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. INTRODUCTION

In order to deal with uncertainties, the notions of fuzzy sets and fuzzy set operations were introduced by
L.A.Zadeh [11] in his classical paper in the year 1965, describing fuzziness mathematically for the first time. In 1968,
C.L.Chang [1] defined fuzzy topological spaces by using fuzzy sets.

In 1989, A.Kandil [2] introduced and studied fuzzy bitopological spaces as a natural generalization of fuzzy
topological spaces. The concept of pairwise fuzzy o-residual sets in fuzzy bitopological spaces is introduced and
studied by the authors in [6], [7], [8] and [9]. The purpose of this paper is to introduce the concept of pairwise fuzzy
o-Baire sets. Besides characterizations of these sets, several properties of these sets are studied.

Il. PRELIMINARIES
In order to make the exposition self-contained, some basic notations and results used in the sequel are given. In this work
by (X, T) or simply by X, we will denote a fuzzy topological space due to Chang (1968). By a fuzzy bitopological space (Kandil,
1989) we mean an ordered triple (X, T1, T2), where T; and T are fuzzy topologies on the non-empty set X. Let X be a non-empty
set and I the unit interval [0,1]. A fuzzy set A in X is a mapping from X into I.

Definition 2.1 [4] A fuzzy set A in a fuzzy bitopological space (X, T1, T2) is called a pairwise fuzzy open set if A € Ti (i =1, 2).
The complement of pairwise fuzzy open set in (X, T1, T2) is called a pairwise fuzzy closed set in (X, T, T2).

Definition 2.2 [4] A fuzzy set A in a fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy Gs-set if A = Aiz1™( Ai),
where (Ai)’ s are pairwise fuzzy open sets in (X,T1,T2).

Definition 2.3 [4] A fuzzy set A in a fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy Fo-set if A = Vi=1® (Ai), where
(Ai)’s are pairwise fuzzy closed sets in (X,T1,T2).

Definition 2.4 [3] A fuzzy set A in a fuzzy bitopological space (X,T1,To) is called a pairwise fuzzy dense setifcly clr, (1)
= cl T, cl T, M) =1,in (X,T1,T2).

Definition 2.5 [5] A fuzzy set A in a fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy nowhere dense set if
intr, clp, (A) = inty, clp, (M) = 0, in (X,T1,T2).

Definition 2.6 [4] A fuzzy set A in a fuzzy bitopological space (X, T1, T2) is called a pairwise fuzzy o=nowhere dense set if A is a
pairwise fuzzy Fs-set in (X, Ty, T2) such that inty intr, (A )=intr, inty (1)= 0.

Definition 2.7 [6] Let (X, T1, T2) be a fuzzy bitopological space. A fuzzy set A in (X,T1,T2) is called a pairwise fuzzy
o -first category set if A= Vi=1* (A), where (A)’s are pairwise fuzzy o-nowhere dense sets in (X,T1,T2). Any other fuzzy set
in (X, Ty, T2) is said to be a pairwise fuzzy o-second category set in (X,Ti,To).

Definition 2.8 [6] If A is a pairwise fuzzy o -first category set in a fuzzy bitopological space (X, T1, T2), then the fuzzy set
1 —A iscalled a pairwise fuzzy o-residual set in (X, Ty, To).
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I11. Pairwise Fuzzy ¢ —Baire Sets

Definition 3.1. Let (X,T1,T2) be a fuzzy bitopological space. A fuzzy set A defined on X is called a pairwise fuzzy c -Baire set
if L= A3, where p is a pairwise fuzzy open set and d is a pairwise fuzzy o -residual set in (X,T1,T>2).

Example.3.1.
Let X = { a, b, c}. The fuzzy sets a,f,0 and p are defined on X as follows :
a:X—[0,1] isdefined asa(a)=0.2; a(b)=10.4; a(c)=0.7.
B:X—]0,1] isdefined as p(a)=0.2; B(b)=0.2; B(c)=0.6.
d: X —1[0,1] isdefined asé(a)=0.1; d(b)=0.3; &(c)=0.5.
p: X —[0,1] isdefined as pw(a) = 0.4; wb)=0.3; u(c)=0.5.
Clearly T1= {0, a, B, d, avp ,BVvé, arB, ard ,BAS , aA[BVS], 1} and To= {0, ., B, u, avp, avu ,BVu, aAB, oA, BAL,
BVlaApu], aA[BVu], pA[aVB], aABAR , 1 } are fuzzy topologies on X. The fuzzy sets {a, B, aVp, aAB, BVS , oA[BVu], 1} are
pairwise fuzzy open sets in (X,T1,T2). Now the fuzzy sets 1-B and 1-(aAB) are pairwise fuzzy Fs-sets in (X,T1,T2). Also
intriintr2(1-p) = intrintr1(1-B) = 0 and intriintr2(1-(aAB)) = intrintra(1-(aAB)) = 0. Hence 1-B and 1-(aAP) are pairwise fuzzy
o-nowhere dense sets in (X, T1,T2). The fuzzy set y = [(1-B)V[1-(aAB)] is a pairwise fuzzy o -first category set in (X, T1,T2). Let
n = 1- v is a pairwise fuzzy o-residual set in (X,T1,T2). Thus, p = a A (1-y) is a pairwise fuzzy o -Baire set in (X,T1,T2).

Proposition 3.1.

If A is a pairwise fuzzy o-Baire set in a fuzzy bitopological space (X,T1,T2), then 1 - X = a vV B where a is a pairwise
fuzzy closed set in (X,T1,T2) and B is a pairwise fuzzy o -first category set in (X,T1,T2).
Proof. Let A be a pairwise fuzzy o -Baire set in (X,T1,T2). Then L = p A 3, where u is a pairwise fuzzy open set and & is a pairwise
fuzzy o -residual set in (X, T1,T2). Then 1-X=1-(n A 3) = (1-p) v (1-6). Since p is a pairwise fuzzy open set, 1-[ is a pairwise
fuzzy closed set in (X,T1,T2). Also since d is a pairwise fuzzy ¢ -residual set, 1-8 is a pairwise fuzzy o -first category set in
(X,T1,T2). Let a=1-p and p=1-6. Hence 1-A=a V B, where a is a pairwise fuzzy closed set in (X,T1,T2) and B is a pairwise fuzzy
o -first category set in (X,T1,T2).

Proposition 3.2.

If intriintrj(a)=0 (i,j=1,2 and i # j), for any pairwise fuzzy ¢ -residual set a in (X,T1,T2) and if A is a pairwise fuzzy
o -Baire set in (X,Tl,Tz), then intTiintTj(X)=0 in (X,Tl,Tz).
Proof. Let A be a pairwise fuzzy ¢ -Baire set in (X,T1,T2). Then A= p A 3, where p is a pairwise fuzzy open set and 3 is a pairwise
fuzzy o-residual set in (X,T1,T2). Now intgiintrj(}) = intriintrj(uA8) = intriintri(w) A intriintr(8) = w A intriint(8). [Since p is a
pairwise fuzzy open set, intriintrj(l) = @ in (X, T1,T2)]. By hypothesis, intyintr;(8)=0 for the pairwise fuzzy ¢ -residual set 8 in
(X,Tl,Tz). Then, intTiintTj(X) =nu A0=0in (X,T1,T2).

Proposition 3.3.

If each pairwise fuzzy o -first category set is a pairwise fuzzy dense set in a fuzzy bitopological space (X,T1,T2) and if A
is a pairwise fuzzy o -Baire set in (X,T1,T2), then 1-A is a pairwise fuzzy dense set in (X,T1,T2).
Proof. Let A be a pairwise fuzzy o -Baire set in (X,T1,T2). Then by proposition 3.1, 1-A=a V B, where o is a pairwise fuzzy closed
set and B is a pairwise fuzzy o -first category set in (X,T1,T2). By hypothesis, the pairwise fuzzy o -first category set is a pairwise
fuzzy dense set in (X,T1,T2). That is clricltj(B) = 1 in (X, T1,T2). Now, clyicly (1-A) = clyiclyj (o vV B) = clyiclyj (o) V clricly (B) =
clriclyj () V 1 =1. Then 1-)A is a pairwise fuzzy dense set in (X,T1,T2).

Theorem 3.1. [9]
If (\)'s are pairwise fuzzy dense sets and pairwise fuzzy Gs-sets in a fuzzy bitopological space (X,T1,T2), then Ax=1"(\)
is a pairwise fuzzy o -residual set in (X,T1,T2).

Proposition 3.4.

If A = p A [A=1"8k], where p is a pairwise open set and (8k)'s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in a
fuzzy bitopological space (X,T1,T>), then A is a pairwise fuzzy c-Baire set in (X,T1,T>2).
Proof. Let (8k)'s (k=1 to o) be pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X,T1,T2). Then by theorem 3.1, A=1*(3k) is a
pairwise fuzzy c-residual set in (X, T1,T2). Let A = u A [Ak=1"(8k)], where peT. Then A = p A [A=1"(8k)], where W is a pairwise
fuzzy open set and Ax=1"(8k) is a pairwise fuzzy o-residual set in (X,T1,T2), implies that A is a pairwise fuzzy c-Baire set in
(X, Ty, T2).

Proposition 3.5.

If each pairwise fuzzy o-first category set is a pairwise fuzzy dense set in a fuzzy bitopological space (X,T1,T2) and if
(M)'s are pairwise fuzzy c-Baire and pairwise fuzzy Fs-sets in (X, Ty, T2), then A=1"(1-Ak) is a pairwise fuzzy o-residual set in
(X, T1,To).
Proof. Let (A)'s (k=1 to o) be pairwise fuzzy c-Baire and pairwise fuzzy Fs-sets in (X,T1,T2). Then by proposition 3.3, (1-A)'s
are pairwise fuzzy dense sets in (X,T1,T2). Since (A)'s are pairwise fuzzy Fs-sets, (1-A)'s are pairwise fuzzy Gs-sets in (X, T1,T2).
Hence, (1-A)'s are pairwise fuzzy dense and pairwise fuzzy Gs-sets in (X, T1,T2). Then by theorem 3.1, A=1"(1-Ax) IS a pairwise
fuzzy o-residual set in (X,T1,T2).
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Proposition. 3.6.

If each pairwise fuzzy o-first category set is a pairwise fuzzy dense set in a fuzzy bitopological space (X,T1,T2) and if
(Mo)'s are pairwise fuzzy c-Baire and pairwise fuzzy Fs-sets in (X,T1,T2), then Vi=1"(A) is a pairwise fuzzy o-first category set in
(X, Ty, T2).
Proof. Let (A)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy dense sets in (X,T1,T2). Then by proposition 3.5,
Ak=1"(1-M) 1S a pairwise fuzzy o-residual set in (X, Ty, T2). Since Ak=1"(1-Ak) = 1 - Vier®(M), 1 - Vi=1™(Mk) is a pairwise fuzzy o-
residual set in (X,T1,T2) and then Vi=1"(A) is a pairwise fuzzy o-first category set in (X,T1,T2).

IV. Pairwise Fuzzy ¢ —Baire Sets and Fuzzy Bitopological Spaces.

Definition 4.1 [4] A fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy c-Baire space if intr, (Viar™ (M) ) =0,
(i=1,2),where (Ak)’sare pairwise fuzzy o -nowhere dense sets in (X, Ty, To).

Theorem 4.1 [6]
Let (X,Ty,T2) be a  fuzzy  bitopological space. Then the  following are  equivalent:
(1). (X,T1,T2) is a pairwise fuzzy o-Baire space.
(2). intri( ) =0, (1= 1,2), for every pairwise fuzzy o-first category set A in (X,T1,T2).
(3) .clti(w =1, (i=1,2), for every pairwise fuzzy o-residual set p in (X,Ty,T2).

Proposition 4.1.

If intri(Vie2®(A)) = 0 (1,j=1,2 and i#j), where (A)'s are pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets in a fuzzy

bitopological space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then (X,T1,T2) is a
pairwise fuzzy c-Baire spaces.
Proof. Let (\)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets in (X,T1,T2) in which each pairwise fuzzy
o-first category set is a pairwise fuzzy dense set. Then by proposition 3.6, Vi=1"(Ax) is a pairwise fuzzy o-first category set in
(X,T1,T2). From the hypothesis, intri(Vi=1"(Ak)) = 0. Let u = Vk=1"(A), Then intyi (1) = 0, where p is the pairwise fuzzy o-first
category set in (X, T1,T2). Then by theorem 4.1, (X,T1,T») is a pairwise fuzzy c-Baire spaces.

Theorem. 4.2. [6]
If the fuzzy bitopological space (X,T1,T2) is a pairwise fuzzy ¢ -Baire space, then (X,T1,T2) is a  pairwise fuzzy
o -second category space.

Proposotion 4.2.

If intri(Vie2®(Me)) = 0 (i,j=1,2 and i#j), where (A)'s are pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets in a fuzzy

bitopological space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then (X,T1,T2) is a
pairwise fuzzy c-second category space.
Proof. Let (M)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets such that intri(Vie1®(A)) = 0 (i,j=1,2 and i#)
in (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set. Then by proposition 4.1, (X,T1,T2) isa
pairwise fuzzy c-Baire spaces. Hence by theorem 4.2, the pairwise fuzzy c-Baire space in (X,T1,T>) is a pairwise fuzzy o-second
category space.

Proposition 4.3.

If clri(Ak=1"(1-M)) = 1 (1,j=1,2 and i#j), where (A)'s are pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets in a fuzzy

bitopological space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then (X,T1,T2) is a
pairwise fuzzy c-Baire space.
Proof. Let (\)'s (k=1 to o) be pairwise fuzzy ¢-Baire sets and pairwise fuzzy Fs-sets in (X,T1,T2) in which each pairwise fuzzy
o-first category set is a pairwise fuzzy dense set. Then by proposition 3.5, Aw=1"(1-A) is a pairwise fuzzy o-residual set in
(X,T1,T2). From the hypothesis, clyi(Ak=1"(1-A)) = 1. Let 1 = Aw=1"(1-A),Then clri () = 1, where 1 is the pairwise fuzzy
o-residual set in (X,T1,T2). Then by theorem 4.1,(X,T1,T>) is a pairwise fuzzy c-Baire space.

Proposition 4.4.

If clri(Ak=1"(1-M)) = 1 (i,j=1,2 and i#j), where (\)'s are pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets in a fuzzy

bitopological space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then (X,T1,T2) is a
pairwise fuzzy c-second category space.
Proof. Let (\)'s (k=1 to «) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets such that clri(A=1"(1-M)) = 1 (i,j=1,2 and
i#) in (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set. Then by proposition 4.3, (X,T1,T2)
is a pairwise fuzzy o-Baire space. Hence by theorem 4.2, the pairwise fuzzy c-Baire space in (X,T1,T2) is a pairwise fuzzy
o-second category space.

Definition 4.2. [5] A fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy almost resolvable space if Vi=1"(A)=1, where
the fuzzy sets (A)'s in (X,T1,T2) are such that intriintro(A)=0=intrintri(A). Otherwise (X,T1,T>) is called a pairwise fuzzy almost
irresolvable space.

Theorem 4.3. [8]
If the fuzzy bitopological space (X,T1,T2) is a pairwise fuzzy o -Baire space, then (X, T1,T>2) is a pairwise fuzzy almost
irresolvable space.
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Remark 4.1. The following propositions give conditions for fuzzy bitopological spaces to become pairwise fuzzy Baire space by
means of pairwise fuzzy o-Baire sets and pairwise fuzzy o-first category sets.

Proposition 4.5.

If intri(Vi=2®(A)) = 0 (1,j=1,2 and i#j), where (A)'s are pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets in a fuzzy

bitopological space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then (X,T1,T2) is a
pairwise fuzzy almost irresolvable space.
Proof. Let (M)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets such that intri(Vie1*(A)) = 0 (i,j=1,2 and i#))
in (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set. By proposition 4.1, (X,T1,T2) is a
pairwise fuzzy c-Baire space. Hence by theorem 4.3, the pairwise fuzzy c-Baire space in (X, T1,T2) is a pairwise fuzzy almost
irresolvable space.

Definition 4.3 [5] A fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy P-space if every non-zero pairwise fuzzy
Gs-set in (X,T1,T2) is pairwise fuzzy open in (X,T1,T2).

Definition 4.4 [5] A fuzzy bitopological space (X, Ti, T2) is called a pairwise fuzzy Baire space if intr,( Vier” (M) ) =0,
(i= 1,2) where (Ax)’s are pairwise fuzzy nowhere dense sets in (X,T1,T2).

Theorem 4.4.[7]
If the fuzzy bitopological space (X,T1,T2) is a pairwise fuzzy o -Baire space and pairwise fuzzy P-space, then (X,T1,T>)
is a pairwise fuzzy Baire space.

Proposition 4.6.

If intri(Vik=1®(M)) = 0 (i,j=1,2 and i#), where (Ak)'s are pairwise fuzzy o-Baire sets and pairwise fuzzy Fs-sets in a

pairwise fuzzy P-space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then (X,T1,T2) is
a pairwise fuzzy Baire space.
Proof. Let (M)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets such that intri(Vie1®(A)) = 0 (i,j=1,2 and i#))
in (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set. By proposition 4.1, (X,T1,Ty) is a
pairwise fuzzy c-Baire space. By hypothesis, (X,T1,T2) is a pairwise fuzzy P-space. Thus (X,T1,T») is a pairwise fuzzy c-Baire
space and pairwise fuzzy P-space. By theorem 4.4, the pairwise fuzzy c-Baire space and pairwise fuzzy P-space (X,T1,T2) is a
pairwise fuzzy Baire space.

Definition 4.5 [5] A fuzzy bitopological space (X,T1,T>) is called a pairwise fuzzy submaximal space if each pairwise fuzzy dense
set in (X, T1,T2), is a pairwise fuzzy open set in (X,T1,T2). That is., if A is a pairwise fuzzy dense set in a fuzzy bitopological space
(X,T1,T2), then AeT; (i=1,2).

Theorem. 4.5. [7]
If the fuzzy bitopological space (X,T1,T>) is a pairwise fuzzy ¢ -Baire space and pairwise fuzzy submaximal space, then
(X,T1,T2) is a pairwise fuzzy Baire space.

Proposition 4.7.

If intri(Vik=1™(M)) = 0 (i,j=1,2 and i#), where (Ak)'s are pairwise fuzzy o-Baire sets and pairwise fuzzy Fs-sets in a

pairwise fuzzy submaximal space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set, then
(X,T1,T2) is a pairwise fuzzy Baire space.
Proof. Let (\)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets such that intri(Vie1®(A)) = 0 (i,j=1,2 and i#j)
in (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set. By proposition 4.1, (X,T1,T) is a
pairwise fuzzy c-Baire space. By hypothesis, (X,T1,T2) is a pairwise fuzzy submaximal space. Thus (X,T1,T>) is a pairwise fuzzy
o-Baire space and pairwise fuzzy submaximal space. By theorem, 4.5, the pairwise fuzzy o-Baire space and pairwise fuzzy
submaximal space (X, T1,T2) is a pairwise fuzzy Baire space.

Definition 4.6 [10] A fuzzy set A in a fuzzy bitopological space (X,T1,T2) is called a pairwise fuzzy open hereditarily irresolvable
space if intTchTz(k);éO;é intT2C|T1(7»), then intnintn(k);ﬁO# inthintTl(k) for any non-zero fuzzy set in (X,Tl,Tz).

Theorem 4.6. [10]
If the fuzzy bitopological space (X,T1,T2) is a pairwise fuzzy o-Baire space and pairwise fuzzy open hereditarily
irresolvable space, Then (X,T1,T2) is a pairwise fuzzy Baire space.

Proposition 4.8.

If intri(Vi=1”(A)) = 0 (i,j=1,2 and i#), where (A)'s are pairwise fuzzy o-Baire sets and pairwise fuzzy Fs-sets in a

pairwise fuzzy open hereditarily irresolvable space (X,T1,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy
dense set, then (X, T1,T2) is a pairwise fuzzy Baire space.
Proof. Let (\)'s (k=1 to o) be pairwise fuzzy c-Baire sets and pairwise fuzzy Fs-sets such that intri(Vie1*(A)) = 0 (1,j=1,2 and i#j)
in (X,T4,T2) in which each pairwise fuzzy o-first category set is a pairwise fuzzy dense set. By proposition 4.1, (X,T4,T2) is a
pairwise fuzzy c-Baire space. By hypothesis (X,T1,T>) is a pairwise fuzzy open hereditarily irresolvable space. Thus (X,T1,T2) is a
pairwise fuzzy c-Baire space and pairwise fuzzy open hereditarily irresolvable space. By theorem, 4.6, the pairwise fuzzy c-Baire
space and pairwise fuzzy open hereditarily irresolvable space (X,T1,T>) is a pairwise fuzzy Baire space.
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V. CONCLUSION

In this paper, the concept of pairwise fuzzy ¢ -Baire sets is introduced and studied. Besides characterizations of these
sets, several properties of these sets are studied. The condition under which fuzzy bitopological spaces to become fuzzy c —Baire
spaces, o-second category spaces are obtained by means of pairwise fuzzy o-Baire sets. The condition under which fuzzy
bitopological spaces to become fuzzy o©-Baire spaces are obtained by means of pairwise fuzzy
o-first category set.
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