

Theorem : 3.4 

 Let G be a duplication of all vertices of K 1,n , G + - - is the transformation of G, then 

 𝛾 (G ) = 𝛾 (G + - -) 

 Proof : 

 For example ,the star graph K 1,4 and its duplication of K 1,4 (i.e, G = D(v K 1,4)) is given in Figure : 3 . 
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G= D( K 1,4) K 1,4 
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 ( Figure : 3 ) 

G = D (v K 1,4) 
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Let V(G + - - ) be the vertex set of G + - - where G = D (v K 1,n) 

Let S1 = { vi ,vi′ / i = 1,2,…n} ;  S2 = { ei ,ei′/ i = 1,2,…n} 

 S3 = { xi  / i = 1,2,…n} ;   S4 = { v ,v′ } 

 N(v’) = { vi ,vi′ , ei ,ei′/ i = .1,2,…n} 

N(vi’) = { v′ ,vj′ , vi / i  = 1,2,…n,  j = 1,2,…n, i ≠ j} 

N(v) = { v′ ,x i / i = 1,2,…n} 

 Hence, all the elements of V( G + - -) are adjacent with every set of the form  

{ v ,v′ , vi′/ i = 1,2,…n}. Hence every ordered triple { v ,v′ , vi′/ i = 1,2,…n} is a dominating  

set of G + - - .  Also these three elements are connected  in G + - - . Hence,  { v ,v′, vi′/ i=1,2,…n} are the 

minimum connected dominating sets of G + - - . Hence, 𝛾 (G + - -) = 3. 

 Therefore, 𝛾 (G ) ≤  𝛾 (G + - -). 

 

Theorem : 3.5 

 Let G be the duplication of K 1,n . G + + + is a transformation of G then 𝛾 (G +  + + ) =  2. 

Proof: 

 Let S1 = { vi ,vi′/ i = 1,2,…n} ;       S2 = { ei ,ei′/ i = 1,2,…n} 

       S3 = { xi  / i = 1,2,…n} ;          S4 = { v ,v′} 

 By the definition of G + + +, 

 N(v) = { vi , vi′ , ei ,ei′/ i = 1,2,…n} 

N(v’) = { vi , xi′ / i = 1,2,…n,  j = 1,2,…n}. 

Hence all elements of G  + ++ are adjacent with v and v′ in G + ++. 

 Therefore, D= {v,v′} is the dominating set with minimum cardinality which implies  

   𝛾 (G +  + + )= 2. 

Theorem : 3.6 

 Let G be the duplication of 2n vertices of  K 1,n ,  G - - - be a  transformation of  G,  

then 𝛾 (G) ≤ 𝛾 (G - - -). 

 Proof : 

 Let the graph G is given in Figure : 2. Let V (G - - -) can be partitioned into four sets S1, S2,S3,S4 such that 

S1 = { vi ,vi′/ i = 1,2,…n} ;       S2 = { ei ,  ei′/ i = 1,2,…n} 

S3 = { xi  / i = 1,2,…n};          S4 = { v ,v′ } 

 Since the elements of S1 are independent in G, by the definition of G - - - , the elements of S1 forms a clique of 

2n vertices in G - - - . v′is independent to every element of S2 in G. 

Therefore, all the elements of S2 are adjacent  with v′in G - - - . 

 Similarly each element of S3 are independent to v in G, therefore every element of S3 are the neighbours of v 

in G  - - -. 
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 Therefore ,S2 ⊆  N(v′) ;  S3 ⊆ N(v) and  S1 ᴜ S2 forms a clique of order 2n in G. 

 Hence ,every element of  G - - - are adjacent with either { v, v′ ,vi/ i = 1,2,…n} or  

{ v,v′,vi′/ i = 1,2,…n}.Hence each sets { v, v′ ,vi / i = 1,2,…n} or { v,v′,vi′/ i = 1,2,…n} is a dominating set of  

G - - - . Hence  𝛾 (G - - - )= 3. 

 

 Result : 

 If G is the duplication of K 1,n , then 𝛾 (G +  + + ) ≤. 𝛾 (G - - -  ). By the theorem 3.5 and 3.6 

 the result is trivial. 
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